
Introduction

The theory of motives was created by Grothendieck in the mid-sixties, starting
from around 1964. In a letter to Serre dated August, 16 1964 Grothendieck men-
tioned for the first time the notion of “motives”; see [Col-Se, pages 173 and 275].
At that time this notion was still rather vague for him, but he was already begin-
ning to see a precise “yoga” for such a theory (see the letter cited above) and his
“motivation”(!) (or at least one of his motivations) must have been the following.

In the early sixties Grothendieck, with the help of Artin and Verdier, had devel-
oped étale cohomology theory. From that moment on there existed a cohomology
theory for every prime number � different from the characteristic p of the underly-
ing field. Moreover, in characteristic zero there exist also the classical Betti and de
Rham theory and for positive characteristic Grothendieck already had the outline
for the crystalline cohomology theory.

Hence there was an abundance of “good” (so-called Weil) cohomology theories!
But all these theories have similar properties, and in characteristic zero there even
are comparison theorems between them: the famous de Rham isomorphism theorem
between Betti and de Rham theory, and the Artin isomorphism between Betti and
étale cohomology.

There should be a deeper reason behind this! In order to explain and under-
stand this, Grothendieck envisioned a “universal” cohomology theory for algebraic
varieties: the theory of motives. Grothendieck expected that there should exist a
suitable Q-linear semisimple abelian tensor category with “realization” functors to
all Weil cohomology theories.1

The best way to see what Grothendieck had in mind is to quote his own words.
In section 16 (les motifs - ou la cœur dans la cœur) of the “En guise d’avant propos”
of his “Récoltes et Semailles” [Groth85], Grothendieck writes the following:

... Contrairement à ce qui se passait en topologie ordinaire, on se trouve donc placé
là devant une abondance déconcertante de théories cohomologiques différentes. On
avait l’impression très nette qu’en un sens, qui restait d’abord très flou, toutes ces
théories devaient ‘revenir au même’, qu’elles ‘donnaient les mêmes résultats’. C’est
pour parvenir à exprimer cette intuiton de ‘parenté’ entre théories cohomologiques
différentes que j’ai dégagé la notion de ‘motif’ associé à une variété algébrique. Par
ce terme j’entends suggérer qu’il s’agit du ‘motif commun’ (ou de la raison com-
mune) sous-jacent à cette multitude d’invariants cohomologiques différents associés
à la variété, à l’aide de la multitude de toutes les théories cohomologiques possi-
bles à priori. [...] . Ainsi, le motif associé à une variété algébrique constituerait

1(M.) I remember that during a private conversation in October or November 1964
Grothendieck told me that he was now developing a new theory that would finally explain the
(similar) behaviour of all the different cohomology theories.
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l’invariant cohomologique ‘ultime’, ‘par excellence’, dont tous les autres (associés
aux différentes théories cohomologiques possibles) se déduiraient, comme autant
d’‘incarnations’ musicales, ou de ‘réalisations’ différentes [...].

For nice “elementary” introductions to the ideas and the concept of motives we
recommend the papers of Serre [Serre91], Mazur [Mazur] and the recent preprint
of Milne [Mil09].

Grothendieck has constructed what we now call the category of “pure motives”;
these are objects constructed from smooth, projective varieties by means of the
theory of algebraic cycles modulo a suitable equivalence relation (roughly speaking
motives are a kind of direct summands of algebraic varieties). The equivalence
relation Grothendieck had in mind was numerical equivalence (although his con-
struction works for every good equivalence relation). According to him [Groth69a,
page 198]:

the theory of motives is a systematic theory of the “arithmetic properties” of alge-
braic varieties as embodied in their group of classes for numerical equivalence

Grothendieck was well aware that finally one needs a more general theory; see
his letter to Illusie, reproduced in the appendix of [Jann94, p. 296]. He envisaged a
category of “mixed motives” attached to the category of all (i.e., arbitrary) varieties
defined over a field k, in the same way as in the complex case one needs not only
Hodge structures for smooth compact varieties but also mixed Hodge structures for
arbitrary complex varieties.

Such a theory of “mixed motives” has, up to now, not yet been constructed in
a satisfactory way, although important progress has been made on the one hand by
the construction of triangulated categories of motives by (independently) Hanamura
[Hana95, Hana04], Levine [Lev98] and Voevodsky [Maz-Vo-We, Voe00], and
on the other hand by Nori [Nori], who constructed a very original candidate for a
category of mixed motives (cf. also [Lev05, p. 462] and [Hub-MüS, Appendix]).

Returning to the category of pure motives: its construction is (contrary to some
widespread misunderstanding!) entirely unconditional and in fact – except for its
originality – surprisingly simple! However the question whether these motives have
the required good properties depends on conjectures for algebraic cycles; these are
the famous “standard conjectures” of Grothendieck formulated in [Groth69a], and
discussed also in the two papers of Kleiman [Klei68], [Klei94]. Partially these
conjectures center around very deep existence problems for algebraic cycles.

Although up to now very little progress has been made on these conjectures
(with one exception: a beautiful result by Jannsen [Jann92], see Lecture 3), the
“yoga of motives” has proved to be a very powerful and influential tool in the
development of algebraic geometry and number theory, especially in questions of
arithmetical algebraic geometry.

The influence of this yoga is nowadays formidable! To give only some examples:

— in his 1970 lecture [Del70] at the ICM congress in Nice, where he out-
lined his famous work on Hodge theory, Deligne already mentions the
inspiration from Grothendieck’s theory of motives; see also [Groth69b];

— in the papers of Deligne, Milne, Ogus and Shih in [Del-Mi-Og-Sh] the
influence of this yoga is evident;
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— in 1991 the AMS organized a three week conference on motives, resulting
in the appearance of two thick volumes of proceedings full of results and
ideas originating from motives [Jann-Kl-Se];

— the ideas behind the celebrated work of Voevodsky clearly stem from the
yoga of motives.

In fact we could make a very long list! 2

Grothendieck himself has – unfortunately – published only one paper on mo-
tives, namely [Groth69a]. But in 1967 he has given a series of lectures on his theory
at the IHES and – fortunately – some of the attendants of these lectures have re-
ported on this. In fact, these lectures are at the origin of the well-known paper
by Manin [Manin], of Demazure’s Bourbaki lecture [Dem] and also of Kleiman’s
paper [Klei70].3 4 5

This book deals mainly with pure motives, except for the last two chapters
where we have tried to give at least some ideas on relative motives and on further
developments in the direction of mixed motives. Also we concentrate only on the
geometric aspects of the theory. For the arithmetic aspects we suggest the beautiful
book by André [Andr].

Grothendieck was aiming for a theory built on numerical equivalence of alge-
braic cycles because, as he did foresee and as was later proved by Jannsen, this
– and only this – gives an abelian semisimple category. In the present book we
mainly work with motives modulo rational equivalence, so-called “Chow motives”,
the reason being that such motives not only yield information on the cohomology
of the underlying variety but also on the Chow groups themselves.

The structure of the book is as follows. We start with a short outline of
algebraic cycles and Chow groups because, as we mentioned earlier, these are at the
basis of the entire theory. To chapter 1 we have added two appendices; in the first
one we give a short survey of the main known results for divisors and algebraic cycles
of higher codimension, and in the second one we discuss a theorem on the relation
between algebraic and (smash) nilpotent equivalence obtained independently by
Voisin and Voevodsky (for the definition of these notions, see chapter 1). Then in
chapter 2 we describe Grothendieck’s construction of the category of pure motives
and some examples, in particular motives of curves. Here we see a striking fact: the
category of motives contains as a full subcategory the category of abelian varieties
up to isogeny!

In chapter 3 we discuss the standard conjectures followed by the treatment
of the celebrated theorem of Jannsen, which shows that the category of motives
modulo numerical equivalence is an abelian semisimple category. In chapters 4
and 5 we discuss the remarkable concept of “finite-dimensionality” for motives,

2in the introduction of “Récoltes et Semailles” [Groth85, Introduction (II), p. xviii]
Grothendieck states: “Et le ”yoga des motifs” auquel m’a conduit cette réalité longtemps ig-
norée est peut-être le plus puissant instrument de découverte que j’aie dégagé dans cette première
période de ma vie de mathématicien.”

3Manin [Manin, p. 444] states: “I learned from the theory of motives from lectures that
Grothendieck gave at IHES in the spring of 1967 ... This paper is no more than the fruit of
assiduous meditation on these beautiful ideas”

4See also footnote 1 in Serre’s paper [Serre91]
5There are also unpublished manuscripts of Grothendieck with further ideas on motives;

which –as we have been informed – have a rich content.
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due independently to S.-I. Kimura and O’Sullivan. This idea is undoubtedly very
important. Kimura and O’Sullivan conjectured that every (Chow) motive is finite
dimensional, but for the moment this has only been proved for varieties that are
dominated by products of algebraic curves (for the precise statement see chapters 4
and 5); this class contains in particular all abelian varieties. In chapter 4 we treat
the definition of finite-dimensionality and the case of an algebraic curve. (The finite-
dimensionality of the motive of a curve basically goes back to a theorem of Šermenev
in 1971, but to avoid misunderstanding: Šermenev did not have the idea of finite-
dimensionality.) In chapter 5 we then discuss the surprising properties resulting
from finite-dimensionality; results mainly due to Kimura and O’Sullivan. These
results are obtained using representation theory of the symmetric group (partitions,
Young diagrams etc.). The next chapter, chapter 6, is on the construction of the
so-called Picard and Albanese motives, the distribution of the Chow groups over
these motives and on the motive of an algebraic surface. The results in chapter 6 are
true unconditionally, but in chapter 7 we discuss a set of conjectures on algebraic
cycles supplementing, but mainly independent of, the Standard Conjectures. We
first state the Bloch-Beilinson conjectures on the filtration on Chow groups, and
next the related conjectures by the first named author. We discuss a theorem of
Jannsen saying that these two sets of conjectures are equivalent, and we discuss
examples of varieties for which these conjectures – or part of them – can be proved
unconditionally, in particular we discuss the results in the case of the product of
two surfaces. (This is partly based on joint work of the first author with Kahn and
Pedrini.)

After these chapters, all on pure motives, we have added two chapters on further
developments. Chapter 8 deals with relative motives; here correspondences should
be replaced by relative correspondences, cohomology groups should be replaced by
(perverse) direct image sheaves, and the Künneth formula should be replaced by
the famous decomposition theorem of Beilinson, Bernstein, Deligne and Gabber.
Finally, in chapter 9 we report briefly on the developments in the direction of mixed
motives. First we present a construction due to Bittner (and Looijenga ) of the so-
called “motivic Euler characteristic”, then we discuss the “motivic weight complex”
of Gillet-Soulé (see also [Gu-Na]), and finally we give a very short presentation
of the construction of Voevodsky’s triangulated category of mixed motives. These
last two chapters are only intended to give some idea of these concepts and devel-
opments; for a thorough treatment of the material in these chapters we advise the
reader to consult the original paper of Corti-Hanamura [Cor-Ha00] for relative
motives and the books of André [Andr], Levine [Lev98] and Mazza-Voevodsky-
Weibel [Maz-Vo-We] for mixed motives.
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History of the origin of the book and acknowledgments (by the first
author):

This book stems from lectures on pure motives that I have given over a period
of years, starting with a lecture in 1988 at the University of Tokyo and followed
by lectures – or series of lectures – at many other places, of which I mention in
particular the lectures at the 2001 summer school in Grenoble (see the proceedings
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[MüS-Pe]) and those at the Tata Institute of Fundamental Research in Mumbai
in 2008.

I would like to thank the numerous people who have helped me before, during
and after these lectures with advice and comments. Especially important and
valuable for me have been the many discussions on algebraic cycles and motives
over the years with Spencer Bloch and Uwe Jannsen and later, during our joint
work [Kahn-M-P], with Bruno Kahn and Claudio Pedrini.

Finally, last but certainly not least, I would like to thank my two coauthors of
the book. Without their help and encouragement these lectures would never have
been transformed into a book; their help has been indispensable!


