
Introduction

Gradings by (semi)groups. Let A be an algebra (not necessarily associa-
tive) over a field F and let G be a group (or a semigroup). We will usually use
multiplicative notation for G, but for groups such as Z and Zn := Z/nZ we will
switch to additive notation.

Definition 0.1. A grading by G on A, or a G-grading on A, is a vector space
decomposition

A =
⊕
g∈G

Ag

satisfying AgAh ⊂ Agh for all g, h ∈ G. If such a decomposition is fixed, we will
refer to A as a G-graded algebra.

Example 0.2. The algebra of polynomials A = F[X1, . . . , Xm] has a Z-grading
defined by the total degree:

Ak = span {Xα1
1 · · ·Xαm

m | α1 + · · ·+ αm = k} .
It also has a Zm-grading defined by the multi-degree α = (α1, . . . , αm). The former
grading is a coarsening of the latter in a natural sense (see Chapter 1).

Example 0.3. The matrix algebra R = Mn(F) has a Z2-grading associated to

each block decomposition

[
A B
C D

]
, with A ∈M�(F), D ∈Mn−�(F):

R0 =

{[
A 0
0 D

]}
and R1 =

{[
0 B
C 0

]}
.

More generally, if (g1, . . . , gn) is an n-tuple of elements in G, then we obtain a
G-grading on R = Mn(F) by setting

(0.1) Rg = span
{
Eij | gig−1

j = g
}
,

where Eij are the matrix units.

Example 0.4. There is a Z2 × Z2-grading on R = M2(C) associated to the
Pauli matrices

σ3 =

[
1 0
0 −1

]
, σ1 =

[
0 1
1 0

]
, σ2 =

[
0 i
−i 0

]
.

Namely, we set

(0.2)

R(0̄,0̄) =

{[
α 0
0 α

]}
, R(1̄,0̄) =

{[
β 0
0 −β

]}
,

R(0̄,1̄) =

{[
0 γ
γ 0

]}
, R(1̄,1̄) =

{[
0 δ
−δ 0

]}
.
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More generally, if F contains a primitive n-th root of unity ε, then we can define
the following n× n matrices that generalize −σ3 and σ1:

(0.3) X =

⎡⎢⎢⎢⎢⎣
εn−1 0 0 . . . 0 0
0 εn−2 0 . . . 0 0
. . .

0 0 0 . . . ε 0
0 0 0 . . . 0 1

⎤⎥⎥⎥⎥⎦ and Y =

⎡⎢⎢⎢⎢⎣
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . .

0 0 0 . . . 0 1
1 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎦ .
Since XY = εY X and Xn = Y n = I, the following is a Zn × Zn-grading on
R = Mn(F):

(0.4) R(k̄,�̄) = span
{
XkY �

}
.

It turns out that, if F is algebraically closed, then any grading on Mn(F) by an
abelian group G can be obtained by combining gradings of the form (0.1) and (0.4)
in a certain way. Indeed, in Chapter 2, we will see how this leads to a classification
of all possible gradings by abelian groups on the simple associative algebra Mn(F).

In the following chapters, our goal will be to present such a classification for
finite-dimensional simple Lie algebras over algebraically closed fields. We do not
completely achieve this goal, as there still remain — even over the field of complex
numbers — some finite-dimensional simple Lie algebras for which a complete de-
scription of gradings is not known (types E7 and E8). As one would expect, the
situation is worse in characteristic p. However, for p ≥ 3, there are many inter-
esting classes of finite-dimensional simple Lie algebras for which a classification of
gradings is known and will be presented here. In order to obtain the classification
for the said Lie algebras, we will have to study gradings on simple algebras of other
classes — associative, composition and Jordan — which are interesting in their own
right. Now we are going to recall the main definitions and examples pertinent to
Lie algebras. The reader already familiar with this subject can skip to the final
section (Gradings on Lie algebras).

Lie algebras: definition and examples.

Definition 0.5. An algebra L with multiplication (x, y) 
→ [x, y] is said to be
a Lie algebra if it satisfies the anticommutativity identity

[x, x] = 0 for all x ∈ L

and the Jacobi identity

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0 for all x, y, z ∈ L.

As one immediately verifies, the commutator [x, y] := xy − yx in any asso-
ciative algebra satisfies these identities. Given an algebra A, we will denote by
A(−) the algebra with the same underlying vector space as A, but with the com-
mutator for multiplication. Thus, if A is an associative algebra, then A(−) is a
Lie algebra, and so is any subspace of A closed under commutator. The celebrated
Poincaré–Birkhoff–Witt Theorem implies that any Lie algebra is isomorphic to such
a subspace in a suitable associative algebra. If A has a grading by an abelian group,
then the same vector space decomposition is a grading on A(−). In particular, the
gradings on Mn(F) defined above can be regarded as gradings on the Lie algebra

Mn(F)
(−).
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We note in passing that, along with the operation xy−yx, one can also consider
xy + yx, which is commonly normalized as 1

2 (xy + yx), if charF �= 2, and called

the Jordan product. Given an algebra A, we thus obtain the algebra A(+) that has
the Jordan product for multiplication. If A is associative, then A(+) is a Jordan
algebra (see Chapter 5).

Historically, Lie algebras appeared as the tangent spaces at identity of Lie
groups. For an introduction to the theory of Lie groups (over complete valued
fields) see e.g. [Ser06]. There is a parallel theory of algebraic groups (over arbitrary
fields) in which Lie algebras also appear as the tangent spaces at identity — see
e.g. [Hum75] or Appendix A, where (affine) algebraic groups are treated in the
context of affine group schemes. It turns out that much information about a Lie
group or an algebraic group can be extracted from its Lie algebra, especially in
characteristic 0.

The tangent algebra of the general linear group GLn(F) is Mn(F)
(−)

, which is
therefore denoted by gln(F). This Lie algebra is not simple, because the subspace
sln(F) of zero trace matrices is an ideal. The notation sln(F) is explained by the
fact that this is the tangent algebra of the special linear group SLn(F). The algebra
sln(F) is simple unless charF divides n.

There are other subalgebras of gln(F) arising from important subgroups of
GLn(F). We will need the following two. First, son(F) is the tangent algebra
of the special orthogonal group SOn(F). It is also denoted by on(F), because it
coincides with the tangent algebra of the orthogonal group On(F). It consists of all
skew-symmetric n× n matrices:

(0.5) son(F) = {X ∈Mn(F) | tX +X = 0}.

Second, spn(F) is the tangent algebra of the symplectic group Spn(F). Recall that
Spn(F) is defined for even n only and consists of all n × n matrices U satisfying
tUJU = J where J =

(
0 I
−I 0

)
. Consequently, we have

(0.6) spn(F) = {X ∈Mn(F) | tXJ + JX = 0}.

The characterizations (0.5) and (0.6) can be written in a uniform manner as follows:
Φ−1(tX)Φ = −X where Φ = I in the first case and Φ = J in the second case.

More generally, let Φ be an invertible matrix that is either symmetric or skew-
symmetric. Then ϕ(X) = Φ−1(tX)Φ defines an involution of the matrix algebra
Mn(F), i.e., a linear map ϕ : Mn(F) → Mn(F) such that ϕ2 = id and ϕ(XY ) =
ϕ(Y )ϕ(X) for all X,Y ∈Mn(F). Whenever we have an involution ϕ of an algebra
A, we can define the space of skew-symmetric elements with respect to ϕ,

K(A, ϕ) := {x ∈ A | ϕ(x) = −x},

which is a subalgebra of A(−). Similarly, the space of symmetric elements with
respect to ϕ,

H(A, ϕ) := {x ∈ A | ϕ(x) = x},
is a subalgebra of A(+). Thus both son(F) and spn(F) are special cases of K(R, ϕ)
where R = Mn(F).

It follows from Noether–Skolem Theorem that any involution of R has the
form ϕ(X) = Φ−1(tX)Φ for all X ∈ R where tΦ = ±Φ. Indeed, X 
→ ϕ(tX) is an
automorphism of R and hence is given by X 
→ Φ−1XΦ for some invertible matrix
Φ. The condition ϕ2 = id is then equivalent to tΦ−1Φ being a scalar matrix, which
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forces tΦ = ±Φ. By analogy with the cases of son(F) and spn(F), we will say that
ϕ is an orthogonal involution if tΦ = Φ and a symplectic involution if tΦ = −Φ.

The matrix Φ has the following meaning. Let V = Fn and define a nondegen-
erate bilinear form (v, w) := tvΦw for all v, w ∈ V . Then K(R, ϕ) is the tangent
algebra for the group of isometries of V with respect to ( , ). It will be sometimes
convenient to use the notation gl(V ), sl(V ) and, if a nondegenerate form ( , ) is
fixed, so(V ) when the form is symmetric and sp(V ) when the form is skew. It is
well-known that, if charF �= 2, then any nondegenerate skew form is represented
by the matrix J relative to a suitable basis. It follows that all subalgebras K(R, ϕ)
with symplectic ϕ are conjugate to each other and hence isomorphic. If charF �= 2
and F is quadratically closed (i.e., F has no quadratic extensions or, equivalently,
every element of F is a square), then any nondegenerate symmetric form is repre-
sented by the identity matrix relative to a suitable basis and hence all subalgebras
K(R, ϕ) with orthogonal ϕ are also conjugate to each other.

Another source of examples of Lie algebras is derivations. Let A be an algebra.
A linear map D : A → A is said to be a derivation if it satisfies the Leibniz Rule:
D(xy) = D(x)y+xD(y) for all x, y ∈ A. One immediately checks that the commu-
tator of two derivations is again a derivation, so the set Der(A) of all derivations

is a subalgebra of the Lie algebra End(A)(−). In fact, if A is a finite-dimensional
algebra over a field of characteristic 0, then Der(A) is the tangent algebra of the
automorphism group Aut(A).

In the presence of the anticommutativity identity, the Jacobi identity is equiv-
alent to saying that the operators of left (or right) multiplication are derivations.
For a Lie algebra L, the operator of left multiplication by an element a ∈ L is
traditionally denoted by ad(a), so ad(a)(x) := [a, x] for all x ∈ L. The operators
ad(a) are called the inner derivations of L.

Also, in the presence of anticommutativity identity, the Jacobi identity is equiv-

alent to saying that the map ad: L → End(L)
(−)

is a homomorphism of algebras.
The image ad(L) is a subalgebra of Der(L), which is sometimes denoted by IDer(L).
The Leibniz Rule for D : L→ L is equivalent to the identity [D, ad(a)] = ad(D(a))
for all a ∈ L, so IDer(L) is in fact an ideal of Der(L).

Finally, there are general constructions that produce new Lie algebras from
given ones. For example, if L and M are Lie algebras, their direct sum (or direct
product) is the vector space L⊕M with multiplication

[(x1, y1), (x2, y2)] = ([x1, x2], [y1, y2])

for all x1, x2 ∈ L and y1, y2 ∈ M. Hence both L and M are ideals of L⊕M. Now
suppose that we have a homomorphism θ : M → Der(L). Then we can define the
corresponding semidirect sum (or semidirect product) L � M as the vector space
L⊕M with multiplication

[(x1, y1), (x2, y2)] = ([x1, x2] + θ(y1)(x2)− θ(y2)(x1), [y1, y2])

for all x1, x2 ∈ L and y1, y2 ∈ M. One checks that L is an ideal and M is a
subalgebra of L �M. Conversely, if a Lie algebra is the direct sum of an ideal L
and a subalgebra M, then it is isomorphic to L�M for a suitable θ.

Representations of Lie algebras. Let V be a vector space (not necessarily

finite-dimensional) and let gl(V ) := End(V )(−). A representation of L on V is a
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homomorphism L → gl(V ). For example, ad: L → gl(L) is a representation of L
on itself, called the adjoint representation (which explains the notation ad).

If θ : L→ gl(V ) is a representation, then we can define the corresponding action
of L on V , or L-module structure on V , by setting x · v := θ(x)(v) for x ∈ L and
v ∈ V . Then we have

[x, y] · v = x · (y · v)− y · (x · v) for all x, y ∈ L and v ∈ V.

Clearly, the homomorphism θ is uniquely determined by the map (x, v) 
→ x · v.
For any L, there is a trivial representation on F defined by x·1 = 0. Subalgebras

of gl(V ) have a natural representation on V defined by x · v = x(v).
Given two representations of L on vector spaces V and W , we define their direct

sum as the representation of L on the space V ⊕W given by

x · (v, w) = (x · v, x · w) for all x ∈ L, v ∈ V,w ∈W.

The tensor product of the two representations is defined on the space V ⊗W by the
rule:

x · (v⊗w) = (x · v)⊗w + v⊗(x · w) for all x ∈ L, v ∈ V,w ∈W.

Finally, the dual of a representation on V is the representation on the dual space
V ∗ given by

(x · v∗)(v) = −v∗(x · v) for all x ∈ L, v ∈ V, v∗ ∈ V ∗.

In particular, subalgebras of gl(V ) act on the spaces of multilinear forms on V .
For example, we have (x · f)(v, w) = −f(x(v), w) − f(v, x(w)) for a bilinear form
f : V × V → F, which can be regarded as an element of (V ⊗V )∗.

Suppose that a representation of L on V is fixed. For any vector v ∈ V , we
define the centralizer

CL(v) := {x ∈ L | x · v = 0}.
For any subspace W ⊂ V , we define the centralizer CL(W ) :=

⋂
w∈W CL(w) and

the normalizer

NL(W ) := {x ∈ L | x ·W ⊂W}.
For example, the algebra son(F), respectively spn(F), is the centralizer of the

bilinear form f(v, w) = tvΦw on Fn where Φ = I, respectively Φ = J . The center

Z(L) := {x ∈ L | [x, y] = 0 for all y ∈ L}
is the centralizer CL(L) with respect to the adjoint representation.

Structure theory of Lie algebras. For any Lie algebra L, we define the
lower central series Lk inductively: L1 := L and Lk := [L,Lk−1] for k ≥ 2. It
follows from the Jacobi identity that any product of k elements of L, regardless of
the placement of brackets, is contained in Lk. We say that L is nilpotent if Lk = 0
for sufficiently large k. The smallest such k is called the nilpotency index. Lie
algebras satisfying L2 = 0 are called abelian.

The derived series L(k) is also defined inductively: L(0) := L and L(k) :=
[L(k−1),L(k−1)] for k ≥ 1. Thus L(1) = L2; it is called the derived algebra of L.
Clearly, L(k) is spanned by certain products of length 2k and hence is contained in

L2k . We say that L is solvable if L(k) = 0 for sufficiently large k. The smallest such k
is called the solvability index. Lie algebras satisfying L(2) = 0 are called metabelian.
Lie algebras that do not have nonzero solvable ideals are called semisimple.
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The structure theory of finite-dimensional Lie algebras is very well developed,
especially in characteristic 0. See e.g. [Hum78] for an introduction. In particu-
lar, the classification of finite-dimensional simple Lie algebras is known over C (or
any algebraically closed field of characteristic 0, see Chapter 3) and over R. Any
finite-dimensional Lie algebra L has the largest solvable ideal, called the radical
and denoted radL. The quotient L/ radL is semisimple. In characteristic 0, any
finite-dimensional semisimple Lie algebra is the direct sum of simple Lie algebras.
Moreover, by Levi’s Theorem, the quotient map L → L/ radL splits, so L is iso-
morphic to a semidirect product of a solvable Lie algebra and a semisimple one.
The situation is much more complicated in characteristic p. However, the classi-
fication of finite-dimensional simple Lie algebras is known for p ≥ 5 — see e.g.
[Str04, Str09].

Gradings on Lie algebras. Lie algebras admit many interesting gradings,
which reveal their structure properties and find numerous applications in mathe-
matics and theoretical physics. The most classical example is the following:

Example 0.6. Let g be a finite-dimensional semisimple Lie algebra over C. Let
h be a Cartan subalgebra (see e.g. [Hum78, §8] or Chapter 3). Then the Cartan
decomposition

g = h⊕ (
⊕
α∈Φ

gα)

can be viewed as a grading by the root lattice 〈Φ〉 ∼= Zr where r = dim h.

If G is a torsion-free abelian group, then any G-grading on g is equivalent (see
Chapter 1 for definition) to a coarsening of the Cartan grading. Such gradings
have been extensively studied and applied in representation theory [Jan03]. A
particularly nice type of these coarsenings are the so-called gradings by root systems
(see [ABG02] and references therein).

One important case is that of Z-gradings. The Tits–Kantor–Koecher construc-
tion [Tit62, Kan64, Koe67] deals with a Z-graded Lie algebra

g = g−1 ⊕ g0 ⊕ g1,

where both g1 and g−1 are copies of a given Jordan algebra. More generally, given
any 3-graded Lie algebra, i.e., a Z-graded Lie algebra g = g−1⊕g0⊕g1 as above, over
a field F, charF �= 2, 3, the pair (g−1, g1) constitutes a Jordan pair (see [Loo75]).
More general Jordan systems are intimately related to Z-graded Lie algebras with
a larger number of nonzero components.

If G has nontrivial torsion, then G-gradings on finite-dimensional semisimple
Lie algebras are much more abundant. For instance, there are gradings arising from
automorphisms of finite order as follows. (This is a special case of duality between
gradings and actions, which will be discussed in Chapter 1.)

Example 0.7. Let A be an algebra and ϕ an automorphism of A with ϕN = id.
Suppose F contains a primitive N -th root of unity ξ. For k̄ ∈ ZN , set

Ak̄ = {x ∈ A | ϕ(x) = ξkx}.
Then A =

⊕
k̄∈ZN

Ak̄ is a ZN -grading on A. Conversely, any ZN -grading on A

gives rise to an automorphism ϕ of A with ϕN = id as follows. Define

ϕ(x) = ξkx for all x ∈ Ak̄, k̄ ∈ ZN ,

and extend to A by linearity.
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The simplest case is that of an automorphism of order 2. The associated Z2-
gradings have played an important role in the classification of finite-dimensional
simple Lie algebras over R (E. Cartan, 1914).

The automorphisms of finite order, and hence all possible gradings by finite
cyclic groups, on finite-dimensional semisimple Lie algebras over C were classified
by V. Kac in the 1960’s [Kac68] and used in the theory of Kac–Moody algebras
[Kac90]. Namely, they appear in the construction of (twisted) loop algebras as fol-
lows. Let g be a Lie algebra over C endowed with a ZN -grading Γ : g =

⊕
k̄∈ZN

gk̄.

The loop algebra L(g,Γ) is the subalgebra of g⊗C[z, z−1], where z is an indetermi-
nate, defined by

L(g,Γ) =
⊕
k∈Z

gk̄ ⊗ zk.

Theorem 0.8 (V. Kac). Let L be an affine Kac–Moody Lie algebra. Then
there exists a simple finite-dimensional Lie algebra g and a ZN -grading Γ on g such
that [L,L]/Z(L) ∼= L(g,Γ). �

More generally, gradings by finite abelian groups can be used to construct multi-
loop algebras. Such gradings also arise in the study of generalized symmetric spaces
in differential geometry (see e.g. [Kac68] and many more references in [BG08b])
and in the classification of infinite-dimensional simple Lie algebras endowed with a
finite grading by a torsion-free group [Zel84].

Gradings can be used to “twist” the multiplication of an algebra as follows.
Given a G-graded algebra L with multiplication [ , ] over a field F and a map
σ : G×G→ F, we can define a new operation on L by setting

[x, y]σ := σ(g, h)[x, y] for all x ∈ Lg, y ∈ Lh.

We will denote by Lσ the vector space L endowed with this new operation.
The algebras Lσ are sometimes referred to as “graded contractions” of L (see

[MP91]). If G is an abelian group, L is a Lie (super)algebra and σ is a symmetric 2-
cocycle, i.e., σ(g, h) = σ(h, g) and σ(g, h)σ(gh, k) = σ(g, hk)σ(h, k) for any g, h, k ∈
G, then Lσ is again a Lie (super)algebra. In the so-called “generic case”, i.e.,
σ(g, h) �= 0 for all g, h ∈ G, this procedure is invertible: L can be recovered from
Lσ by applying σ−1. Otherwise the structure of Lσ may be quite far from that of
L. For example, one may obtain a solvable Lie algebra from a semisimple one in
this manner.

There is another type of Lie algebra contractions, which were first introduced in
physics by E. Inönü and E.P. Wigner [İW53]. They established a relation between
the Lorentz group and the Galilei group, in which the latter appears as the limit
of the former as the speed of light tends to infinity. In general, given a family ϕε,
ε > 0, of automorphisms of the vector space of a real or complex Lie algebra L,
under suitable conditions there exists a limit

[x, y]′ = lim
ε→0

ϕ−1
ε

(
[ϕε(x), ϕε(y)]

)
.

Then L is a Lie algebra with respect to the new bracket [x, y]′, a continuous con-

traction in the sense of [İW53]. (Note that for any ϕ ∈ GL(g), ϕ is an isomorphism
between the Lie algebra L with the bracket [x, y]ϕ := ϕ−1

(
[ϕ(x), ϕ(y)]

)
and the

Lie algebra L with its original bracket.) Some of the most interesting continuous
contractions are related to graded Lie algebras and coboundaries of the grading
group (see [MP91] and references therein). In this case, the restrictions of the
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automorphisms ϕε to each component of the grading are scalar multiples of the
identity.

If G is an abelian group, L is a Lie algebra and σ : G×G → F× is a nonsym-
metric 2-cocycle, then Lσ satisfies the anticommutativity and Jacobi identities that
are twisted by a “commutation factor” given by

β(g, h) =
σ(g, h)

σ(h, g)
.

This “coloration process” leads to objects known as Lie color algebras, which arose
in mathematical physics [Sch79] and are defined as follows.

Let F be a field, charF �= 2, 3. Let G be an abelian group and β : G×G→ F×

a skew-symmetric bicharacter, i.e., for all a, b, c ∈ G, we have

β(ab, c) = β(a, c)β(b, c),

β(c, ab) = β(c, a)β(c, b),

β(a, b)−1 = β(b, a).

Definition 0.9. A Lie color algebra with commutation factor β is a G-graded
algebra L =

⊕
g∈G Lg whose multiplication [ , ] satisfies β-anticommutativity:

[x, y] + β(a, b)[y, x] = 0 for all x ∈ La, y ∈ Lb

and β-Jacobi identity:

[[x, y], z]+β(ab, c) [[z, x], y]+β(a, bc) [[y, z], x] = 0 for all x ∈ La, y ∈ Lb, z ∈ Lc.

If G is trivial, then we recover the definition of a Lie algebra. If G = Z2 and
β is given by β(0̄, 0̄) = β(0̄, 1̄) = β(1̄, 0̄) = 1 and β(1̄, 1̄) = −1 (the only nontrivial
bicharacter on Z2), then the result is a Lie superalgebra.

Lie color algebras can be obtained from graded associative algebras using a
twisted version of commutator. Namely, for a G-graded associative algebra A, we
define the β-commutator by

[x, y]β := xy − β(g, h)yx for all x ∈ Ag, y ∈ Ah.

Then (A, [ , ]β) is a Lie color algebra with commutation factor β.
The following result was obtained in [Sch79] for finitely generated G and then

generalized in [BM99].

Theorem 0.10 (“discoloration”). Let G be an abelian group and β : G×G→
F× a skew-symmetric bicharacter. Then there exists a 2-cocycle σ : G × G → F×

such that, for any Lie color algebra L over F with commutation factor β, the twist
Lσ is a Lie superalgebra. �

Hence, the knowledge of all possible G-gradings on simple Lie superalgebras
can be used to obtain a classification of simple Lie color algebras [BP09].

We hope that by now the reader is convinced that gradings by various groups are
ubiquitous in Lie theory and its applications. Starting with [PZ89], a systematic
study of gradings on Lie algebras has been carried out by many authors (whose
works will be cited in the following chapters), but many problems still remain
open. For example, little is known about gradings on solvable or nilpotent Lie
algebras (but see [Bah12]). In this book, we focus primarily on simple Lie algebras.
The choice of material was influenced by our interests and the desire to keep the
exposition as self-contained as possible, so we make no claim to completeness.


