
NOTE ON CLOSURE FOR ORTHOGONAL POLYNOMIALS 

J. SHOHAT 

In this short note we give a simple theorem concerning closure for 
orthogonal polynomials (OP). The importance of closure in the theory 
of OP, particularly in the study of expansions of functions in series of 
OP, can hardly be overestimated. 

The notations employed below are those of my monograph, Théorie 
générale des polynômes orthogonaux de Tchebicheff (Mémorial des 
Sciences Mathématiques, vol. 66, 1934), referred to as M. 

We write generally 

f{x) ~ ^2fn<l>n(x) 

to signify tha t 
> b 

n = 0, 1, 2, • fn = I f(x)<t>n(x)dyl/, 
J a 

<l>n(x) ss <l>n(x; a, b) # ) , 

J <t>m{x)<t>n{x)dyl/ = ôwn, m, n = 0, 1, 2, • • • . 
a 

The hereafter assumed existence of flf2(x)d\{/ implies,as is known, the 
convergence of the series X)»-o/«- By closure we mean the following 
equality, Parseval's formula : 

r n=0 

THEOREM. If closure holds f or the "symmetric" sequence 

(1) {4>n{x) - h, ^ ; # ) } , *(*) - * ( * ) = ^ ( - x) 

[or 

{<t>n{x) - h, h; p(x))}, p(x) = p(- x)] 

then each of the following two sequences of OP is closed 

(2) {</>n(x; 0, h2) # i ) } , {<t>n{x) 0, h2; # 2 ) } 

# i ( x ) = 2#(x 1 ' 2 ) , # 2 ( # ) = xdipiix) 

[or 
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(4) 
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{*»(*; 0, A2; pi(x))}, {M*; 0, A2; f%(x))} 

Pi(x) = x-l'2p(xli2), p2(x) = xpi(x)]y 

and conversely. 

It suffices to give the proof for d\p(x) proper, for the case where 
d\[/(x)=p(x)dx is quite similar. 

We have, for any rc = 0, 1, 2, • • • [M, pp. 19-20], 

4>2nO; — h, h; # ) s <l>n(x
2; 0, A2; # i ) , 

<̂ >2n+i(x; — h, h\ dip) = x<KOn2; 0, A2; # 2 ) . 

This yields at once, for any w = 0, 1, 2, • • • , 

/0)<Ê2nOî — h, h; d\l/)d\{/ 
-h 

Fi{x)4>«(x\ 0, A2; # x ) # i s /n,x, 
J o 

/2n+l = I /(X)<^2n4-l(^; ~ *, h\ # ) # 

F2(x)<t>n(x; 0, A2; # 2 ) # 2 a ƒ».*, 
0 

where 

ƒ(*) + ƒ ( - * ) ƒ0) - ƒ ( - * ) 
(5) Fx(x2) = ^ 7V - , *F2(*

2) = ^ • 

We have further 
00 

fix) = FX(X2) + xFi(x*) ~ E/«*»(*; - *. *; # ) • 

Making use of (3), (4) and (5), we get readily 

oo 

Fi(x2) ~ X ) f2n<l>2n(x; — A, A; # ) , 
w=0 

00 

^F2(X2) ~ ]C/2n+1^2n+l(^; ~ A, A; # ) , 
n=0 

(6) " 
^l(*0 ~ 2^ fntl<t>n(x\ 0, A2; # l ) , 

^2<» ~ X) fn,2<t>n(x; 0, A2; # 2 ) , 
ra=0 
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h 

a^i(*2)F2(*2)# 
-h 

(7) 

ƒ. 

J —h w=0 L J 0 n=0 J 

+r r Fî(*)#,-è/.,i. 
L •/ 0 n=0 J 

By Bessel's inequality, &<?/& brackets on the right side of (7) are non-
negative, and this directly proves the theorem stated. 

REMARK. In the above discussion h may be assumed to be infinite, 
for closure always holds for a finite interval. 

The most interesting application of the foregoing is to Hermite and 
Laguerre polynomials. In fact, it follows from the above theorem that 
the closure of both sequences 

{tf>n(*;0, co;er°x—1)}, {<l>n(x;0, <*;*-**«)}, ^ 1/2, 

implies that of {0n(#; — °°, °° ; e a:2 ( ĉ 12a~1)}, and conversely. In par
ticular, taking a = 1/2, we conclude that the closure of Hermite poly
nomials {<t>n(x; — °o, oo ; e~~x2)} implies that either of the two se
quences of Laguerre polynomials {0W(#;O, oo ; e~~xx~~112)}, J0n(#;O, oo ; 
e~xx1/2)} is closed, and conversely. 
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