ON GENERA OF BINARY QUADRATIC FORMS
IRVING REINER

Let B=ax?42bxy-+cy? be a properly primitive form with integral
coefficients, and let the determinant D=ac—b%? be written as
D= +2A, where A is odd and positive, and the factorization of A
into distinct primes is A=g;** - - « g,%~. Let us suppose that a is posi-
tive and prime to 2D. The genus of B is then completely determined
by the Legendre symbols (a|g), - - -, (alq,), and (—1|a) if D=0
or 1 (mod 4), (Zla) if D=0 or 6 (mod 8), and (—-ZIa) if D=0 or 2
(mod 8).! These characters are not independent, however, since
—D=0b%2—ac and (a, b) =1 imply that (—Dla) =1; from this, using
the law of quadratic reciprocity, we get

1= (—D|a) = 2| a)*(a]| A)(— 1) D (Fa-DI1

= 5.((1,' ql)al o .. (al qr ar’
where

€ = (2| a)*(— 1[ a) (Fa-D)/2

is a character or is trivially +1. Thus, the characters of any existing
genus must satisfy

1) e(a|g)m--- (@]g)wr=+1.

Conversely, given any set of characters satisfying (1), a long but
elementary proof showing the existence of the corresponding genus
was given by Gauss,? who used the method of composition of forms;
he also demonstrated by this means that all existing primitive genera
of the same determinant contain the same number of classes.? Ele-
mentary proofs were also given by Hilbert for the analogous case of
ideal classes in quadratic fields.® The purpose of this paper is to
furnish, by use of Dirichlet’s theorem on the infinitude of primes in
an arithmetic progression, simple proofs of the results mentioned
above for forms with integral coefficients. These may be stated pre-
cisely as follows:

THEOREM 1. For any preassigned set of characters satisfying (1), there
exists a genus with the given characters.
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1 Mathews, Theory of numbers, Part I, 1927 reprint, p. 134.

2 Gauss, Disquisitiones arithmeticae, arts. 234-265.

8 Hilbert, Jber. Deutschen Math. Verein. vol. 4 (1894-1895) pp. 286-316.
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THEOREM 2. AUl existing properly primitive genera of binary quad-
ratic forms of a given determinant contain the same number of classes.

Remark. The proofs given in this paper may easily be extended to
the case of primitive forms with odd middle coefficient.

For the proof of Theorem 1, we observe that by Dirichlet’s theo-
rem, a prime ¢ may be found such that (a, 2D)=1 and the set of
Legendre symbols (al qi), * ¢, (a] ¢») and (—1|a) or (2|a) or
(—2|a) (or combinations of the last three symbols, depending on the
value of D) coincide with the preassigned set of values of the char-
acters. (1) then implies that (—D[a)= +1, whence there exists an
integer b for which 2= —D (mod a), that is, —D =b%—ac with in-
tegral a, b and c; the form ax2+2bxy-+cy? then has the preassigned
characters.

The proof of Theorem 2 will proceed as follows: Let By, - - -, B
be nonequivalent representative forms of the classes in a given genus
B, and let ¢1, - - -+, ¢x» be the forms of another given genus ¢, both
genera having the same determinant. It is sufficient to show that we
can find a transformation taking the 8; into the ¢;, and that no two
of the ¢; thus obtained are equivalent. In that case 2’ = k. By revers-
ing the process, we shall have k=%’, from which it will follow that
k==F’, which gives the theorem.

The following will be shown :

A. Starting with a form f of a given genus, it can be transformed
into a form p¢, where ¢ is a form in another given genus of the same
determinant as 3, and where p is a prime determined by the genera 8
and ¢.

B. If from B: and B: we get forms ¢; and ¢, then ¢pi~¢e implies
B1~Pa.*

Let the given form be B=ax?+2bxy-+cy?, and set ac—b2=D
= +2°A as before. Let p be a prime such that (p, 2aD)=1 and
(—Dl p)=1. Then there exist integers x and y, with y5£0 (mod p),
such that

(ax + by)? = — Dy? (mod p).

Hence there exists an integer 7 for which
ar? 4+ 2br 4+ ¢ = 0 (mod p).
The transformation J:

x— px + ry, y—y

4+ The notation ¢;1~¢; will mean that ¢:is equivalent to ¢s, that is, there is a trans-
formation with integral elements and of determinant 41 taking ¢; into ¢s.
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of determinant p takes B into py, where
¥ = apx? + 2(ar + b)xy + dy?,

and d is an integer; it is clear that 8 and ¢ have the same determinant.

Let ¢ =a’x%2+2b'xy+c’y? be a form of another given genus of the
same determinant as 3. If we show that p can be chosen so thaty v ¢,
we shall have proved A. Since 8 and ¢ are representatives of classes
of properly primitive forms, and in every such class there is a form
with leading coefficient odd and prime to the determinant of the
form,® we may take (@, 2D)=(a’, 2D) =1. If the following relations
are satisfied it will follow that ¢ v ¢, for their generic characters will
be the same.

(2) (d[)l 91) = (a‘,l 41): tt (aﬁl qf) = (a’,l qf)!
(—tlap) = (= 1]a), (2]|ap) = (2] ).

From these we may conclude that (—D|ap)= (—D| a'). Since
(=D|a)=(—D|a’) =1, this means that (—D|p)=1. Hence, if we
choose a prime p which satisfies (2) and is prime to 2aD (this is possi-
ble by Dirichlet’s theorem), then there exists a transformation J tak-
ing B into ¢. This completes the proof of A.

To prove B, let 8, v B82; we may choose 1=, (mod p), for we shall
show that there exists a form in the class of 8, which is congruent
(mod p) to B1. To show this, it is sufficient to show that by a trans-

formation of determinant +1, 82 may be taken into a form congruent
to B1. Let

(3 Br = a1a6? 4 2b1xy + ¢1y?, B2 = aax? + 2bxy + cay?,

where (a1, 2D) = (as, 2D) =1. If all congruences are modulo p, the con-
gruence
asBs = (asx + bsy)? + Dy? = aya,

certainly has a solution with not both x and ¥ congruent to 0, pro-
vided that we impose the restriction (p, 2a1a2D) =1. Let x=x0, y=1v
be such a solution, and choose integers x; and y; such that x¢y: —%x1¥e
=1. The transformation of determinant +1:

x— xox + (%o + 21)y, ¥ — yox + (yof + Y1)y
takes Bz into a form

Bs = asx? + 2(ast + bs)xy + c3y?,

5 ¢1 V ¢z means that ¢; and ¢; are of the same genus.
6 Mathews, loc. cit. p. 133.
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where a3=a:#£0. If we choose ¢ so that agt+b3=by, it is clear from the
fact that 8, and (s have the same determinant that 83=p8; (mod p).

Thus, let B2=0: (mod p), where B, and f; are defined by equations
(3). The transformation J obtained for 8; may also be used for S..
If now ¢; and ¢. are equivalent forms obtained from 3, and f: respec-
tively by use of J, and if 4 takes ¢; into ¢, then JAJ ! takes B;

into Bs. Let
4= [a ﬂ].
vy 6

o= 7

_ |:a +ry/p —ra— r>v/p + P8 + '5]
v/p —ry/p+3 )

If we show that p divides ¥ we are through, since |4| =1 implies
IJAJ—1| =1, whence 81~f.. We have

¢1 = aypa? + 2(awr + b)) xy + diy?,
b2 = axpx? + 2(asr + bo)xy + day?
Since A takes ¢; into ¢s, we obtain
arpat 4+ 2(ayr + b)ay + diy? = asp,
a1paB + (ar + b1)(ad + BY) + dryd = aar + ba.
If all congruences are modulo p, we have
2(ayr + b)ay + diy2 =0, (ar + by)(ad + By) + d1vd = ayr + bs.

If d is eliminated between these two congruences and the fact that
ad—pBy=1 is used, it follows that

y(ayr + b1) = — v(asr + bo).

If p does not divide v, then this shows that ay+b,=0, since B1=p,.
But in this case it follows that b7 +¢;=0, by virtue of 17?4 2byr ¢y
=0. Eliminating » between the two congruences, we get D =a¢; —b,?
=0, or (p, D) #1. Since this is impossible,  must divide v, and Theo-
rem 2 is proved.

Then
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