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A. A. AUCOIN 

In a recent issue of the National Mathematics Magazine,2 W. V. 
Parker and the author obtained solutions of the Diophantine equa
tion F(x±, • • • , Xp) =G(yi, • • • , yq), where F and G are homogeneous 
polynomials, with integral coefficients, of degree 3, and 7̂  is such that 
for a set of integers Xi — ai (not all zero), dF/dxi = 0, (i = l, • • • , P)> 
In this paper the above is extended to functions of degree n. One 
type, which satisfies the conditions of the main theorem, is also solved 
by an entirely different method. The solutions obtained are in terms 
of arbitrary parameters, and they are integral for an integral choice 
of the parameters. 

If Xi = ail yk=/3k is a solution of the equation f(xi, • • • , xp) 
= (̂3,i> ' ' ' t y<i)> where ƒ and g are homogeneous polynomials, with 
integral coefficients, of degrees n and m respectively, and there are 
no integers s > l , a{, (3k such that ai^s^al, (3k = sli(3k where X, fx are 
relatively prime positive integers such that \n=fimJ then Xi = aiy 

yk=@k is said to be a primitive solution. If Xi = aif yk = Pk is a primi
tive solution of the above equation, then xi = aii

K
1 yk=Pkt!i (derived 

from this primitive solution), where X, /x are any positive integers 
such that \n=fjLM1 is also a solution. Two solutions are said to be 
equivalent if they are derived from the same primitive solution. 

THEOREM 1. Let f(xi, • • • , xp), g(yu • • • , yq) be homogeneous poly
nomials with integral coefficients, of degrees n and m respectively. Let 
#i, • • • , ap be integers not all zero such that the partial derivatives of f 
of all orders less than n — l vanish1 when Xi — ai. Then every solution in 
integers Xi, yk of 

(!) f(*i, • • •>**) = g(yi, • • • , ?« )> 

for which 

^ df 
(2) Z ^ T ^ O , 

is equivalent to one of the infinitude of solutions given by 

(3) %i = aiStx~l + a^x , yk = 0*0*, i = 1, 2, • • • , p; k = 1, 2, • • • , q, 

1 Presented to the Society, December 2, 1939. 
2 On cubic Diophantine equations, vol. 13 (1938), pp. 115-117. 
3 It follows from Euler's theorem that the function itself vanishes for this choice 

Of Xi. 
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where X, \x are positive integers such that \n =juw, ai and fik are arbitrary 
integers, 

(4) * = «08) -ƒ («) , * = 2 > / ~ ^ > 

andf(a)=f(au • • • ,ap), g(fi)=*g(fii, • • • ,j8ff). 

PROOF. By Taylor's theorem, if we set a\- = a»s+a»J> 

/ O i , • • • , *„) = rf»-1 jL * / — + 'V(«ii •••>«*>)• 

Hence if #,-, jft have the values given by (3), s and / those given by (4), 
(1) becomes st^-^j^ajdf/daj+t^ffà^twgffi), and is satisfied 
identically in the a» and j8*. Hence (3) is a solution of (1) with s and / 
given by (4). 

Suppose Xi=pi, yk = o-k is any solution of (1) and (2). If we choose 
at—Pi* Pk = <Tk, we have that 5 = 0, and (3) becomes Xi=pitx, yh — CkP, 
equivalent to the given solution, since by (2), t^O. 

If g==0, the theorem still holds, with X arbitrary. 

COROLLARY. The equation f(x):=y^2!jsaiXjgj(y)+g(y), where g3(y) 
— gt(yit • • • » yq) and g(y)=g(,yi, • • • , yq) are homogeneous polyno
mials with integral coefficients of degrees n — \ and n, respectively, 
has solutions, and every solution which is not also a solution of 
^2j=iaj[df/dx3—gj(y)] = 0 is equivalent to one of the infinitude of solu
tions given by Xi = aiS-\-ait, yk=fikt where 

s = g(P) - ƒ(«) - E *igM > t = E 4T~ - «'(#]. 

One function of interest which satisfies the hypothesis of Theorem 
1 is the function D(x) = | #»•,•#»,• | , a determinant of order n with a^ 
integral such that not all the a's in any row or column are zero. For 
this function not all the xa need be distinct. If there is any x^, say xpq, 
which occurs only once in D, we may make the choice Xpq —~ 1 , X%j —~ U 
otherwise ; then all the partial derivatives of all orders less than n — 1 
vanish. 

In the solution the form of the expression is the same for every ele
ment except xpq. This fact is illustrated by the equation D(x) =g(y), 
the solution of which is xpq = st'K~l+apqt

x, #i,- = <x^\ {i^p, jy^q), 
yk=Pktfi where s = g(fi) — D(a), t = D'(a), D'(a) being D(a) with apq 

the element in the pth row and gth column, and the other elements 
in the qth column zero. 
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I t is not necessary, in some cases, that there be a unique element 
xpq. If a»-,-=l, for example, D may be the circulant. In this case we 
make the choice #»-,•= 1. 

Another function of interest which also satisfies the condition of 
Theorem 1 is P(x) =H?-i]C?-ia*a*/> where an are integral, and the 
determinant -4 = |a»,-| 3^0. For we may choose x,-, integral, so that 
n — 1 of the above factors vanish and hence for this choice of x3- all 
partial derivatives of all orders less than n — 1 vanish. 

The next equation satisfies the hypothesis of Theorem 1, but will 
be solved by an entirely different method. This is given in the follow
ing theorem : 

THEOREM 2. The equation 

(5) P(*) = g(y), 

where P(x) is given above and g(y) is given in Theorem 1, has solutions, 
and every solution which is not also a solution of 

n~ 1 n 

(6) II X aaxi = 0 

is equivalent to one of the infinitude of solutions given by 

%j — t \Ann) Ann + st \Ann) Anjy J = 1, • • • , w 1, 
(7) 

OCn = sfr-^Ann)*, yk = HAnn)^k, 

where Aij is the cof actor of aij in /L \ **-nn ^ 

the determinant obtained 
from Ann by replacing the jth column by au a2l • • • , av-iî s and t are 
given by 

n— 1 n n—1 
( 8 ) S = Anng(fi) - I I CLi Z ) UniAnn, t = A J{ aiy 

i - 1 3=1 i = l 

X, JU are relatively prime positive integers such that \n=ixm, and the a's 
and fis are arbitrary integers. 

PROOF. Set 

n 

(9) X) <*ii*i = *XC4nn)XÛ6«, f = l , • • • , » — 1. 
3 = 1 

If we let xw = ^x_1(-4nn) ;, we may write equation (9) in the form 

4 Since A p*0, there is a minor of order n — 1 which does not vanish. Without loss 
of generality, we may choose the notation so that Ann 7*0. 
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^2^laijX3 = tx(Ann)^ai — stx~1ain(Ann)
x. Solving this system of equa

tions we get 

(10) Xj = t (Ann) ~ Ann + St ~ (Ann) ~ Anj, j = 1, • • • , U - 1. 

I t follows then that 

n r" n—1 *n 

( H ) S anjXj = ^(AnnY'1] t^OnjAnn + sA . 

If we let yk = t»(AnnYPk, then by (9) and (11), (5) becomes 

(12) t^KAnnY^Jl *i \t I ) an]Ann + S A ] = t^{Ann)^g($) , 

and since \n=\xm, (12) is identically satisfied in the a's and /3's if 5 
and / are given by (8). Hence (7) forms a solution of (5) with 5 and t 
given by (8). 

Suppose now that #,-=py, yk = <rk is any solution of (5). If we choose 
c e i = ^ „ 1 a i 3 p j , j8/c =<Tk, we have5 

n—1 n 

* = Ajl YjaaPh 
1=1 2 = 1 

n—1 n n—1 

S = ^4nng(<r) — I I 2 2 UiiPilL, ^nk[pkAnn — p n ^ n f c ] 
i = l / = i &=i 

n n n—1 n n—1 

= ^ n n XJi ^Lt aH?i ~~ W.Z-J aiiPijLi ank[pkAnn ~~ PnAnk\ 
i = l y = i i=i y = i &=i 

n—1 n r~ n n—1 n—1 ~j 

= J [X ^ - ^ ^Ù'Pj ^ - n n / „ dniPi Ann/LJ Q"njPj ~T Pn / J ^njAn) 
i = l j = l L 3=1 2=1 2=1 J 

n—1 n 

= PnA H 22 aijP2 = pj. 
« = 1 2 = 1 

Hence 

Xj = / ( - 4 n n ) ~ [PjAnn P n ^ n / J T" l ^ n n ) ~~ t Pn,Anj — \fAnn) Pj) 

Xn = (tAnnYpn, Jh = (tAnnY^ky 

which is equivalent to the given solution provided Xj=pg, yk = Ck is 
not a solution of (6). We may find, however, values of x3- which satisfy 
(6) and these values, together with yk = 0, afford additional solutions 
of (5). 

5 A„l becomes pjAnn— pnAnj when a» is replaced by XXi#i?P/« 
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By the above method we may show the following consequence. 

COROLLARY. The equation P(x) =^2^iXjg](y) + g(y)} where gj and g 
are the f unctions of the corollary to Theorem 1, has solutions, and every 
solution not also a solution of ^J]-iAnjgj(y)—A TT^T/z^L I a % & 3- = 0 is 
given by Xj = A(£lt+AnjS, ( j = l , • • • , n —1), xn=Anns, yk = Annfikt, 
where 

S = I I Oti^dnjAnn - ] £ An[ gj(fi) — Anng(fi) , 
i = l 2=1 j - 1 

n n—1 

The final theorem treats an equation which satisfies the hypothesis 
of Theorem 1, but is reduced to an equivalent problem and then 
solved. 

THEOREM 3. The equation 

(13) ƒ(*)£<*/*/ = *(?), 
2 = 1 

where f (x) satisfies the conditions of Theorem 1, and R(y)=R(y i, • • - ,yq) 
is a homogeneous polynomial with integral coefficients of degree n — \, has 
solutions ; and every solution which is not also a solution of 

p df f p df p p "I 
(14) f(x) X) *i — \ H aj—lL, dkxk - ƒ (a) X <*ƒ<*ƒ = 0 

2=1 OX] L 2=1 # # ƒ *~1 /=1 J 

w equivalent to one of the infinitude of solutions given by 

(15) Xi = üiS + ait, yk = fat 

where 

s = A^[\(AD - £C)]-2[Z)X2 - BRfo)], 

(16) / = ^ ^ [ X ^ Z ? - BC)]n-2[AR(n) - CX2], 

0 , = ,42[X(,4Z>- BC)]V*, 

and 4̂ =^L,j=iajdf/daj, B =ƒ(«), C=]QLid,-ay, ^ = X X A 0 ^ ^ a/> A> Mfc 
foing arbitrary integers. 

PROOF. If we let #,-, ;y& have the values given by (15), (13) becomes, 
after dividing out the factor6 tn~l, 

(17) (As + Bt)(Cs + Dt) = R($). 

6 It will be shown later that 17*0. 
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By Theorem 2, the solutions of the equation (17) are given by (16). 
If Xi=pi,yk = (Tk is any solution of (13) and we choose cet=pi-, jit& = (7/b, 

A=/(p), we have that s = 0 and the solution becomes Xi=piK
n~1, 

yiç = (TkKn+1, where K = A\(AD— BC)y which is equivalent to the 
given solution provided KT^O; that is, provided Xi=pi, yk = Vk is not 
a solution of (14). I t will be noted that if KT^O, then ^ 0 . 
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A MULTIPLE NULL-CORRESPONDENCE AND A SPACE 
CREMONA INVOLUTION OF ORDER 271-11 

EDWIN J. PURCELL 

PART I. A NULL-SYSTEM (1, mn, m+n) BETWEEN THE PLANES 

AND POINTS OF SPACE ( w , tt = l , 2 , 3 , • • • ) 

1. Introduction. Consider a curve Sm of order m having m — 1 points 
in common with a straight line d, and a curve ôn' of order n having 
n — 1 points in common with a straight line d', (m, # = 1 , 2 , 3 , • • • ) • 
I t is assumed for the present that neither Sm nor d intersects either 
8»' or d'. 

In general, through any point P of space there passes one ray p 
which intersects 5m once and d once, and one ray p' which intersects 
bn once and d' once; p and p ' determine a plane x, the null-plane of P . 
Conversely, a plane ir determines m rays pt- and n rays pj lying in it 
which intersect, a ray p with a ray p ' , in mn points, the null-points 
of the plane x. 

Any point a in general position determines a ray p. As a describes 
a line /, the plane T of p and / contains # rays p ' , which intersect linn 
points j8; conversely, any point (3 on / determines a ray p ' which de
termines with / the plane 7r, and w contains m rays p which intersect / 
in m points a—one being the original ce. Thus an (m, n) correspond
ence is set up among the points of / with valence zero; there are m+n 
coincidences and therefore m+n points on any line / whose null-
planes contain /. 

2. Planes whose null-points behave peculiarly. We can obtain the 
last result by another method ; this will yield additional information 
about planes whose null-points behave peculiarly. 

Let a plane IT turn about a line / as axis. A ruled surface will be 
generated by the m rays pi lying in TT. This surface is of order m + 1; 
dm is a onefold curve on the surface and d is an m-îold line. Another 

1 Presented to the Society, December 2, 1939. 


