
CHAPTER 1

Introduction

1.1. Random polynomials and their zeros

The primary objects of study in this book are point processes, which are random
variables taking values in the space of discrete subsets of a metric space, where,
by a discrete set we mean a countable set with no accumulation points. Precise
definitions of relevant notions will be given later. Many physical phenomena can
be modeled by random discrete sets. For example, the arrival times of people in a
queue, the arrangement of stars in a galaxy, energy levels of heavy nuclei of atoms
etc. This calls upon probabilists to find point processes that can be mathematically
analysed in some detail, as well as capture various qualitative properties of naturally
occurring random point sets.

The single most important such process, known as the Poisson process has
been widely studied and applied. The Poisson process is characterized by indepen-
dence of the process when restricted to disjoint subsets of the underlying space. More
precisely, for any collection of mutually disjoint measurable subsets of the underly-
ing space, the numbers of points of a Poisson process that fall in these subsets are
stochastically independent. The number of points that fall in A has Poisson distri-
bution with a certain mean µ(A) depending on A. Then, it is easy to see then that µ
must be a measure, and it is called the intensity measure of the Poisson process. This
assumption of independence is acceptable in some examples, but naturally, not all.
For instance if one looks at outbreaks of a rare disease in a province, then knowing
that there is a case in a particular location makes it more likely that there are more
such cases in a neighbourhood of that location. On the other hand, if one looks at the
distribution of like-charged particles confined by an external field (physicists call it
a “one component plasma”), then the opposite is true. Knowing that a particular lo-
cation holds a particle makes it unlikely for there to be any others close to it. These
two examples indicate two ways of breaking the independence assumption, induc-
ing more clumping (“positively correlated”) as in the first example or less clumping
(“negatively correlated”) as in the second.

A natural question is whether there are probabilistic mechanisms to generate
such clumping or anti-clumping behaviour? A simple recipe that gives rise to posi-
tively correlated point processes is well-known to statisticians: First sample X (·), a
continuous random function on the underlying space that takes values in R+, and
then, sample a Poisson process whose intensity measure has density X (·) with re-
spect to a fixed reference measure ν on the underlying space. These kinds of pro-
cesses are now called Cox processes, and it is clear why they exhibit clumping - more
points fall where X is large, and if X is large at one location in space, it is large in
a neighbourhood. We shall encounter a particular subclass of Cox processes, known
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FIGURE 1. Samples of translation invariant point processes in the
plane: Poisson (left), determinantal (center) and permanental for
K(z,w) = 1

π
ezw− 1

2 (|z|2+|w|2). Determinantal processes exhibit repul-
sion, while permanental processes exhibit clumping.

as permanental processes, in Chapter 4, only to compare their properties with deter-
minantal processes, one of two important classes of point processes having negative
correlations that we study in this book.

This brings us to the next natural question and that is of central importance
to this book. Are there interesting point processes that have less clumping than
Poisson processes? As we shall see, one natural way of getting such a process without
putting in the anti-clumping property by hand, is to extract zero sets of random
polynomials or analytic functions, for instance, zeros of random polynomials with
stochastically independent coefficients. On the other hand it is also possible to build
anti-clumping into the very definition. A particularly nice class of such processes,
known as determinantal point processes, is another important object of study in this
book.

We study these point processes only in the plane and give some examples on the
line, that is, we restrict ourselves to random analytic functions in one variable. One
can get point processes in R2n by considering the joint zeros of n random analytic
functions on Cn, but we do not consider them in this book. Determinantal processes
have no dimensional barrier, but it should be admitted that most of the determi-
nantal processes studied have been in one and two dimensions. In contrast to Cox
processes that we described earlier, determinantal point processes seem mathemat-
ically more interesting to study because, for one, they are apparently not just built
out of Poisson processes1.

Next we turn to the reason why these processes (zeros of random polynomials
and determinantal processes) have less clustering of points than Poisson processes.
Determinantal processes have this anti-clustering or repulsion built into their defi-
nition (chapter 4, definition 4.2.1), and below we give an explanation as to why zeros
of random polynomials tend to repel in general. Before going into this, we invite
the reader to look at Figure 1. All the three samples shown are portions of certain
translation invariant point processes in the plane, with the same average number of
points per unit area. Nevertheless, they visibly differ from each other qualitatively,
in terms of the clustering they exhibit.

1“Do not listen to the prophets of doom who preach that every point process will eventually be found
out to be a Poisson process in disguise!” - Gian-Carlo Rota.
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Now we “explain” the repulsion of points in point processes arising from zeros of
random analytic functions (Of course, any point process in the plane is the zero set of
a random analytic function, and hence one may wonder if we are making an empty
or false claim. However, when we use the term random analytic function, we tacitly
mean that we have somehow specified the distribution of coefficients, and that there
is a certain amount of independence therein). Consider a polynomial

(1.1.1) p(z)= zn+an−1zn−1+ . . .+a1z+a0.

We let the coefficients be random variables and see how the (now random) roots
of the polynomial are distributed. This is just a matter of change of variables, from
coefficients to the roots, and the Jacobian determinant of this transformation is given
by the following well known fact (see the book (2) p. 411-412, for instance).

LEMMA 1.1.1. Let p(z)=
n∏

k=1
(z−zk) have coefficients ak, 0≤ k≤ n−1 as in (1.1.1).

Then the transformation T :Cn →Cn defined by

T(z1, . . . , zn)= (an−1, . . . ,a0),

has Jacobian determinant
∏
i< j
|zi− z j |2.

PROOF. Note that we are looking for the real Jacobian determinant, which is
equal to ∣∣det

(
∂T(z1, . . . , zn)
∂(z1, . . . , zn)

) ∣∣2 .

To see this in the simplest case of one complex variable, observe that if f = u+ iv :
C→C, its Jacobian determinant is

det
[

ux uy
vx vy

]
,

which is equal to | f ′|2, provided f is complex analytic. See Exercise 1.1.2 for the
relationship between real and complex Jacobian determinants in general.

Let us write
Tn(k)= an−k = (−1)k ∑

1≤i1<...ik≤n
zi1 . . . zik .

Tn(k) and all its partial derivatives are polynomials in z js. Moreover, by the sym-

metry of Tn(k) in the z js, it follows that if zi = z j for some i �= j, then the ith and

jth columns of ∂T(z1,...,zn)
∂(z1,...,zn) are equal, and hence the determinant vanishes. There-

fore, the polynomial det
(
∂Tn(k)
∂z j

)
1≤ j,k≤n

is divisible by
∏
i< j

(zi − z j). As the degree of

det
(
∂Tn(k)
∂z j

)
1≤ j,k≤n

is equal to
n∑

k=1
(k−1)= 1

2 n(n−1), it must be that

det
(
∂T(z1, . . . , zn)
∂(z1, . . . , zn)

)
=Cn

∏
i< j

(zi − z j).

To find the constant Cn, we compute the coefficient of the monomial
∏

z j−1
j on both

sides. On the right hand side the coefficient is easily seen to be Dn := (−1)n(n−1)/2Cn.
On the left, we begin by observing that Tn(k)=−znTn−1(k−1)+Tn−1(k), whence

(1.1.2)
∂Tn(k)
∂z j

=−zn
∂Tn−1(k−1)

∂z j
+ ∂Tn−1(k)

∂z j
−δ jnTn−1(k−1).
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The first row in the Jacobian matrix of T has all entries equal to −1. Further, the
entries in the last column (when j = n) are just −Tn−1(k−1), in particular, indepen-
dent of zn. Thus when we expand det

(
∂Tn(k)
∂z j

)
by the first row, to get zn−1

n we must
take the (1,n) entry in the first row and in every other row we must use the first
summand in (1.1.2) to get a factor of zn. Therefore

Dn = coefficient of
n∏

j=1
z j−1

j in det
(
∂Tn(k)
∂z j

)
1≤k, j≤n

= (−1)n coefficient of
n−1∏
j=1

z j−1
j in det

(
−∂Tn−1(k−1)

∂z j

)
2≤k≤n

1≤ j≤n−1

= −Dn−1.

Thus Cn = (−1)nCn−1 = (−1)n(n+1)/2 because C1 = −1. Therefore the real Jacobian
determinant of T is

∏
i< j
|zi − z j |2. �

The following relationship between complex and real Jacobians was used in the
proof of the lemma.

EXERCISE 1.1.2. Let (T1, . . . ,Tn) : Cn → Cn be complex analytic in each argu-
ment. Let Ai j = ∂ReTi(z)

∂x j
and Bi j = ∂ReTi(z)

∂yj
where z j = xj+i yj . Then the real Jacobian

determinant of (ReT1, . . . ,ReTn, ImT1, . . . , ImTn) at (x1, . . . , xn, y1, . . . , yn), is

det
[

A B
−B A

]

which is equal to |det(A− iB)|2, the absolute square of the complex Jacobian deter-
minant.

We may state Lemma 1.1.1 in the reverse direction. But first a remark that will
be relevant throughout the book.

REMARK 1.1.3. Let zk, 1 ≤ k ≤ n be the zeros of a polynomial. Then zis do not
come with any natural order, and usually we do not care to order them. In that
case we identify the set {zk} with the measure

∑
δzk . However sometimes we might

also arrange the zeros as a vector (zπ1 , . . . , zπk ) where π is any permutation. If we
randomly pick π with equal probability to be one of the n! permutations, we say that
the zeros are in exchangeable random order or uniform random order. We do this
when we want to present joint probability densities of zeros of a random polynomial.
Needless to say, the same applies to eigenvalues of matrices or any other (finite)
collection of unlabeled points.

Endow the coefficients of a monic polynomial with product Lebesgue measure.
The induced measure on the vector of zeros of the polynomial (taken in exchangeable
random order) is (∏

i< j
|zi − z j |2

)
n∏

k=1
dm(zk).

Here dm denotes the Lebesgue measure on the complex plane.
One can get a probabilistic version of this by choosing the coefficients from

Lebesgue measure on a domain in Cn. Then the roots will be distributed with density
proportional to

∏
i< j
|zi − z j |2 for (z1, . . . , zn) in a certain symmetric domain of Cn.
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A similar phenomenon occurs in random matrix theory. We just informally state
the result here and refer the reader to (6.3.5) in chapter 6 for a precise statement
and proof.

FACT 1.1.4. Let (ai, j)i, j≤n be a matrix with complex entries and let z1, . . . , zn
be the eigenvalues of the matrix. Then it is possible to choose a set of auxiliary
variables which we just denote u (so that u has 2n(n−1) real parameters) so that
the transformation T(z,u)= (ai, j) is essentially one-to-one and onto and has Jacobian
determinant

f (u)
∏
i< j
|zi − z j |2

for some function f .

REMARK 1.1.5. Unlike in Lemma 1.1.1, to make a change of variables from the
entries of the matrix, we needed auxiliary variables in addition to eigenvalues. If
we impose product Lebesgue measure on ai, js, the measure induced on (z1, . . . , zn,u)
is a product of a measure on the eigenvalues and a measure on u. However, the
measures are infinite and hence it does not quite make sense to talk of "integrating
out the auxiliary variables" to obtain

(1.1.3)
∏
i< j
|zi − z j |2

n∏
k=1

dm(zk)

as the "induced measure on the eigenvalues". We can however make sense of similar
statements as explained below.

Lemma 1.1.1 and Fact 1.1.4 give a technical intuition as to why zeros of random
analytic functions as well as eigenvalues of random matrices often exhibit repulsion.
To make genuine probability statements however, we would have to endow the coef-
ficients (or entries) with a probability distribution and use the Jacobian determinant
to compute the distribution of zeros (or eigenvalues). In very special cases, one can
get an explicit and useful answer, often of the kind
(1.1.4)∏

i< j
|zi − z j |2

∏
k

e−V (zk)
n∏

k=1
dm(zk)= exp

{
−
[

n∑
k=1

V (zk)−∑
i �= j

log |zi − z j |
]}

n∏
k=1

dm(zk).

This density may be regarded as a one component plasma with external potential
V and at a particular temperature (see Remark 1.1.6 below). Alternately one may
regard it as a “determinantal point process”. However it should be pointed out that in
most cases, the distribution of zeros (or eigenvalues) is not exactly of this form, and
then it is not to be hoped that one can get any explicit and tractable expression of the
density. Nevertheless the property of repulsion is generally valid at short distances.
Figure 2 shows a determinantal process and a process of zeros of a random analytic
function both having the same intensity (the average number of points per unit area).

REMARK 1.1.6. Let us make precise the notion of a one component plasma of n
particles with unit charge in the plane with potential V and temperature β−1. This
is just the probability density (with respect to Lebesgue measure on Cn) proportional
to

exp

{
−β

2

[
n∑

k=1
V (zk)−∑

j �=k
log |z j − zk|

]}
n∏

k=1
dm(zk).
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This expression fits the statistical mechanical paradigm, namely it is of the form
exp{−βH(x)}, where H has the interpretation of the energy of a configuration and
1/β has the physical interpretation of temperature. In our setting we have

(1.1.5) H(z1, . . . , zn)=
n∑

k=1
V (zk)−∑

j �=k
log |z j − zk|.

If we consider n unit negative charges placed in an external potential V at locations
z1, . . . , zn, then the first term gives the total potential energy due the external field
and the second term the energy due to repulsion between the charges. According
to Coulomb’s law, in three dimensional space the electrical potential due to a point
charge is proportional to the inverse distance from the charge. Since we are in two
dimensions, the appropriate potential is log |z−w|, which is the Green’s function for
the Laplacian on R2. However in the density (1.1.4) that (sometimes) comes from
random matrices, the temperature parameter is set equal to the particular value
β = 2, which correspond to determinantal processes. Surprisingly, this particular
case is much easier to analyse as compared to other values of β!

We study here two kinds of processes (determinantal and zero sets), focusing
particularly on specific examples that are invariant under a large group of transfor-
mations of the underlying space (translation-invariance in the plane, for instance).
Moreover there are certain very special cases of random analytic functions, whose
zero sets turn out to be determinantal and we study them in some detail. Finally,
apart from these questions of exact distributional calculations, we also present re-
sults on large deviations, central limit theorems and also (in a specific case) the
stochastic geometry of the zeros. In the rest of the chapter we define some basic
notions needed throughout, and give a more detailed overview of the contents of the
book.

1.2. Basic notions and definitions

Now we give precise definitions of the basic concepts that will be used through-
out the book. Let Λ be a locally compact Polish space (i.e., a topological space that
can be topologized by a complete and separable metric). Let µ be a Radon measure
on Λ (recall that a Radon measure is a Borel measure which is finite on compact
sets). For all examples of interest it suffices to keep the following two cases in mind.

• Λ is an open subset of Rd and µ is the d-dimensional Lebesgue measure
restricted to Λ.

• Λ is a finite or countable set and µ assigns unit mass to each element of Λ
(the counting measure on Λ).

Our point processes (to be defined) will have points in Λ and µ will be a reference
measure with respect to which we shall express the probability densities and other
similar quantities. So far we informally defined a point process to be a random
discrete subset of Λ. However the standard setting in probability theory is to have
a sample space that is a complete separable metric space and the set of all discrete
subsets of Λ is not such a space, in general. However, a discrete subset of Λ may
be identified with the counting measure on the subset (the Borel measure on Λ that
assigns unit mass to each element of the subset), and therefore we may define a point
process as a random variable taking values in the space M (Λ) of sigma-finite Borel
measures on Λ. This latter space is well-known to be a complete separable metric
space (see (69), for example).
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A point process X on Λ is a random integer-valued positive Radon measure
on Λ. If X almost surely assigns at most measure 1 to singletons, it is a simple
point process; in this case X can be identified with a random discrete subset of Λ,
and X (D) represents the number of points of this set that fall in D.

How does one describe the distribution of a point process? Given any m≥ 1, any
Borel sets D1, . . . ,Dm of Λ, and open intervals I1, . . . , Im ⊂ [0,∞), we define a subset
of M (Λ) consisting of all measures θ such that θ(Dk) ∈ Ik, for each k ≤ m. These
are called cylinder sets and they generate the sigma field on M (Λ). Therefore, the
distribution of a point process X is determined by the probabilities of cylinder sets,
i.e., by the numbers P [X (Dk)= nk,1≤ k≤m] for Borel subsets D1, . . . ,Dm of Λ.

Conversely, one may define a point process by consistently assigning probabili-
ties to cylinder sets. Consistency means that∑

0≤nm≤∞
P [X (Dk)= nk,1≤ k≤m]

should be the same as P [X (Dk)= nk,1≤ k≤m−1]. (Of course, the usual properties
of finite additivity should hold as should the fact that these numbers are between
zero and one!). For example the Poisson process may be defined in this manner.

EXAMPLE 1.2.1. For m≥ 1 and mutually disjoint Borel subsets Dk, 1≤ k≤m, of
Λ, let

p((D1,n1), . . . , (Dm,nm))=
m∏

k=1
e−µ(Dk) µ(Dk)nk

nk!
.

The right hand side is to be interpreted as zero if at least one of the Dks has infinite
µ-measure. Then Kolmogorov’s existence theorem asserts that there exists a point
process X such that

P [X (Dk)= nk,1≤ k≤m]= p((D1,n1), . . . , (Dm,nm)).

This is exactly what we informally defined as the Poisson process with intensity
measure µ.

Nevertheless, specifying the joint distributions of the counts X (D), D ⊂Λ may
not be the simplest or the most useful way to define or to think about the distribution
of a point process. Alternately, the distribution of a point process can be described by
its joint intensities (also known as correlation functions). We give the definition
for simple point processes only, but see remark 1.2.3 for trick to extend the same to
general point processes.

DEFINITION 1.2.2. Let X be a simple point process. The joint intensities of a
point process X w.r.t. µ are functions (if any exist) ρk : Λk → [0,∞) for k ≥ 1, such
that for any family of mutually disjoint subsets D1, . . . ,Dk of Λ,

(1.2.1) E

[
k∏

i=1
X (Di)

]
=
∫

∏
i Di

ρk(x1, . . . , xk)dµ(x1) . . . dµ(xk).

In addition, we shall require that ρk(x1, . . . , xk) vanish if xi = xj for some i �= j.

As joint intensities are used extensively throughout the book, we spend the rest
of the section clarifying various points about their definition.

The first intensity is the easiest to understand - we just define the measure
µ1(D) :=E[X (D)], we call it the first intensity measure of X . If it happens to be
absolutely continuous to the given measure µ, then the Radon Nikodym derivative
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ρ1 is called the first intensity function. From definition 1.2.2 it may appear that the
k-point intensity measure µk is the first intensity measure of X ⊗k (the k-fold prod-
uct measure on Λk) and that the k-point intensity function is the Radon Nikodym
derivative of µk with respect to µ⊗k, in cases when µk is absolutely continuous to µ⊗k.
However, this is incorrect, because (1.2.1) is valid only for pairwise disjoint Dis. For
general subsets of Λk, for example, D1× . . .×Dk with overlapping Dis, the situation
is more complicated as we explain now.

REMARK 1.2.3. Restricting attention to simple point processes, ρk is not the
intensity measure of X k, but that of X ∧k, the set of ordered k-tuples of distinct
points of X . First note that (1.2.1) by itself does not say anything about ρk on the
diagonals, that is, for (x1, . . . , xk) with xi = xj for some i �= j. That is why we added
to the definition, the requirement that ρk vanish on the diagonal. Then, as we shall
explain, equation (1.2.1) implies that for any Borel set B⊂Λk we have

(1.2.2) E#(B∩X ∧k)=
∫
B

ρk(x1, . . . , xk)dµ(x1) . . . dµ(xk) .

When B =∏D⊗ki
i for a mutually disjoint family of subsets D1, . . . ,Dr of Λ, and k =∑r

i=1 ki, the left hand side becomes

(1.2.3) E

[
r∏

i=1

(
X (Di)

ki

)
ki!

]
.

For a general point process X , observe that it can be identified with a simple point
process X ∗ on Λ× {1,2,3, . . .} such that X ∗(D× {1,2,3, . . .}) =X (D) for Borel D ⊂Λ.
This way, one can deduce many facts about non-simple point processes from those
for simple ones.

But why are (1.2.2) and (1.2.3) valid for a simple point process? It suffices to
prove the latter. To make the idea transparent, we shall assume that Λ is a countable
set and that µ is the counting measure and leave the general case to the reader (con-
sult (55; 56; 70) for details). For simplicity, we restrict to r = 1 and k1 = 2 in (1.2.3))
and again leave the general case to the reader. We begin by computing E

[
X (D)2

]
.

E[X (D)2] = E

[(∑
x∈D

X ({x})

)2]

= E

[∑
x∈D

X ({x})

]
+∑

x �=y
E [X ({x})X ({y})]

= E [X (D)]+
∫

D×D

ρ2(x, y)dµ(x)dµ(y).

Here we used two facts. Firstly, X ({x}) is 0 or 1 (and 0 for all but finitely many
x ∈ D) and secondly, from (1.2.1), for x �= y we get E[X ({x})X ({y})] = ρ2(x, y) while
ρ2(x, x)= 0 for all x. Thus

(1.2.4) E [X (D)(X (D)−1)]=
∫

D×D

ρ2(x, y)dµ(x)dµ(y)

as claimed.

Do joint intensities determine the distribution of a point process? The following
remark says yes, under certain restrictions.
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REMARK 1.2.4. Suppose that X (D) has exponential tails for all compact D ⊂Λ.
In other words, for every compact D, there is a constant c > 0 such that P[X (D) >
k] ≤ e−ck for all k ≥ 1. We claim that under this assumption, the joint intensities
(provided they exist) determine the law of X .

This is because exponential tails for X (D) for any compact D ensures that
for any compact D1, . . . ,Dk, the random vector (X (D1), . . . ,X (Dk)) has a conver-
gent Laplace transform in a neighbourhood of 0. That is, for some ε > 0 and any
s1, . . . , sk ∈ (−ε,ε), we have

(1.2.5) E [exp{s1X (D1)+ . . .+ skX (Dk)}]<∞.

The Laplace transform determines the law of a random variable and is in turn deter-
mined by the moments, whence the conclusion. For these basic facts about moments
and Laplace transform consult Billingsley’s book (6).

Joint intensities are akin to densities: Assume that X is simple. Then, the joint
intensity functions may be interpreted as follows.

• If Λ is finite and µ is the counting measure on Λ, i.e., the measure that as-
signs unit mass to each element of Λ, then for distinct x1, . . . , xk, the quan-
tity ρk(x1, . . . , xk) is just the probability that x1, . . . , xk ∈X .

• If Λ is open in Rd and µ is the Lebesgue measure, then for distinct x1, . . . , xk,
and ε > 0 small enough so that the balls Bε(xj) are mutually disjoint, by
definition 1.2.2, we get
∫

∏k
j=1 Bε(x j )

ρk(y1, . . . , yk)
k∏

j=1
dm(yj) = E

[
k∏

j=1
X (Bε(xj))

]

= ∑
(n j )

n j≥1

P
(
X (Bε(xj))= n j , j ≤ k

) k∏
j=1

n j .(1.2.6)

In many examples the last sum is dominated by the term n1 = . . .= nk = 1.
For instance, if we assume that for any compact K , the power series

(1.2.7)
∑

(n j): j≤k
max{ρn1+...+nk (t1, . . . , tn1+...,nk ) : ti ∈K}

zn1
1 . . . znk

k

n1! . . . nk!

converges for zi in a neighbourhood of 0, then it follows that for n j ≥ 1, by
(1.2.2) and (1.2.3) that if Bε(xj)⊂K for j ≤ k, then

P
(
X (Bε(xj))= n j , j ≤ k

) ≤ E

[
k∏

j=1

(
X (Bε(xj))

n j

)]

= 1
n1! . . . nk!

∫
Bε(x1)n1×...×Bε(xk)nk

ρn1+...+nk (y1, . . . , yn1+...+nk )
∏

j
dm(yj)

≤ max{ρn1+...+nk (t1, . . . , tn1+...,nk ) : ti ∈K}

n1! . . . nk!

k∏
j=1

m(Bε)
n j .

Under our assumption 1.2.7, it follows that the term P
(
X (Bε(xj))= 1, j ≤ k

)
dominates the sum in (1.2.6). Further, as ρk is locally integrable, a.e.
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(x1, . . . , xk) is a Lebesgue point and for such points we get

(1.2.8) ρk(x1, . . . , xk)= lim
ε→0

P(X has a point in Bε(xj) for each j ≤ k)

m(Bε)k
.

If a continuous version of ρk exists, then (1.2.8) holds for every x1, . . . , xk ∈Λ.

The following exercise demonstrates that for simple point processes with a deter-
ministic finite total number of points, the joint intensities are determined by the top
correlation (meaning k-point intensity for the largest k for which it is not identically
zero). This fails if the number of points is random or infinite.

EXERCISE 1.2.5. (1) Let X1, . . . , Xn be exchangeable real valued random
variables with joint density p(x1, . . . , xn) with respect to Lebesgue measure
on Rn. Let X =∑δXk be the point process on R that assigns unit mass to
each Xi. Then show that the joint intensities of X are given by

(1.2.9) ρk(x1, . . . , xk)= n!
(n−k)!

∫
Rn−k

p(x1, . . . xn)dxk+1 . . . dxn.

(2) Construct two simple point process on Λ= {1,2,3} that have the same two-
point intensities but not the same one-point intensities.

Moments of linear statistics: Joint intensities will be used extensively throughout
the book. Therefore we give yet another way to understand them, this time in terms
of linear statistics. If X is a point process on Λ, and ϕ : Λ→ R is a measurable
function, then the random variable

(1.2.10) X (ϕ) :=
∫
Λ

ϕdX = ∑
α∈Λ

ϕ(α)X ({α})

is called a linear statistic. If ϕ= 1D for some D ⊂Λ, then X (ϕ) is just X (D).
Knowing the joint distributions of X (ϕ) for a sufficiently rich class of test func-

tions ϕ, one can recover the distribution of the point process. For instance, the class
of all indicator functions of compact subsets of Λ is rich enough, as explained ear-
lier. Another example is the class of compactly supported continuous functions on Λ.
Joint intensities determine the moments of linear statistics corresponding to indica-
tor functions, as made clear in definition 1.2.2 and remark 1.2.4. Now we show how
moments of any linear statistics can be expressed in terms of joint intensities. This
is done below, but we state it so as to make it into an alternative definition of joint
intensities. This is really a more detailed explanation of remark 1.2.3.

Let X be a point process on Λ and let Cc(Λ) be the space of compactly supported
continuous functions on Λ. As always, we have a Radon measure µ on Λ.

(1) Define T1(ϕ)=E
[
X (ϕ)

]
. Then, T1 is a positive linear functional on Cc(Λ).

By Riesz’s representation theorem, there exists a unique positive regular
Borel measure µ1 such that

(1.2.11) T1(ϕ)=
∫

ϕdµ1.

The measure µ1 is called the first intensity measure of X .
If it happens that µ1 is absolutely continuous to µ, then we write dµ1 =

ρ1dµ and call ρ1 the first intensity function of X (with respect to the mea-
sure µ). We leave it to the reader to check that this coincides with ρ1 in
definition 1.2.2.
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(2) Define a positive bilinear functional on Cc(Λ)×Cc(Λ) by

T2(ϕ,ψ)=E
[
X (ϕ)X (ψ)

]
which induces a positive linear functional on Cc(Λ2). Hence, there is a
unique positive regular Borel measure µ̃2 on Λ2 such that

T2(ϕ,ψ)=
∫
Λ2

ϕ(x)ψ(y)dµ̃2(x, y).

However, in general µ̃2 should not be expected to be absolutely continuous
to µ⊗µ. This is because the random measure X ⊗X has atoms on the
diagonal {(x, x) : x ∈Λ}. In fact,

(1.2.12) E
[
X (ϕ)X (ψ)

]=E
[
X (ϕψ)

]+E

[ ∑
(x,y)∈Λ2

ϕ(x)ψ(y)1x �=yX ({x})X ({y})

]
.

Both terms define positive bilinear functionals on Cc(Λ)×Cc(Λ) and are
represented by two measures µ̂2 and µ2 that are supported on the diagonal
D := {(x, x) : x ∈Λ} and Λ2\D, respectively. Naturally, µ̃2 =µ2+ µ̂2.

The measure µ̂2 is singular with respect to µ⊗µ and is in fact the same
as the first intensity measure µ1, under the natural identification of D with
Λ. The second measure µ2 is called the two point intensity measure
of X and if it so happens that µ2 is absolutely continuous to µ⊗µ, then
its Radon-Nikodym derivative ρ2(x, y) is the called the two point intensity
function. The reader may check that this coincides with the earlier defini-
tion. For an example where the second intensity measure is not absolutely
continuous to µ⊗µ, look at the point process X = δa+δa+1 on R, where a
has N(0,1) distribution.

(3) Continuing, for any k ≥ 1 we define a positive multilinear functional on
Cc(Λ)k by

(1.2.13) Tk(ψ1, . . . ,ψk)=E

[
k∏

i=1
X (ψi)

]

which induces a linear functional on Cc(Λ)⊗k and hence, is represented by
a unique positive regular Borel measure µ̃k on Λk. We write µ̃k as µ̂k+µk,
where µ̂k is supported on the diagonal Dk = {(x1, . . . , xk) : xi = xj for some i �=
j} and µk is supported on the complement of the diagonal in Λk. We call µk
the k point intensity measure and if it happens to be absolutely contin-
uous to µ⊗k, then we refer to its Radon Nikodym derivative as the k-point
intensity function. This agrees with our earlier definition.

1.3. Hints and solutions

Exercise 1.1.2 Consider
[

A B
−B A

]
. Multiply the second row by i and add to the first

to get
[

A− iB B+ iA
−B A

]
. Then multiply the first column by −i and add to the second to get[

A− iB 0
−B A+ iB

]
. Since both these operations do not change the determinant, we see that

the original matrix has determinant equal to det(A− iB)det(A+ iB)= |det(A− iB)|2.
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FIGURE 2. Samples of a translation invariant determinantal pro-
cess (left) and zeros of a Gaussian analytic function. Determinantal
processes exhibit repulsion at all distances, and the zeros repel at
short distances only. However, the distinction is not evident in the
pictures.



CHAPTER 2

Gaussian Analytic Functions

2.1. Complex Gaussian distribution

Throughout this book, we shall encounter complex Gaussian random variables.
As conventions vary, we begin by establishing our terminology. By N(µ,σ2), we
mean the distribution of the real-valued random variable with probability density

1
σ


2π
e−

(x−µ)2

2σ2 . Here µ ∈R and σ2 > 0 are the mean and variance respectively.
A standard complex Gaussian is a complex-valued random variable with

probability density 1
π

e−|z|
2

w.r.t the Lebesgue measure on the complex plane. Equiva-
lently, one may define it as X+iY , where X and Y are i.i.d. N(0, 1

2 ) random variables.
Let ak, 1 ≤ k ≤ n be i.i.d. standard complex Gaussians. Then we say that a :=

(a1, . . . ,an)t is a standard complex Gaussian vector. Then if B is a (complex) m× n
matrix, Ba+µ is said to be an m-dimensional complex Gaussian vector with mean µ

(an m×1 vector) and covariance Σ=BB∗ (an m×m matrix). We denote its distribu-
tion by Nm

C

(
µ,Σ

)
.

EXERCISE 2.1.1. i. Let U be an n×n unitary matrix, i.e. UU∗ = Id , (here
U∗ is the conjugate transpose of U), and a an n-dimensional standard com-
plex Gaussian vector. Show that Ua is also an n-dimensional standard
complex Gaussian vector.

ii. Show that the mean and covariance of a complex Gaussian random vector
determines its distribution.

REMARK 2.1.2. Although a complex Gaussian can be defined as one having
i.i.d. N(0, 1

2 ) real and imaginary parts, we advocate thinking of it as a single entity,
if not to think of a real Gaussian as merely the real part of a complex Gaussian! In-
deed, one encounters the complex Gaussian variable in basic probability courses, for
instance in computing the normalizing constant for the density e−x2/2 on the line (by
computing the normalizing constant for a complex Gaussian and then taking square
roots); and also in generating a random normal on the computer (by generating a
complex Gaussian and taking its real part). The complex Gaussian is sometimes
easier to work with because it can be represented as a pair of independent random
variables in two co-ordinate systems, Cartesian as well as polar (as explained below
in more detail). At a higher level, in the theory of random analytic functions and ran-
dom matrix theory, it is again true that many more exact computations are possible
when we use complex Gaussian coefficients (or entries) than when real Gaussians
are used.

Here are some other basic properties of complex Gaussian random variables.

13
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• If a has Nm
C

(
µ,Σ

)
distribution, then for every j,k ≤ n (not necessarily dis-

tinct), we have

E
[
(ak−µk)(a j −µ j)

]= 0 and E
[
(a j −µ j)(ak−µk)

]
=Σ j,k.

• If a is a standard complex Gaussian, then |a|2 and a
|a| are independent, and

have exponential distribution with mean 1 and uniform distribution on the
circle {z : |z| = 1}, respectively.

• Suppose a and b are m and n-dimensional random vectors such that[
a
b

]
∼Nm+n

C

([
µ

ν

]
,
[

Σ11 Σ12
Σ21 Σ22

])
,

where the mean vector and covariance matrices are partitioned in the ob-
vious way. Then Σ11 and Σ22 are Hermitian, while Σ∗12 =Σ21. Assume that
Σ11 is non-singular. Then the distribution of a is Nm

C
(µ,Σ11) and the condi-

tional distribution of b given a is

Nn
C

(
ν+Σ21Σ

−1
11 (a−µ),Σ22−Σ21Σ

−1
11Σ12

)
.

EXERCISE 2.1.3. Prove this.

• Weak limits of complex Gaussians are complex Gaussians. More precisely,

EXERCISE 2.1.4. If an has NC(µn,Σn) distribution and an
d→ a, then

{µn} and {Σn} must converge, say to µ and Σ, and a must have NC(µ,Σ)
distribution.

Conversely, if {µn} and {Σn} converge to µ and Σ, then an converges
weakly to NC(µ,Σ) distribution.

• The moments of products of complex Gaussians can by computed in terms
of the covariance matrix by the Wick or the Feynman diagram formula.
First we recall the notion of “permanent” of a matrix, well-known to combi-
natorists but less ubiquitous in mathematics than its more famous sibling,
the determinant.

DEFINITION 2.1.5. For an n× n matrix M, its permanent, denoted
per(M) is defined by

per(M)= ∑
π∈Sn

n∏
k=1

Mkπk .

The sum is over all permutations of {1,2, . . . ,n}.

REMARK 2.1.6. The analogy with the determinant is clear - the signs
of the permutations have been omitted in the definition. But note that
this makes a huge difference in that per(A−1MA) is not in general equal to
per(M). This means that the permanent is a basis-dependent notion and
thus has no geometric meaning unlike the determinant. As such, it can be
expected to occur only in those contexts where the entries of the matrices
themselves are important, as often happens in combinatorics and also in
probability.

Now we return to computing moments of products of complex Gaus-
sians. The books of Janson (40) or Simon (79) have such formulas, also in
the real Gaussian case.
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LEMMA 2.1.7 (Wick formula). Let (a,b) = (a1, . . . ,an,b1, . . . bn)t have
NC(0,Σ) distribution, where

(2.1.1) Σ=
[

Σ1,1 Σ1,2
Σ2,1 Σ2,2

]
.

Then,

(2.1.2) E
[
a1 · · ·anb1 . . . bn

]
= per(Σ1,2).

In particular
E
[|a1 · · ·an|2

]= per(Σ1,1).

PROOF. First we prove that

E[a1 · · ·anb1 · · ·bn]=∑
π

k∏
j=1

Ea jbπ( j) = per
(
Ea jbk

)
jk

,

where the sum is over all permutations π ∈ Sn. Both sides are linear in each
a j and b j, and we may assume that the a j , b j are complex linear combi-
nations of some finite i.i.d. standard complex Gaussian sequence {Vj}. The
formula is proved by induction on the total number of nonzero coefficients
that appear in the expression of the a j and b j in terms of the Vj. If the
number of nonzero coefficients is more than one for one of a j or b j, then we
may write that variable as a sum and use induction and linearity. If it is
1 or 0 for all a j , b j, then the formula is straightforward to verify; in fact,
using independence it suffices to check that V =Vj has EV nV

m = n!1{m=n}.
For n �= m this follows from the fact that V has a rotationally symmetric
distribution. Otherwise, |V |2n has the distribution of the nth power of a
rate 1 exponential random variable, so its expectation equals n!.

The second statement follows immediately from the first, applied to the
vector (a,a). �

• If an, n≥ 1 are i.i.d. NC(0,1), then

(2.1.3) lim sup
n→∞

|an|
1
n = 1, almost surely.

In fact, equation (2.1.3) is valid for any i.i.d. sequence of complex valued
random variables an, such that

(2.1.4) E [max{log |a1|,0}]<∞, provided P[a1 = 0]< 1.

We leave the proof as a simple exercise for the reader not already familiar
with it. We shall need this fact later, to compute the radii of convergence of
random power series with independent coefficients.

2.2. Gaussian analytic functions

Endow the space of analytic functions on a region Λ ⊂ C with the topology of
uniform convergence on compact sets. This makes it a complete separable metric
space which is the standard setting for doing probability theory (To see completeness,
if { fn} is a Cauchy sequence, then fn converges uniformly on compact sets to some
continuous function f . Then Morera’s theorem assures that that f must be analytic
because its contour integral vanishes on any closed contour in Λ, since

∫
γ

f = lim
n→∞

∫
γ

fn

and the latter vanishes for every n by analyticity of fn).
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DEFINITION 2.2.1. Let f be a random variable on a probability space taking
values in the space of analytic functions on a region Λ ⊂ C. We say f is a Gaussian
analytic function (GAF) on Λ if (f(z1), . . . ,f(zn)) has a mean zero complex Gaussian
distribution for every n≥ 1 and every z1, . . . , zn ∈Λ.

It is easy to see the following properties of GAFs

• {f(k)} are jointly Gaussian, i.e., the joint distribution of f and finitely many
derivatives of f at finitely many points,{

f(k)(z j) : 0≤ k≤ n,1≤ j ≤m
}

,

has a (mean zero) complex Gaussian distribution. (Hint: Weak limits of
Gaussians are Gaussians and derivatives are limits of difference coeffi-
cients).

• For any n ≥ 1 and any z1, . . . , zn ∈Λ, the random vector (f(z1), . . . ,f(zn)) has
a complex Gaussian distribution with mean zero and covariance matrix(
K(zi , z j)

)
i, j≤n. By Exercise 2.1.1 it follows that the covariance kernel K

determines all the finite dimensional marginals of f. Since f is almost surely
continuous, it follows that the distribution of f is determined by K .

• Analytic extensions of GAFs are GAFs.

EXERCISE 2.2.2. In other words, if f is a random analytic function on
Λ and is Gaussian when restricted to a domain D ⊂Λ, then f is a GAF on
the whole of Λ.

The following lemma gives a general recipe to construct Gaussian analytic functions.

LEMMA 2.2.3. Let ψn be holomorphic functions on Λ. Assume that
∑

n |ψn(z)|2
converges uniformly on compact sets in Λ. Let an be i.i.d. random variables with
zero mean and unit variance. Then, almost surely,

∑
n anψn(z) converges uniformly

on compact subsets of Λ and hence defines a random analytic function.
In particular, if an has standard complex Gaussian distribution, then f(z) :=∑

n anψn(z) is a GAF with covariance kernel K(z,w)=∑nψn(z)ψn(w).

If (cn) is any square summable sequence of complex numbers, and ans are i.i.d.
with zero mean and unit variance, then

∑
cnan converges almost surely, because by

Kolmogorov’s inequality

P

[
sup
k≥N

∣∣ k∑
j=N

c ja j
∣∣≥ t

]
≤ 1

t2

∞∑
j=N

|c j |2

→ 0 as N →∞.

Thus, for fixed z, the series of partial sums for f(z) converge almost surely. However,
it is not clear that the series converges for all z simultaneously, even for a single
sample point. The idea of the proof is to regard

∑
anψn as a Hilbert space valued

series and prove a version of Kolmogorov’s inequality for such series. This part is
taken from chapter 3 of Kahane’s book (44). That gives convergence in the Hilbert
space, and by Cauchy’s formulas we may deduce uniform convergence on compacta.

PROOF. Let K be any compact subset of Λ. Regard the sequence Xn =
n∑

k=1
akψk

as taking values in L2(K) (with respect to Lebesgue measure). Let ‖ · ‖2 denote the
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norm in L2(K). It is easy to check that for any k< n we have

(2.2.1) E
[‖Xn‖2 ∣∣a j , j ≤ k

]= ‖Xk‖2+
n∑

j=k+1
‖ψ j‖2.

Define the stopping time τ= inf{n : ‖Xn‖> ε}. Then,

E
[‖Xn‖2] ≥

n∑
k=1

E
[‖Xn‖21τ=k

]

=
n∑

k=1
E
[
1τ=kE[‖Xn‖2|a j , j ≤ k]

]

≥
n∑

k=1
E
[
1τ=k‖Xk‖2] by (2.2.1)

≥ ε2P [τ≤ n] .

Thus

(2.2.2) P

[
sup
j≤n

‖X j‖ ≥ ε

]
≤ 1

ε2

n∑
j=1
‖ψ j‖2.

We have just proved Kolmogorov’s inequality for Hilbert space valued random vari-
ables. Apply this to the sequence {XN+n−XN }n to get

(2.2.3) P

[
sup

m,n≥N
‖Xm−Xn‖ ≥ 2ε

]
≤P

[
sup
n≥1

‖XN+n−XN‖ ≥ ε

]
≤ 1

ε2

∞∑
j=N+1

‖ψ j‖2

which converges to zero as N →∞. Thus

P [∃N such that ∀n,‖XN+n−XN‖ ≤ ε]= 1.

In other words, almost surely Xn is a Cauchy sequence in L2(K).
To show uniform convergence on compact subsets, consider any disk D(z0,4R)

contained in Λ. Since Xn is an analytic function on Λ for each n, Cauchy’s formula
says

(2.2.4) Xn(z)= 1
2πi

∫
Cr

Xn(ζ)
ζ− z

dζ

where Cr(t) = z0 + reit, 0 ≤ t ≤ 2π and |z− z0| < r. For any z ∈ D(z0,R), average
equation (2.2.4) over r ∈ (2R,3R) to deduce that

Xn(z) = 1
2πiR

3R∫
2R

2π∫
0

Xn(z0+ reiθ)
z0+ reiθ− z

ieiθdθrdr

= 1
2π

∫
A

Xn(ζ)ϕz(ζ)dm(ζ)

where A denotes the annulus around z0 of radii 2R and 3R and ϕz(·) is defined by
the equality. The observation that we shall need is that the collection {ϕz}z∈D(z0,R) is
uniformly bounded in L2(A).

We proved that almost surely {Xn} is a Cauchy sequence in L2(K) where K :=
D(z0,4R). Therefore there exists X ∈ L2(K) such that Xn → X in L2(K). Therefore
the integral above converges to 1

2π

∫
A X (ζ)ϕz(ζ)dm(ζ) uniformly over z ∈ D(z0,R).
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Thus we conclude that Xn → X uniformly on compact sets in Λ and that X is an
analytic function on Λ.

If ans are complex Gaussian, it is clear that Xn is a GAF for each n. Since
limits of Gaussians are Gaussians, we see that X is also a GAF. The formula for the
covariance E[f(z)f(w)] is obvious. �

2.3. Isometry-invariant zero sets

As explained in Chapter 1, our interest is in the zero set of a random analytic
function. Unless one’s intention is to model a particular physical phenomenon by
a point process, there is one criterion that makes some point processes more in-
teresting than others, namely, invariance under a large group of transformations
(invariance of a measure means that its distribution does not change under the ac-
tion of a group, i.e., symmetry). There are three particular two dimensional domains
(up to conformal equivalence) on which the group of conformal automorphisms act
transitively (There are two others that we do not consider here, the cylinder or the
punctured plane, and the two dimensional torus). We introduce these domains now.

• The Complex Plane C: The group of transformations

(2.3.1) ϕλ,β(z)=λz+β, z ∈C
where |λ| = 1 and β ∈ C, is nothing but the Euclidean motion group. These
transformations preserve the Euclidean metric ds2 = dx2 + d y2 and the
Lebesgue measure dm(z)= dxd y on the plane.

• The Sphere S2: The group of rotations act transitively on the two dimen-
sional sphere. Moreover the sphere inherits a complex structure from the
complex plane by stereographic projection which identifies the sphere with
the extended complex plane. In this book we shall always refer to C∪ {∞}
as the sphere. The rotations of the sphere become linear fractional trans-
formations mapping C∪ {∞} to itself bijectively. That is, they are given by

(2.3.2) ϕα,β(z)= αz+β

−βz+α
, z ∈C∪ {∞}

where α,β ∈C and |α|2+|β|2 = 1. These transformations preserve the spher-

ical metric ds2 = dx2+dy2

(1+|z|2)2 and the spherical measure dm(z)
(1+|z|2)2 . It is called the

spherical metric because it is the push forward of the usual metric (inher-
ited from R3) on the sphere onto C∪{∞} under the stereographic projection,
and the measure is the push forward of the spherical area measure.

EXERCISE 2.3.1. (i) Show that the transformations ϕα,β defined by
(2.3.2) preserve the spherical metric and the spherical measure.

(ii) Show that the radius and area of the disk D(0, r) in the spherical metric
and spherical measure are arctan(r) and πr2

1+r2 , respectively.

• The Hyperbolic Plane D: The group of transformations

(2.3.3) ϕα,β(z)= αz+β

βz+α
, z ∈D

where α,β ∈ C and |α|2−|β|2 = 1, is the group of linear fractional transfor-
mations mapping the unit disk D = {z : |z| < 1} to itself bijectively. These
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transformations preserve the hyperbolic metric ds2 = dx2+dy2

(1−|z|2)2 and the hy-

perbolic area measure dm(z)
(1−|z|2)2 (this normalization differs from the usual

one, with curvature −1, by a factor of 4, but it makes the analogy with the
other two cases more formally similar). This is one of the many models for
the hyperbolic geometry of Bolyai, Gauss and Lobachevsky (see (13) or (36)
for an introduction to hyperbolic geometry).

EXERCISE 2.3.2. (i) Show that ϕα,β defined in (2.3.3) preserves the
hyperbolic metric and the hyperbolic measure.

(ii) Show that the radius and area of the disk D(0, r), r < 1 in the hyper-
bolic metric and hyperbolic measure are arctanh(r) and πr2

1−r2 , respec-
tively.

Note that in each case, the group of transformations acts transitively on the cor-
responding space, i.e., for every z,w in the domain, there is a transformation ϕ such
that ϕ(z) = w. This means that in these spaces every point is just like every other
point. Now we introduce three families of GAFs whose relation to these symmetric
spaces will be made clear in Proposition 2.3.4.

In each case, the domain of the random analytic function can be found using
Lemma 2.2.3 or directly from equation (2.1.3).

• The Complex Plane C: Define for L> 0,

(2.3.4) f(z)=
∞∑

n=0
an


Ln


n!
zn.

For every L> 0, this is a random analytic function in the entire plane with
covariance kernel exp{Lzw}.

• The Sphere S2: Define for L ∈N= {1,2,3, . . .},

(2.3.5) f(z)=
L∑

n=0
an


L(L−1). . . (L−n+1)

n!
zn.

For every L ∈ N, this is a random analytic function on the complex plane
with covariance kernel (1+ zw)L. Since it is a polynomial, we may also
think of it as an analytic function on S2 =C∪ {∞} with a pole at ∞.

• The Hyperbolic Plane D: Define for L> 0,

(2.3.6) f(z)=
∞∑

n=0
an


L(L+1). . . (L+n−1)

n!
zn.

For every L > 0, this is a random analytic function in the unit disk D= {z :
|z| < 1} with covariance kernel (1− zw)−L. When L is not an integer, the
question of what branch of the fractional power to take, is resolved by the
requirement that K(z, z) be positive.

It is natural to ask whether the unit disk is the natural domain for the
hyperbolic GAF or if it has an analytic continuation to a larger region. To
see that almost surely it does not extend to any larger open set, consider
an open disk D intersecting D but not contained in D, and let CD be the
event that there exists an analytic continuation of f to D∪D. Note that
CD is a tail event, and therefore by Kolmogorov’s zero-one law, if it has
positive probability then it occurs almost surely. If P(CD) = 1 for some D,
then by the rotational symmetry of complex Gaussian distribution, we see
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that P(CeiθD)= 1 for any θ ∈ [0,2π]. Choose finitely many rotations of D so
that their union contains the unit circle. With probability 1, f extends to
all of these rotates of D, whence we get an extension of f to a disk of radius
strictly greater than 1. But the radius of convergence is 1 a.s. Therefore
P(CD)= 0 for any D, which establishes our claim.

Another argument is pointed out in the notes. However, these argu-
ments used the rotational invariance of complex Gaussian distribution very
strongly. One may adapt an argument given in Billingsley (6), p. 292 to
give a more robust proof that works for any symmetric distribution of the

coefficients (that is, −a
d= a).

LEMMA 2.3.3. Let an be i.i.d. random variables with a symmetric dis-
tribution in the complex plane. Assume that conditions (2.1.4) hold. Then∑∞

n=0 an


L(L+1)...(L+n−1)

n!
zn does not extend analytically to any domain larger

than the unit disk.

PROOF. Assuming (2.1.4), Borel-Cantelli lemmas show that the radius
of convergence is at most 1. We need to consider only the case when it is
equal to 1. As before, suppose that P(CD)= 1 for some disk D intersecting
the unit disk but not contained in it. Fix k large enough so that an arc of
the unit circle of length 2π

k is contained in D and set

(2.3.7) ãn =
{

an if n �= 0 mod k
−an if n= 0 mod k

.

Let

(2.3.8) f̃(z)=
∞∑

n=0
ãn


L(L+1). . . (L+n−1)

n!
zn

and define C̃D in the obvious way. Since f̃ d= f it follows that P(CD)=P(C̃D).
Now suppose both these events have probability one so that the function

(2.3.9) g(z)
def= f(z)− f̃(z)= 2

∞∑
n=0

akn


L(L+1). . . (L+kn−1)

(kn)!
zkn

may be analytically extended to D∪D almost surely. Replacing z by ze2πi/k

leaves g(z) unchanged, hence g can be extended to D∪ (∪�D�) where D� =
e2πi�/kD. In particular, g can be analytically extended to (1+ ε)D for some
ε> 0 which is impossible since g has radius of convergence equal to one. We
conclude that CD has probability zero. �

Next we prove that the zero sets of the above analytic functions are isometry-
invariant.

PROPOSITION 2.3.4. The zero sets of the GAF f in equations (2.3.4), (2.3.5) and
(2.3.6) are invariant (in distribution) under the transformations defined in equations
(2.3.1), (2.3.2) and (2.3.3) respectively. This holds for every allowed value of the pa-
rameter L, namely L> 0 for the plane and the disk and L ∈N for the sphere.

PROOF. For definiteness, let us consider the case of the plane. Fix L> 0. Then

f(z)=
∞∑

n=0
an


Ln


n!
zn,
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is a centered(mean zero) complex Gaussian process, and as such, its distribution is
characterized by its covariance kernel exp{Lzw}. Now consider the function obtained
by translating f by an isometry in (2.3.1), i.e., fix |λ| = 1 and β ∈C, and set

g(z)= f(λz+β).

g is also a centered complex Gaussian process with covariance kernel

Kg(z,w) = Kf(λz+β,λw+β)

= eLzw+Lzλβ+Lwβλ+L|β|2 .

If we set
h(z)= f(z)eLzλβ+ 1

2 L|β|2 ,

then it is again a centered complex Gaussian process. Its covariance kernel Kh(z,w)
is easily checked to be equal to Kg(z,w). This implies that

(2.3.10) f(λz+β)
d= f(z)eLzλβ+ 1

2 L|β|2 ,

where the equality in distribution is for the whole processes (functions), not just for
a fixed z. Since the exponential function on the right hand side has no zeros, it
follows that the zeros of f(λz+β) and the zeros of f(z) have the same distribution.
This proves that the zero set is translationally invariant in distribution.

The proof in the other two cases is exactly the same. If f is one of the GAFs under
consideration, and ϕ is an isometry of the corresponding domain, then by computing
the covariance kernels one can easily prove that

(2.3.11) f
(
ϕ(·)) d= f(·)∆(ϕ, ·),

where, ∆(ϕ, z) is a deterministic nowhere vanishing analytic function of z. That
immediately implies the desired invariance of the zero set of f.

The function ∆(ϕ, z) is given explicitly by (we are using the expression for ϕ from
equations (2.3.1), (2.3.2) and (2.3.3) respectively).

∆(ϕ, z)=

⎧⎪⎨
⎪⎩

eLzλβ+ 1
2 L|β|2 domain=C.

ϕ′(z)
L
2 domain=S2.

ϕ′(z)−
L
2 domain=D.

It is important to notice the following two facts or else the above statements do not
make sense.

(1) In the case of the sphere, by explicit computation we can see that ϕ′(z)
is (−βz+α)−2. Therefore one may raise ϕ′ to half-integer powers and get
(single-valued) analytic functions.

(2) In the case of the disk, again by explicit computation we can see that ϕ′(z)
is (βz+α)−2, but since L is any positive number, to raise ϕ′ to the power L/2
we should notice that ϕ′(z) does not vanish for z in the unit disk (because
|α|2 − |β|2 = 1). And hence, a holomorphic branch of logϕ′ may be chosen
and thus we may define ϕ′ to the power L/2.

�
We shall see later (remark 2.4.5) that the first intensity of zero sets for these canon-
ical GAFs is not zero. Translation invariance implies that the expected number
of zeros of the planar and hyperbolic GAFs is almost surely infinite. However, mere
translation invariance leaves open the possibility that with positive probability there
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are no zeros at all! We rule out this ridiculous possibility by showing that the zero
set is in fact ergodic. We briefly recall the definition of ergodicity.

DEFINITION 2.3.5. Let (Ω,F ,P) be a probability space and let G be a group of
measure preserving transformations of Ω to itself, that is, P◦τ−1 =P for every τ ∈G.
An invariant event is a set A ∈F such that τ(A) = A for every τ ∈G. The action of
G is said to be ergodic if every invariant set has probability equal to zero or one. In
this case we may also say that P is ergodic under the transformations G.

EXAMPLE 2.3.6. Let P be the distribution of the zero set of the planar GAF f.
Then by Proposition 2.3.4 we know that the Euclidean motion group acts in a mea-
sure preserving manner. The event that f has infinitely many zeros is an invariant
set. Another example is the event that

(2.3.12) lim
a→∞

1
4a2 {Number of zeros of f in [−a,a]2}= c

where c is a fixed constant. In Proposition 2.3.7 below, we shall see that the action
of the translation group (and hence the whole motion group) is ergodic and hence
all these invariant events have probability zero or one. We shall see later that the
expected number of zeros is positive, which shows that the number of zeros is almost
surely infinite. Similarly, the event in (2.3.12) has probability 1 for c = 1/π and zero
for any other c.

PROPOSITION 2.3.7. The zero sets of the GAF f in equations (2.3.4), and (2.3.6)
are ergodic under the action of the corresponding isometry groups.

PROOF. We show the details in the planar case (Λ=C) with L = 1. The proof is
virtually identical in the hyperbolic case. For β ∈ C, let fβ(z)= f(z+β)e−zβ− 1

2 |β|2 . We

saw in the proof of Proposition 2.3.4 that fβ
d= f. We compute

E
[
fβ(z)f(w)

]
= e−zβ− 1

2 |β|2+zw+βw.

As β→∞ this goes to 0 uniformly for z,w in any compact set. By Cauchy’s formula,
the coefficients of the power series expansion of fβ around 0 are given by

1
2πi

∫
C

fβ(ζ)

ζn+1 dζ,

where C(t)= eit, 0≤ t≤ 2π. Therefore, for any n, the first n coefficients in the power
series of f and the first n coefficients in the power series of fβ become uncorrelated
and hence (by joint Gaussianity) independent, as β→∞.

Now let A be any invariant event. Then we can find an event An that depends
only on the first n power series coefficients and satisfies P[A�An]≤ ε. Then,∣∣E[1A(f)1A(fβ)

]−E
[
1An (f)1An (fβ)

] ∣∣ ≤ 2ε.

Further, by the asymptotic independence of the coefficients of f and fβ, as β→∞,

E
[
1An (f)1An (fβ)

]→E
[
1An (f)

]
E
[
1An (fβ)

]= (E[1An (f)
])2 .

Thus we get

(2.3.13) limsup
β→∞

∣∣E[1A(f)1A(fβ)
]− (E [1A(f)])2

∣∣≤ 4ε.
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This is true for any ε> 0 and further, by the invariance of A, we have 1A(f)1A(fβ)=
1A(f). Therefore

(2.3.14) E [1A(f)]= (E [1A(f)])2

showing that the probability of A is zero or one. Since the zeros of fβ are just trans-
lates of the zeros f, any invariant event that is a function of the zero set must have
probability zero or one. In other words, the zero set is ergodic under translations. �

REMARK 2.3.8. It is natural to ask whether these are the only GAFs on these
domains with isometry-invariant zero sets. The answer is essentially yes, but we
need to know a little more in general about zeros of GAFs before we can justify that
claim.

2.4. Distribution of zeros - The first intensity

In this section, we show how to compute the first intensity or the one-point cor-
relation function (see definition 1.2.2). The setting is that we have a GAF f and the
point process under consideration is the counting measure on f−1{0} with multiplici-
ties where f is a GAF. The following lemma from (70) shows that in great generality
almost surely each zero has multiplicity equal to 1.

LEMMA 2.4.1. Let f be a nonzero GAF in a domain Λ. Then f has no nondetermin-
istic zeros of multiplicity greater than 1. Furthermore, for any fixed complex number
w �= 0, f−w has no zeros of multiplicity greater than 1 (there can be no deterministic
zeros for w �= 0 since f has zero mean).

PROOF. To prove the first statement in the theorem, we must show that almost
surely, there is no z such that f(z) = f′(z) = 0. Fix z0 ∈ Λ such that K(z0, z0) �= 0.
Then h(z) := f(z)− K(z,z0)

K(z0,z0) f(z0) is a GAF that is independent of f(z0). For z such that
K(z, z0) �= 0, we can also write

(2.4.1)
f(z)

K(z, z0)
= h(z)

K(z, z0)
+ f(z0)

K(z0, z0)
.

Thus if z is a multiple zero of f, then either K(z, z0)= 0 or z is also a multiple zero of
the right hand side of (2.4.1). Since K(·, z0) is an analytic function, its zeros constitute
a deterministic countable set. Therefore, f has no multiple zeros in that set unless it
has a deterministic one. Thus we only need to consider the complement of this set.

Now restrict to the reduced domain Λ′ got by removing from Λ all z for which
K(z, z0) = 0. Condition on h. The double zeros of f in Λ′ are those z for which the
right hand side of (2.4.1) as well as its derivative vanish. In other words, we must
have

(2.4.2)
(

h(z)
K(z, z0)

)′
= 0 and

f(z0)
K(z0, z0)

=− h(z)
K(z, z0)

.

Let S be the set of z such that
(

h(z)
K(z,z0)

)′ = 0. Almost surely, S is a countable set. Then
the second event in (2.4.2) occurs if and only if

f(z0)
K(z0, z0)

∈
{
− h(z)

K(z, z0)
: z ∈ S

}
.

The probability of this event is zero because the set on the right is countable and the
conditional distribution of f(z0) given h(·) is not degenerate.

The same proof works with f replaced by f−w because the mean 0 nature of f
did not really play a role. �
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We give three different ways to find a formula for the first intensity of nf, the
counting measure (with multiplicities) on f−1{0}, when f is a Gaussian analytic func-
tion. Part of the outcome will be that the first intensity does exist, except at the
deterministic zeros (if any) of f. The expressions that we obtain in the end can be
easily seen to be equivalent.

2.4.1. First intensity by Green’s formula. The first step is to note that for
any analytic function f (not random), we have

(2.4.3) dnf (z)= 1
2π

∆ log | f (z)|.
Here the Laplacian ∆ on the right hand side should be interpreted in the distri-
butional sense. In other words, the meaning of (2.4.3) is just that for any smooth
function ϕ compactly supported in Λ,

(2.4.4)
∫
Λ

ϕ(z)dnf (z)=
∫
Λ

∆ϕ(z)
1

2π
log | f (z)|dm(z).

To see this, write f (z)= g(z)
∏

k(z−αk)mk , where αk are zeros of f (with multiplicities
mk) that are in the support of ϕ and g is an analytic function with no zeros in the
support of ϕ. Since ϕ is compactly supported, there are only finitely many αk. Thus

log | f (z)| = log |g(z)|+∑
k

mk log |z−αk |.

Now, ∆ log |g| is identically zero on the support of ϕ because log |g| is, locally, the
real part of an analytic function (of any continuous branch of log(g)). Moreover,
1

2π log |z−αk | =G(αk, z), the Green’s function for the Laplacian in the plane implying
that ∫

Λ

∆ϕ(z)
1

2π
log |z−αk | =ϕ(αk).

Therefore (2.4.4) follows.
Now for a random analytic function f, we get

E

⎡
⎣∫
Λ

ϕ(z)dnf(z)

⎤
⎦ = E

⎡
⎣∫
Λ

∆ϕ(z)
1

2π
log |f(z)|dm(z)

⎤
⎦(2.4.5)

=
∫
Λ

∆ϕ(z)
1

2π
E [log |f(z)|] dm(z)(2.4.6)

by Fubini’s theorem. To justify applying Fubini’s theorem, note that

E

⎡
⎣∫
Λ

|∆ϕ(z)| 1
2π

∣∣ log |f(z)| ∣∣dm(z)

⎤
⎦=∫

Λ

|∆ϕ(z)| 1
2π

E
[ ∣∣ log |f(z)| ∣∣]dm(z).

Now for a fixed z ∈Λ, f(z) is a complex Gaussian with mean zero and variance K(z, z).
Therefore, if a denotes a standard complex Gaussian, then

E
[ ∣∣ log |f(z)| ∣∣] ≤ E

[ ∣∣ log |a| ∣∣]+ ∣∣ log
√

K(z, z)
∣∣

= 1
2

∞∫
0

| log(r)|e−rdr+ 1
2

∣∣ logK(z, z)
∣∣

= C+ 1
2

∣∣ logK(z, z)
∣∣
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for a finite constant C. Observe that | logK(z, z)| is locally integrable everywhere
in z. The only potential problem is at points z0 for which K(z0, z0) = 0. But then,
in a neighbourhood of z0 we may write K(z, z) = |z− z0|2pL(z, z) where L(z0, z0) is
not zero. Thus logK(z, z) grows as log |z− z0| as z→ z0, whence it is integrable in a
neighbourhood of z0. Thus

E

⎡
⎣∫
Λ

|∆ϕ(z)| ∣∣ log |f(z)| ∣∣ dm(z)
2π

⎤
⎦<∞.

This justifies the use of Fubini’s theorem in (2.4.6) and we get

(2.4.7) E

⎡
⎣∫
Λ

ϕ(z)dnf(z)

⎤
⎦=∫

Λ

ϕ(z)
1

2π
∆E [log |f(z)|] dm(z).

Again using the fact that f(z)
K(z,z)

is a standard complex Gaussian, we deduce that

E [log |f(z)|] = E [log |a|]+ 1
2

logK(z, z)

= −γ

2
+ log

√
K(z, z)

where

γ=−
∞∫

0

log(r)e−rdr.

is in fact the negative of Euler’s constant, but for our purpose we need only observe
that it does not depend on z. Thus by comparing (2.4.7) which is valid for all C2

c
functions, with (1.2.11) we deduce that the first intensity of f−1{0} with respect to
Lebesgue measure is given by

(2.4.8) ρ1(z)= 1
4π

∆ logK(z, z).

This is sometimes known as the Edelman-Kostlan formula. There is no problem
with differentiating logK(z, z) which is real analytic. Exceptions are points where
K(z, z) vanish, and at such points the first intensity function does not exist and the
first intensity measure has an atom (f has a deterministic zero).

2.4.2. First intensity by linearization. This is a more probabilistic approach.
Let z ∈Λ. We want to estimate the probability that f(w)= 0 for some w ∈D(z,ε), up
to order ε2. Expand f as a power series around z:

f(w)= f(z)+ f′(z)(w− z)+ f′′(z)
(w− z)2

2!
+ . . .

The idea is that up to an event of probability o(ε2), f and its linear approximant,

g(w) := f(z)+ (w− z)f′(z),
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have the same number of zeros in D(z,ε). Assuming this, it follows from (1.2.8) that

ρ1(z) = lim
ε→0

P [f has a zero in D(z,ε)]
πε2

= lim
ε→0

P
[
g has a zero in D(z,ε)

]
πε2

= lim
ε→0

P
[−f(z)

f′(z) ∈D(0,ε)
]

πε2

= Probability density of
−f(z)
f′(z)

at 0.

If a,b are complex-valued random variables then, by an elementary change of vari-
ables, we see that the density of a/b at 0 is equal to χa(0)E

[|b|2 ∣∣a= 0
]
, where χa is

the density of a at 0 (assuming the density a and the second moment of b given a= 0
do exist).

When f is Gaussian, (f(z),f′(z)) is jointly complex Gaussian with mean zero and
covariance [

K(z, z) ∂
∂z K(z, z)

∂
∂z K(z, z) ∂

∂z
∂
∂z K(z, z)

]
.

Here we use the standard notation
∂

∂z
= 1

2

(
∂

∂x
− i

∂

∂y

)
and

∂

∂z
= 1

2

(
∂

∂x
+ i

∂

∂y

)
.

The density of f(z) at 0 is 1
πK(z,z) . Moreover, f′(z)

∣∣
f(z)=0 has

NC

(
0,

∂

∂z
∂

∂z
K(z, z)− 1

K(z, z)

(
∂

∂z
K(z, z)

)(
∂

∂z
K(z, z)

))

distribution. Thus we can write the first intensity as

ρ1(z)=
∂
∂z

∂
∂z K(z, z)− 1

K(z,z)
∂
∂z K(z, z) ∂

∂z K(z, z)

πK(z, z)
.

This is equivalent to the Edelman-Kostlan formula (2.4.8) as can be seen by differ-
entiating logK(z, z) (since ∆= 4 ∂

∂z
∂
∂z ).

Now we justify replacing f by its linearization g. Without loss of generality, we
can assume that z = 0 and expand f as a power series. The following lemma is from
Peres and Virág (70).

LEMMA 2.4.2. Let f(z)= a0+a1z+ . . . be a GAF. Assume that a0 is not constant.
Let Aε denote the event that the number of zeros of f in the disk D(0,ε) differs from the
number of zeros of g(z) := a0+a1z in the same disk. Then for any δ> 0, there exists
c> 0 so that for all ε> 0 we have

P[Aε]≤ cε3−2δ.

PROOF. By Rouché’s theorem, if |g| > |f−g| on ∂D(0,ε), then f and g have the
same number of zeros in D(0,ε).

We bound the maximum of |f−g| by Lemma 2.4.4. For this we observe that for
small enough ε,

(2.4.9) max
|z|<2ε

E[|f(z)−g(z)|2]≤Cε4
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since f−g has a double root at 0. Thus Lemma 2.4.4 gives a constant γ such that

(2.4.10) P
[
max{|f(z)−g(z)| : z ∈D(0,ε)}> ε2−δ

]
< c0e−γε

−2δ
.

Now let Θ be the annulus ∂D(0, |a1|ε)+D(0,ε2−δ) (the Minkowski sum of the two
sets), and consider the following events:

D0 = {|a0| < 2ε1−δ},

E = {|a1| < ε−δ},

F = {min{|g(z)| : z ∈ ∂D(0,ε)}< ε2−δ}= {−a0 ∈Θ}.

Note that P[Ec]≤ c2ε
3 and that E∩F ⊂D0. Given D0, the distribution of a0 (recall

our assumption that a0 is not a constant) is approximately uniform on D(0,2ε1−δ) (in
particular, its conditional density is O(ε2δ−2)). Since P[E] tends to one as ε→ 0, this
implies that

P[F]≤P[F ∩E | D0]P[D0]+P[Ec]≤ c4εc5ε
2−2δ+ c2ε

3 ≤ c6ε
3−2δ.

In the first term, the factor of ε comes from the area of Θ (as a fraction of the area
of D0) and the factor of ε2−2δ from the probability of D0. Together with (2.4.10), this
gives the desired result. �

REMARK 2.4.3. In the proof we used Lemma 2.4.4 to bound the maximum mod-
ulus of a Gaussian analytic function on a disk. In the literature there are deep
and powerful theorems about the maximum of a general Gaussian process which
we could have used instead. For instance, Borell’s isoperimetric inequality (see
Pollard (71); the inequality was also shown independently by Tsirelson-Ibragimov-
Sudakov (88)) implies that for any collection of mean-zero (real) Gaussian variables
with maximal standard deviation σ, the maximum M of the collection satisfies

(2.4.11) P [M >median(M)+bσ]≤P[χ> b],

where χ is standard normal. We could have arrived at (2.4.10) by an application of
(2.4.11) separately to the real and imaginary parts of f(z)−g(z)

z2 (note that the median is
just a finite quantity). However we preferred to use Lemma 2.4.4 as it is elementary
and also exhibits some new tools for working with Gaussian analytic functions. One
idea in the proof below comes from the paper of Nazarov, Sodin and Volberg (61), see
Lemma 2.1 therein.

LEMMA 2.4.4. Let f be a Gaussian analytic function in a neighbourhood of the
unit disk with covariance kernel K. Then for r < 1

2 , we have

(2.4.12) P
[
max
|z|<r

|f(z)| > t
]
≤ 2e−t2/8σ2

2r

where σ2
2r =max{K(z, z) : |z| ≤ 2r}.

PROOF. Let γ(t)= 2reit, 0≤ t≤ 2π. By Cauchy’s integral formula, for |z| < r,

|f(z)| ≤
2π∫
0

|f(γ(t))|
|z−γ(t)| |γ

′(t)| dt
2π

≤ 2σ

2π∫
0

|f̂(2reit)| dt
2π
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where f̂(z)= f(z)/
√

K(z, z) and we have written just σ for σ2r.

P
[
max
|z|<r

|f(z)| > t
]

≤ P

⎡
⎣ 2π∫

0

|f̂(2reit)| dt
2π

> t
2σ

⎤
⎦

≤ e−t2/8σ2
E

⎡
⎢⎣exp

⎧⎪⎨
⎪⎩

1
2

⎛
⎝ 2π∫

0

|f̂(2reit)| dt
2π

⎞
⎠

2
⎫⎪⎬
⎪⎭
⎤
⎥⎦

≤ e−t2/8σ2
E

⎡
⎣exp

⎧⎨
⎩1

2

2π∫
0

|f̂(2reit)|2 dt
2π

⎫⎬
⎭
⎤
⎦

by Cauchy-Schwarz inequality. Now use the convexity of the exponential function to
get

P
[
max
|z|<r

|f(z)| > t
]

≤ e−t2/8σ2
E

⎡
⎣ 2π∫

0

exp
{

1
2
|f̂(2reit)|2

}
dt
2π

⎤
⎦ .

Since |f̂(w)|2 has exponential distribution with mean 1 for any w, the expectation of
exp{ 1

2 |f̂(2reit)|2} is 2. Thus we arrive at

P
[
max
|z|<r

|f(z)| > t
]

≤ 2e−t2/8σ2
.

�

2.4.3. First intensity by integral geometry. This is a geometric approach
to get the first intensity. We shall sketch the idea briefly. Interested readers are
recommended to read the beautiful paper (23) for more along these lines.

Let f be a GAF with covariance kernel K . Since K is Hermitian and positive def-
inite, we can write K(z,w)=∑ψn(z)ψn(w), where ψn are analytic functions on some
domain in the plane. Then we see that f(z)=∑anψn(z), where an are i.i.d. standard
complex Gaussians. (What we just said may be seen as a converse to Lemma 2.2.3).

First suppose that f(z) =∑N
n=1 anψn(z), where N <∞. In the end let N →∞ to

get the general case. This is possible by Rouche’s theorem, for if the series fN (z) =∑N
n=1 anψn(z) converges uniformly on compact sets to f(z) = ∑∞n=1 anψn(z), then for

any compact set, the number of zeros of f and fN are equal, with high probability, for
large N.

When N is finite, setting ψ(z)= (ψ1(z), . . . ,ψN (z)), we may write

f(z)= 〈ψ(z) , (a1, . . . ,aN )〉
where 〈 , 〉 is the standard inner product in CN . As z varies over Λ, ψ(z) defines a
complex curve in CN . Also (a1, . . . ,aN ) has a spherically invariant distribution. Thus
asking for the number of zeros of f is equivalent to the following.

Choose a point uniformly at random on the unit sphere {(z1, . . . , zN ) :
∑ |zk|2 = 1}

in CN and ask for the number of times (counted with multiplicities) the hyper plane
orthogonal to the chosen point intersects the fixed curve ψ.

Turning the problem around, fix z and let w vary over D(z,ε). Then the hyper-
plane orthogonal to ψ(w) sweeps out a certain portion of the unit sphere. The ex-
pected number of zeroes of f in D(z,ε) is precisely the area of the region swept out
(again counting multiplicities).
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FIGURE 1. The Buffon needle problem.

Now as w varies over D(z,ε), ψ(w) varies over a disk of radius approximately
‖ψ′(z)‖ε on the image of the curve ψ. However what matters to us is the projection
of this disk orthogonal to the radial vector ψ(z), and this projection has area(

‖ψ′(z)‖2− | ψ
′(z) ·ψ(z) | 2
‖ψ(z)‖2

)
πε2.

However this disk is located at a distance ‖ψ(z)‖ from the origin.
When a particle P moves a distance δ on a geodesic of the sphere of radius r,

the hyper-plane P⊥ orthogonal to P, rotates by an angle of δ
r . When δ=π, the entire

sphere is swept out by P⊥ exactly once. Putting these together, we find that the
probability of having a zero in D(z,ε) is(

‖ψ′(z)‖2− |ψ′(z)·ψ(z)| 2

‖ψ(z)‖2

)
π‖ψ(z)‖2 ε2,

and this gives p(z). Since K(z,w)=ψ(z)·ψ(w), this is the same as what we got earlier.

REMARK 2.4.5. As a simple application of (2.4.8), one can check that the zero
sets of the GAFs described in equations (2.3.4), (2.3.5) and (2.3.6) have first inten-
sities equal to L

π
, w.r.t, the Lebesgue measure dm(z) on the plane, the Spherical

measure dm(z)
(1+|z|2)2 on S2 = C∪ {∞} and the Hyperbolic measure dm(z)

(1−|z|2)2 on the unit
disk D, respectively.

EXERCISE 2.4.6. Follow the steps outlined below to give a geometric solution to
the classical Buffon needle problem: Consider a family of parallel lines in the plane
with adjacent lines separated by a distance d. Drop a needle of length � “at random”
on the plane. What is the probability that the needle crosses one of the lines? See
figure 1.

i. Show that the probability of a crossing is c� for some constant c, provided
that �< d.

ii. If a circle of circumference � is dropped on the plane, deduce that the ex-
pected number of intersections of the circle with the family of parallel lines
is again c�. Use this to compute c.

2.5. Intensity of zeros determines the GAF

In this section we present the result of Sodin (80) that two GAFs on Λ having the
same intensity ρ1(z)dm(z) are essentially equal. In particular we get the remarkable
conclusion that the distribution of the zero set f−1{0} is completely determined by its
first intensity! We first prove a standard fact from complex analysis that will be used
in the proof of Theorem 2.5.2.



30 2. GAUSSIAN ANALYTIC FUNCTIONS

LEMMA 2.5.1. Let K(z,w) be analytic in z and anti-analytic in w (i.e., analytic
in w) for (z,w) ∈Λ×Λ. If K(z, z)= 0 ∀z ∈Λ, then K(z,w)= 0 ∀z,w ∈Λ.

PROOF. It is enough to prove that K vanishes in a neighbourhood of (z, z) for
every z ∈Λ. Without loss of generality take z = 0. Then around (0,0) we can expand
K as K(z,w) = ∑

m,n≥1
am,nzmwn. Then K(z, z) = ∑

m,n≥1
am,nzmzn. Let z = x+ i y. Note

that
∂m+n

∂zm∂zn zkz�
∣∣
z=0 = δ(m,n),(k,�)m!n!.

Returning to K(z, z) = ∑
k,�≥1

ak,�zkz�, this gives (since we have assumed that K(z, z)

is identically zero)

0 = ∂m+n

∂zm∂zn K(z, z)
∣∣
z=0

= m!n!am,n.

Thus K(z,w) vanishes identically in Λ×Λ. �
Sodin (80) discovered the following result and related it to Calabi’s rigidity the-

orem in complex geometry.

THEOREM 2.5.2 (Calabi’s rigidity). Suppose f and g are two GAFs in a region
Λ such that the first intensity measures of f−1{0} and g−1{0} are equal. Then there
exists a nonrandom analytic function ϕ on Λ that does not vanish anywhere, such

that f d=ϕg. In particular f−1{0}
d=g−1{0}.

PROOF. For a z ∈Ω, we have Kf(z, z) = 0 if and only if z is almost surely a zero
of f (and the corresponding orders of vanishing of Kf and f at z match). Since f and g
are assumed to have the same first intensity of zeros, the set of deterministic zeros
of f must coincide and have the same order of vanishing for f and g. By omitting all
such zeros from Λ, we assume that Kf(z, z) and Kg(z, z) do not vanish anywhere in Λ.
It suffices to prove the theorem for this reduced domain, for suppose that f= ϕg on
Λ−D where D is the discrete set that we have omitted, where ϕ is a non-vanishing
analytic function on Λ−D. Since at each point z of D, the functions f and g vanish to
the same order, we see that ϕ is bounded in a neighbourhood of z and thus ϕ extends
as an analytic function to all of Λ. Again because f and g have the same order of
vanishing at points of D, it is clear that ϕ cannot vanish anywhere.

Hence we assume that Kf(z, z) and Kg(z, z) are non-vanishing on Λ. By (2.4.8),
the hypotheses imply that logKf(z, z)− logKg(z, z) is harmonic in Λ. Therefore we
can write

(2.5.1) Kf(z, z)= eu(z)Kg(z, z)

where u is a harmonic function in Λ.
If Λ is simply connected, we can find an analytic function ψ on Λ with 2Re(ψ)=

u. Set ϕ = eψ. Then the above equation says that the two functions Kf(z,w) and
ϕ(z)ϕ(w)Kg(z,w) are equal on the diagonal. As both of these are analytic in z and

anti-analytic in w, Lemma 2.5.1 shows that they are identically equal. Hence f d=ϕg.
As ϕ does not vanish this shows that f−1{0} and g−1{0} have the same distribution.

If Λ is not simply connected, fix a z0 ∈ Λ and an r > 0 such that D(z0, r) ⊂ Λ.
Then there exists a non-vanishing analytic function ϕ on D(z0, r) such that

(2.5.2) Kf(z,w)=ϕ(z)ϕ(w)Kg(z,w)
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for every z,w ∈ D(z0, r). Then fix w ∈ D(z0, r) such that ϕ(w) �= 0, and note that
Kf(z,w)

ϕ(w)Kg(z,w)
is an analytic function on Λ−{z : Kg(z,w)= 0} and is equal to ϕ on D(z0, r).

Taking the union over w ∈D(z0, r) of all these analytic functions we get an analytic
extension of ϕ to the whole of

(2.5.3) Λ\{z : Kg(z,w)= 0 ∀w ∈D(z0, r) s.t. ϕ(w) �= 0}.

But if Kg(z,w)= 0 for all w in an open set, then Kg(z, z)= 0. By assumption this does
not happen. Thus ϕ extends to the whole of Λ and the relationship

Kf(z,w)=ϕ(z)ϕ(w)Kg(z,w)

persists. Thus ϕg and f have the same covariance kernel and by Gaussianity we get

f d=ϕg and ϕ is analytic on Λ. By inverting the roles of f and g, we see that 1/ϕ must
also be analytic on Λ, which means that ϕ cannot vanish anywhere. �

REMARK 2.5.3. Alternately, for the non-simply connected case, one could use
the uniformization theorem to argue as follows. If Λ is a region of C, let π be
the covering map from D or C to Λ. Recall the definition of u from (2.5.1). Let
K∗

f ,K∗
g ,u∗ be pull backs of Kf and Kg and u to D. Then as before we can write

Kf(z,w) = ϕ∗(z)ϕ∗(w)K∗
g (z,w) for a non-vanishing analytic function ϕ∗ on D. If

π(z1) = π(z2), then ϕ∗(z1) = ϕ∗(z2) (Fix w and note that K∗
f (z1,w) = K∗

f (z2,w) and
K∗

g (z1,w) = K∗
g (z2,w)). Thus ϕ = ϕ∗π−1 is well defined, does not vanish on Λ and

satisfies, Kf(z,w)=ϕ(z)ϕ(w)Kg(z,w).

An immediate consequence is

COROLLARY 2.5.4. The random power series described in (2.3.4), (2.3.5) and
(2.3.6) are the only GAFs, up to multiplication by deterministic nowhere vanishing
analytic functions, whose zeros are isometry-invariant under the respective group of
isometries.

Unfortunately, Theorem 2.5.2 is not constructive in that it does not tell us how
to determine the k-point intensities of the zero set of a GAF if we know the first in-
tensity. However, in the next chapter we shall see that it is possible to write general,
although often intractable, formulas for the joint intensities of a GAF.

2.6. Notes

• The study of zeros of random polynomials goes back to Mark Kac (43) (but see also
Paley and Wiener (68) which preceded Kac). He obtained the density of real zeros of
various models of random polynomials, for example a0+a1x+ . . .+anxn, where ak
are i.i.d. standard (real) Gaussians. These results can be obtained by the geometric
proof presented here due to Edelman and Kostlan. See (23) for details. Following
his papers, there was a significant amount of work done on this subject. Apart from
zeros, there are many other interesting questions about random powers series as
can be seen in the book of Kahane (44).

• The recent resurgence of interest in complex zeros is at least partly due to the
work of many physicists such as Bogomolny, Bohigas and Leboeuf (7),(8), Han-
nay (32) and others. Apart from the Probabilistic perspective of these notes, there
are other frameworks in which these objects are studied. For instance see Shiffman,
Zelditch (76) (and references therein) who study random sections of line bundles.
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• The planar GAF models were introduced (in parts) by Bogomolny, Bohigas and
Leboeuf (7) and (8), Kostlan (50), Shub and Smale (78). Some of them are natu-
ral generalizations to complex coefficients of random polynomials studied by Mark
Kac. A special case in the unit disk (L = 2) was found by Diaconis and Evans (19)
as the limit of the logarithmic derivative of characteristic polynomials of random
unitary matrices.

• Subhroshekhar Ghosh pointed to us another proof that the hyperbolic GAF does
not extend to any domain larger than the unit disk. If it did, the covariance kernel
would be an extension of (1−zw)−L and would remain analytic in z and anti-analytic
in w. This is clearly impossible, as (1−|z|2)−L does not extend continuously to any
point on the boundary of the unit disk.

• Theorem 2.5.2 is from Sodin (80), who found the result and related it to Calabi’s
rigidity theorem from differential geometry. A constructive way of recovering higher
intensities from the first one is not known, and would be very desirable to have.

2.7. Hints and solutions

Exercise 2.1.1

i. Note that X has density

(2.7.1) f (z1, . . . , zd )= 1

(2π)d/2
e|z|

2/2

where | · | denotes the Euclidean norm. By the transformation formula, the density
of AX is f (A−1x)|det(A−1)|2 (note that we use the real Jacobian here). The deter-
minant is 1 and unitary matrices preserve the Euclidean norm, hence the density
of X is invariant under A.

ii. It suffices to consider the case EX = EY = 0. By definition there are standard
Gaussian random vectors X̃ and Ỹ and matrices A and B with X = AX̃ and Y =BỸ .
By adding columns of zeros to A or B, if necessary, we can assume that X̃ and Ỹ
are both k-vectors, for some k, and A, B are both d× k matrices. Let A and B be
the vector subspaces of Ck generated by the row vectors of A and B, respectively.
Suppose, WLOG, that the first �≤ d row vectors of A form a basis of A . Define the
linear map L : A →B by

(2.7.2) L(Ai)=Bi for i = 1, . . . ,�.

Here Ai is the ith row vector of A, and Bi is the ith row vector of B. Our aim is to
show that L is an orthogonal isomorphism and then use the previous proposition.
Let us first show that L is an isomorphism. The covariance assumption implies
AA∗ =BB∗. Suppose there is a vector v1 A1+·· ·+ v�A� which maps to 0 under L.
Then the vector

(2.7.3) v= (v1, . . . ,v�,0, . . .,0)

satisfies vB= 0. Hence

(2.7.4) |vA|2 = vAA∗v∗ = vBB∗v∗ = 0,

so vA = 0. Thus L is injective and dimA ≤ dimB. Interchanging the roles of A and
B shows that L is an isomorphism. The entry (i, j) of AA∗ = BB∗ is the inner
product of Ai and A j as well as Bi and B j , so the mapping L preserves inner
products. Thus it can be extended on the orthocomplement of A to give a unitary
map L : Ck → Ck (or a unitary k× k matrix). Then X = AX̃ and Y = BỸ = AL∗Ỹ .
From part i. we know that L∗Ỹ is standard complex normal, hence X and Y have
the same distribution.
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Exercise 2.2.2 If z ∈ D and D(z, r) ⊂ Λ, then f has a power series expansion in D(z, r).
By virtue of it being Gaussian in D, the coefficients of the power series have a jointly complex
Gaussian distribution and hence f is Gaussian on the whole of D(z, r). In general, for any
w ∈ Λ\D, we can find a sequence of disks D(z1, r1), . . . ,D(zn, rn) contained in Λ such that
D(z1, r1) ⊂ D, D(zn , rn) � w and such that z j ∈ D(z j−1, r j). Inductively, we apply our earlier
observation about concentric disks to conclude that f is Gaussian near z2, . . . , zn and hence
near w.

Exercise 2.4.6

i. Consider the needle as a union of shorter needles, use linearity of expectations.
Each of the shorter needles will give the same expected number of intersections,
provided that it is not too far from the center of mass of the original needle. And
lastly, for �< d, the number of intersections is at most one, hence we get the proba-
bility of intersection.

ii. The same argument used in i. shows that if a polygonal path of length � is dropped
uniformly between the two lines, the expected number of intersections is c�. Circles
can be approximated arbitrarily well by polygonal paths, so the same is true for
circles. A circle of diameter d has exactly two intersection, which yields c= 2

π d .

Exercise 2.3.1

i. Direct calculation shows that for ϕ as in (2.3.2), we have

|ϕ′(z)|
1+|ϕ(z)|2 =

1

1+|z|2 .

This shows that the metric and area are preserved by ϕ.
ii. The radius of D(0, r) is given by

∫r
0

1
1+t2 dt and the area is given by

∫
D(0,r)

dm(z)
(1+|z|2)2

.
Straightforward calculations show that these integrals are equal to arctan(r) and
πr2

1+r2 , respectively.

Exercise 2.3.2

i. This time we check easily that for ϕ as in (2.3.3), we have

|ϕ′(z)|
1−|ϕ(z)|2 =

1

1−|z|2 .

This shows that the hyperbolic metric and area are preserved by ϕ.
ii. The radius of D(0, r) is given by

∫r
0

1
1−t2 dt and the area is given by

∫
D(0,r)

dm(z)
(1−|z|2)2

.
Straightforward calculations show that these integrals are equal arctanh(r) and
πr2

1−r2 , respectively.


