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If x′(t) and y′(t) are the derivatives of the lemniscate coordinates with
respect to the parameter t it is easy to compute the lengths of the
tangent vector:

(x′(t))2 + (y′(t))2 =
a2

2t(1 − t2)
·

The length of each loop of the lemniscate is an elliptic integral whose
value can be determined numerically:

√
2a

∫ 1

0

dt

t(1 − t2)
≈ 3.70815a.

The area enclosed by each loop measures a2. This is easy to calculate
using polar coordinates:∫ π/4

−π/4

∫ √
2a
√

cos(2ϕ)

0

rdrdϕ = a2

∫ π/4

−π/4

cos(2ϕ)dϕ = a2.

The curvature κ of the lemniscate is given by the following simple
formula:

κ =
∣∣∣ x′(t)y′′(t) − x′′(t)y′(t)[

(x′(t))2 + (y′(t))2
]3/2

∣∣∣ =
3
√

t√
2a

·

2.5. Surfaces and bodies

2.5.1. Surfaces of revolution and bodies of revolution. Con-
sider a curve C lying in the (y, z)-plane in space. If we rotate this
curve around the z-axis in space we obtain a surface of revolution
F(C) whose surface encloses a body of revolution K(C). There are
various possible ways of describing a surface of revolution, depending
on the form in which the curve is presented. If, for example, C is
specified by the equation

F (y, z) = 0

a little thought shows that the surface of revolution is specified in
(x, y, z)-coordinates by the equation

F (±
√

x2 + y2, z) = 0.

If, on the other hand, the curve C is presented in parametrized form,

C =
{

(y(t), z(t)) : a ≤ t ≤ b
}

,
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we obtain a corresponding parametrization

F(C) =
{

(sin ϕ|y(t)|, cosϕ|y(t)|, z(t)) :
a ≤ t ≤ b,

0 ≤ ϕ ≤ 2π

}
for the surface of revolution.

Example 1. From the ellipse

y2

b2
+

z2

c2
= 1

there arises the ellipsoid of revolution

x2

b2
+

y2

b2
+

z2

c2
= 1.

Example 2. From the hyperbola

y2

b2
− z2

c2
= 1

there arises the one-sheeted hyperboloid of revolution

x2

b2
+

y2

b2
− z2

c2
= 1.

Example 3. From the hyperbola

−y2

b2
+

z2

c2
= 1

there arises the two-sheeted hyperboloid of revolution

−x2

b2
− y2

b2
+

z2

c2
= 1.

Example 4. From the line z = y there arises the circular cone
x2 + y2 = z2.

Example 5. From the circle (y − b)2 + z2 = a2 with 0 < a < b we
obtain a torus.

An important problem concerning bodies and surfaces is to determine
their volume, resp. surface area. We present the formulae correspond-
ing to the case of a body of revolution and surface of revolution.

Theorem 54 (Volume of a body of revolution). If the curve C is
parametrized in the form (y(z), z), a ≤ z ≤ b, then

vol (K(C)) = π

∫ b

a

y2(z) dz.
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Proof. Consider the plane defined by z = const. Such a plane cuts
the body K(C) in a circle of radius y(z) whose area measures πy2(z).
The result now follows directly from Cavalieri’s principle. �

On applying this formula to the ellipsoid of revolution we obtain

vol = π

∫ c

−c

y2(z)dz = π

∫ c

−c

b2

c2
(c2 − z2)dz =

4
3
πb2c.

In particular, the ball of radius r has volume (4πr3)/3. Similarly
we can compute the volume of a circular cone of given height or of
the torus mentioned above. For the latter, for example, we have
vol = 2π2a2b.

Let us now turn to the computation of the surface area of a surface
of revolution. For this we need a few preliminaries. Let C(r, h) be a
circular cone of height h and base radius r. The length of its slant
height is then s =

√
h2 + r2. After cutting along a slant height and

unrolling onto a plane the cone becomes circle sector with radius s

and arc length 2πr, corresponding to the perimeter of the base circle
of the cone. On computing the area of this circle sector we obtain the
following formula for the surface area of the circular cone:

A (C(r, h)) = πrs = πr
√

h2 + r2.

If we consider a frustum of a cone CS(r1, r2, h) of height h and base
circles of radii r1, r2, then the length of its slant height is given by
s =
√

h2 + (r1 − r2)2. If s+s1 is the length of the slant height of the
extended complete circular cone over the circle of radius r2, then the
surface area of the frustum is equal to the difference of the surface
areas of two cones over the circles of radius r1, resp. r2 ; i.e.

A (CS(r1, r2, h)) = πr2(s + s1) − πr1s1

= πs(r1 + r2) + π ((r2 − r1)s1 − sr1) .

It follows immediately from the incidence theorem that (s + s1)r1 =
r2s1, and we have

s

s1
=

s + s1

s1
− 1 =

r2

r1
− 1 =

r2 − r1

r1
·
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This simplifies the formula for the surface area of the frustum:

A (CS(r1, r2, h)) = πs(r1 + r2) = π
√

h2 + (r1 − r2)2(r1 + r2).

We next use this to derive a formula for the surface area of a surface
of revolution.

Theorem 55 (Surface area of a surface of revolution). If (y(t), z(t)),
a ≤ t ≤ b is a parametrization of C, then the surface area of the
surface of revolution F(C) is given by the formula

A (F(C)) = 2π

∫ b

a

|y(t)|
√

(y′(t))2 + (z′(t))2 dt.

Proof. We approximate the curve C, as when defining its length,
by a polygonal line determined by a partition a = t0 < t1 < t2 <

. . . < tk = b of the parameter range. Then we replace the surface
of revolution by the union of the corresponding frusta of cones and
compute their surface areas:

π

k∑
i=1

√
(y(ti) − y(ti−1))

2 + (z(ti) − (ti−1))
2 (|y(ti)| + |y(ti−1)|) =

2π

k∑
i=1

√(
y(ti) − y(ti−1)

ti − ti−1

)2

+
(

z(ti) − z(ti−1)
ti − ti−1

)2

|y(θi)| (ti − ti−1) .

Here θi is an appropriate parameter value between ti−1 and ti. On
refining the approximating polygonal line and passing to the limit we
obtain the desired formula directly. �

If we parametrize the ellipse by y(t) = b sin t, z(t) = c cos t we obtain
the surface area of the corresponding ellipsoid:

A = 2πb

∫ π

0

sin t

√
b2 cos2(t) + c2 sin2(t) dt.

In particular, for b = c we have the ball of radius b, whose surface
area is 4πb2.

2.5.2. Cone and cylinder. One can erect cones and cylinders, not
generally symmetric, over arbitrary subsets of the plane. First of all
we describe the constructions. Let D ⊂ E2 be an arbitrary subset
of the plane. In the context of elementary geometry we shall deal
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only with relatively simple sets, such as a circle, triangle or general
polygon. Further we fix a point S not lying in the plane. The cone
with base area D and vertex S consists of the union of all the segments
running from the vertex S to a point of the set D:

C (D, S) =
{
tS + (1 − t)d : d ∈ D and 0 ≤ t ≤ 1

}
.

D

S

h

The height of the cone is the distance from the vertex S to the plane
in which the set D lies. We denote this height by h. Particular
examples of this general cone construction are, for example, a skew
circular cone (let D be a circle) and pyramid (take D to be an n-gon
in the plane). Let us compute the volume of a cone.

Theorem 56 (Volume of a cone). A cone over a measurable base
area D with area A and height h has volume

V =
1
3
Ah.

Proof. We apply Cavalieri’s principle again. Let E2(x) be the plane
parallel to E2 at distance 0 ≤ x ≤ h, and write A(x) for the area of
the section of this plane with the cone. Since the set E2(x) ∩C (D, S)
can be got from the base area D by a dilation of factor (h−x)/h from
the vertex, we have

A(x) =
(

h − x

h

)2

A.

From this we have

V =
∫ h

0

A(x)dx =
A

h2

∫ h

0

(h − x)2dx =
1
3

Ah. �
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A cylinder over the set D ⊂ E2 arises when we move the plane, and
with it the set D, in a fixed direction to a certain height. The cylinder
is the union of all these images of D so arising. The direction of trans-
lation is not necessarily orthogonal to the starting plane E2: we admit
skew cylinders too. Particular examples of this construction include
skew circular cylinders and the parallelpiped. A simple application
of Cavalieri’s principle yields:

Theorem 57 (Volume of the cylinder). A cylinder over a measurable
base area D with area A and height h has the volume V = Ah.

2.5.3. Euler’s polyhedron formula. First we discuss the concept
of a polyhedron, though we restrict ourselves here, as in the next
section, to convex and compact polyhedra. By a half space in the
space E3 we understand the points lying to one side of a hyperplane,
including the points of the hyperplane. Half spaces are thus closed
subsets of E3.

Definition 6. A convex polyhedron is a subset of E3 which can be
represented as the intersection of finitely many half spaces. If in
addition this subset is bounded (compact) and has interior points,
one calls it a polytope.

The boundary of the polyhedron consists of all of its points that lie
on the boundary of at least one of the half spaces determining the
polyhedron. The boundary is clearly the union of convex polygons
in the various planes that bound the polygon. We write f for the
number of polygonal faces, e for the number of its edges, and v for
the number of vertices on the boundary.

Example 6. For a tetrahedron we have v = 4, e = 6 and f = 4. In
the case of the cube v = 8, e = 12 and f = 6.

Theorem 58 (Euler’s polyhedron formula). For every polytope we
have

v − e + f = 2.

Proof. Since the polytope is convex, it is possible to realize its ver-
tices as points on the sphere, and the edges by arcs [of circles] on
the sphere, by “blowing it up”. The resulting “spherical polytope”
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has the same number of vertices, edges, and faces as the original one,
and the edges do not intersect. Choose an arbitrary interior point
inside any of the faces and project the spherical polytope from this
point into a plane by stereographic projection. Since stereographic
projection is bijective, one obtains a planar configuration of points
connected by edges without crossings, which we shall call a net p1. It
is always bounded by a closed polygonal curve. The actual positions
of the vertices do not matter, only the edges linking them. The edges
themselves are no longer segments, but curves connecting vertices.

Here are three examples of the spherical polytope and the resulting
planar net: These illustrate the configurations for the cube, the tetra-
hedron, and the octahedron (see p. 86): the crosses in the front face
denote the points with respect to which stereographic projection is
carried out. For the octahedron we have numbered the vertices for
better understanding.

1

1

2

2

3

3

4

4

5

5

6

6

The net p1 has the same number of vertices v1 = v and edges e1 = e

as the original polytope and one face fewer, f1 = f − 1: the missing
face corresponds to the outmost region of the net. Hence we have to
show v1 − e1 + f1 = 1 for the net. For this, one chooses any n-gonal
face of the net and collapses it to a single point (disjoint edges staying
disjoint); the face may well be a 2-gon, as we shall see. In this process,
f1 diminishes by one, n edges disappear, and n vertices become one
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vertex, so that the new planar net p2 satisfies

f2 = f1 − 1, e2 = e1 − n, v2 = v1 − (n − 1) ;

hence f2 − e2 + v2 = f1 − e1 + v1. The collapsing process leaves the
number that interests us unchanged.

The following picture illustrates this collapsing effect for the nets
given before, with the collapsing face colored for the next step. Since
the net has only a finite number of faces, after finitely many collapsing-
steps we come down to a single point, possibly with edges beginning
and ending in it: These are 1-gons with one face, one edge and one
vertex.

Then any edge can be contracted to this single point without changing
the relevant number. Finally, after k stages, we are left with a single
point, and then fk − ek + vk = 0 − 0 + 1 = 1. �
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Euler’s polyhedron formula can be formulated in a somewhat modified
form, where one combines the vertices and polygonal faces suitably.
Let vi be the number of vertices of the polytope which are vertices
of i polygonal faces of the boundary. Analogously we consider the
number fj of all polygonal faces with j vertices. Then, obviously,

v =
∑

i

vi, f =
∑

j

fj .

The number e of edges on the boundary of the polytope is determined
by these quantities.

Theorem 59. We have

2e =
∑

i

ivi =
∑

j

jfj .

Proof. Each segment has two vertices. Hence 2e is equal to the sum
taken over all vertices of segments radiating from each vertex. The
first formula follows immediately. On the other hand, each segment
of the boundary belongs to two polygonal faces, and we may argue in
the same way. �

2.5.4. The Platonic bodies. Consider the special polytopes in
which each vertex belongs to exactly r polygonal faces and in which
each face is a convex s-gon. We call such a polytope quasiregular. If,
moreover, all the boundary segments are equally long, one speaks of
a regular polytope or a Platonic body. In the notation of Theorem 59

v = vr, f = fs, 2e = rvr = sfs

for a quasiregular polytope. From Euler’s polyhedron formula it fol-
lows directly that

2
min(r, s)

≥ 1
r

+
1
s

=
1
2

+
1
e

>
1
2
·

This inequality shows that the smaller of the two numbers r and s

is equal to 3 and that the greater cannot exceed the value 5. Hence
this equation has only a finite number of solutions in whole numbers.
We list these solutions and the regular polytopes that correspond to
them.
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r s v e f regular example
3 3 4 6 4 tetrahedron
3 4 8 12 6 cube
3 5 20 30 12 dodecahedron
4 3 6 12 8 octahedron
5 3 12 30 20 icosahedron

Combining these, we obtain all (quasi-)regular polytopes in three-
dimensional Euclidean space.

Theorem 60. The only regular polytopes in E3 are the tetrahedron,
the cube (hexahedron), the dodecahedron, the octahedron and the icosa-
hedron.

tetrahedron cube octahedron

icosahedron dodecahedron

Beautiful drawings of Radiolaria in the form of the Platonic bodies
can already be found in the works of Ernst Haeckel in the 19th century
(see, for example, the reproductions in the works of M. Berger and
H. Weyl mentioned in the bibliography).
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A convex polyhedron is called semiregular if all its faces are regular
polygons and the same number of each kind of regular polygon meets
at each vertex. Besides the Platonic bodies there are infinitely many
prisms and antisprisms and exactly thirteen semiregular polyhedra,
usually called Archimedean bodies. A prism consists of two regular
n-gons lying exactly over one another, with their vertices joined by
squares. To produce an antiprism one rotates one of the two n-gons
through the angle π/n around its center and then joins the upper and
lower vertices “zigzag” by equilateral triangles.

antiprism and prism with hexagonal base

We now list the Archimedean bodies, omitting the proof that the list
of semiregular polyhedra is exhaustive. First, four Archimedean bod-
ies arise from the tetrahedron, the octahedron, the icosahedron, and
the dodecahedron by cutting the vertices off a third of the way along
each edge (“truncation”). One calls them the truncated tetrahedron,
octahedron, etc. The truncated icosahedron is easy to recognize as
the European football. If one truncates the cube one-third along its
edges one obtains octagons, but they are not regular. To get a proper
Archimedean body one must cut off a length 1/(2 +

√
2) (from the

unit cube), thus yielding the truncated cube.

truncated
tetrahedron

truncated
cube

truncated
octahedron
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truncated icosahedron truncated dodecahedron

Two other Archimedean bodies arise from cutting the vertices of a
Platonic body in the middle of the edges. The cube and octahedron,
resp. dodecahedron and icosahedron, however, produce the same bod-
ies (called the cuboctahedron and icosidodecahedron).

cuboctahedron icosidodecahedron

These are the remaining six Archimedean bodies. They can be pro-
duced in several ways, either through complicated cutting or through
slicing processes.

large
cuboctahedron

large
icosidodecahedron

snub
hexahedron
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snub
dodecahedron

small
rhombocuboctahedron

small
rhomboicosidodecahedron

Exercises

1. Prove in the framework of elementary geometry, i.e. without us-
ing trigonometry, that for a given triangle with angles α, β, γ and
opposite sides of length a, b and c:

(1) If α = π/3, then the area of the triangle is S =
√

3
4 [a2− (b− c)2)].

(2) If α = 2π/3, then the area of the triangle is S =
√

3
12 [a2−(b−c)2)].

2. “Halving a field”

Consider a triangle ∆(A, B, C) and also an arbitrary point M on the
side BC. Construct in an elementary-geometric manner a point N

on the triangle such that the segment MN of the triangle ∆(A, B, C)
divides the area into two equally large parts.
Hint: It will help to consider the center P of BC.

3. Golden section

Let us take a rectangular piece of paper whose side lengths a, b are in
the ratio of the golden section; i.e. they satisfy a/b = b/(a − b) (such
a rectangle will also be called “golden” below). We lay the paper
with its longer edge a aligned along the table and by a perpendicular
cross-cut remove a square with edge length b at the “left”. From the
remaining paper strip we cut away the maximal square from “above”
– as it lies – and work around clockwise. In this way all the points of
the sheet will be “cut away”, except for one.
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Qualitatively, three cases are possible: In the first case (π′ ‖ π′′) the
product r′ ◦ r is a translation. In the second case r′ ◦ r is a rotation
around the axis π′ ∩π′′; in both cases the axes of rotation of r and r′

lie parallel to another in the plane π. The third case arises when the
axes of rotation of r and r′ intersect at the point Ω.

3.7. Discrete subgroups of the plane
transformation group

Discrete subgroups of the plane transformation group arise in a nat-
ural way as the symmetry groups of polygons and ornaments. As an
introduction we study the symmetries of several simple figures:

The “vase” has only axial symmetry, so its symmetry group consists
of exactly two elements, namely the identity and the reflection in the
axis of symmetry. The symmetry group of the “windvane” figure on
the right, on the other hand, consists of the identity, the four rotations
through 2π/5, 4π/5, 6π/5 and 8π/5, and their composition with one
axial symmetry: it is isomorphic to the group we will later denote by
D5. In both cases the symmetry group is finite. Carpets and their
borders provide standard examples of figures with an infinite discrete
symmetry group:

Both patterns are translation invariant, so their symmetry group con-
tains, along with the identity e and a “base translation” t, all the
powers of t too. The first border also has a glide reflection as a sym-
metry; the second is invariant under a vertical reflection. We shall
study the finite symmetry groups first.
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Definition 15 (Dihedral group). The dihedral group Dn is defined
for n ≥ 3 as the symmetry group of a regular n-gon, i.e. as the set of
those isometries of the plane that map the set of the n vertices onto
itself. It contains all rotations through k2π/n, k ∈ Z as well as the
reflections in the axes of symmetry of the n-gon. For n = 1, 2, an
interpretation as symmetries of an n-gon is difficult. By definition,
D1 = {e, s} is the group consisting of a reflection through some point
G and the identity, while D2 = {e, s, r, rs} is the group generated by
a reflection through G and the rotation r by π around G.

Definition 16 (Cyclic group). One can define the cyclic group Cn

as the symmetry group of an oriented regular n-gon; i.e. as those
isometries which not only permute the set of vertices but also preserve
a sense of rotation chosen in advance.

2π/n2π/n

The cyclic group is clearly a subgroup of the dihedral group; since
reflections do not preserve orientation we see immediately that the
cyclic group contains only the rotations through k2π/n (k ∈ Z).

Each element of the dihedral group maps the centroid G of the n-gon
to itself, so the dihedral group can contain only elements of IG. We
recall here that the orientation-preserving isometries in IG were pre-
cisely the rotations around the point G, while the orientation revers-
ing isometries in IG were precisely the reflections in an axis through G

(Theorem 11). Qualitatively, only rotations and reflections come into
question as elements of Dn.

Lemma 13. The dihedral group Dn is generated by two elements r

and s that satisfy the relations rn = e, s2 = e and sr = r−1s. It has
order 2n. The cyclic group Cn is generated by one element r with the
relation rn = e, and has order n.

Proof. We choose the coordinate origin at the centroid G of the
n-gon and denote the rotation through 2π/n around the origin by r.
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If A1, . . . , An are the vertices of the n-gon, then any other rotation
r′ of the dihedral group must bring the point A1 to one of the points
Ai, and since the only possible rotation angles are k2π/n, it follows
that r′ = rk for some k ∈ Z. Since only the rotations in IG are
orientation-preserving, the assertion for Cn already follows. We con-
sider now the reflections that map the n-gon to itself. If n is odd,
all the symmetry axes pass through a vertex and the midpoint of the
opposite side, and there are exactly n of them. If we call the reflection
in one of these axes s, then naturally s2 = e and every other reflection
can be decomposed as the product of s and a rotation, so it has the
form rs, r2s, . . . , rn−1s. If n is even, half of the symmetry-axes join
diametrically opposite vertices in G, while the other half join diamet-
rically opposite edge midpoints in G. Let s be the reflection in an
axis of the first type. The missing reflections in axes of the first type
are then r2s, r4s, . . . , rn−2s, and the reflections in axes of the second
type are rs, r3s, . . . , rn−1s (if for s one had chosen the reflection in
an axis of the second type, then r2s, r4s, . . . , rn−2s would have been
reflections of the second type and rs, r3s, . . . , rn−1s reflections of the
first type). Independently of the parity of n there are n reflections
in Dn, so that Dn has 2n elements altogether. In both cases rs is,
further, a reflection, so (rs)2 = e; equivalently rsr = s. �

It is elementary, but all the same instructive, to consider these de-
compositions of the reflections in the other symmetry-axes yet again,
e.g. by writing out the rotations as products of suitable axis reflec-
tions or as realizations as elements of the permutation group on n

elements.

Theorem 21. Every finite subgroup G of the plane isometry group
I0 which fixes the origin is either the cyclic group Cn or the dihedral
group Dn for a suitable n ∈ N.

Proof. We consider first the case when G consists of rotations alone.
If G �= {e}, then G contains finitely many nontrivial rotations r1, . . . ,

rk, with rotation angles θ1, . . . , θk ∈ [0, 2π]. Let r be the rotation for
which the rotation angle θ is minimal. Divide, with remainder, all
other rotation angles by θ so that θi = nθ + i for suitable n ∈ N and
0 ≤ i < θ. Since G is a group, rir

−n = r(0,�i) also lies in G. From
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the minimality of θ it follows that i = 0 and that each rotation in G

can be expressed as a power of r; i.e. G is generated by r. Since G is
finite there exists a minimal n which satisfies rn = e, and from this
it follows immediately that θ = 2π/n. Now assume that G contains a
reflection s. If G contains only this one reflection, it has to be D1 or
D2. If G contains also a second reflection s′ �= s, then the composition
ss′ is a nontrivial rotation, and thus the subgroup R of rotations in
G has to be R = Cn for some n from the first part of the proof. We
conclude that Dn ⊂ G, and it remains to show equality. Let g be
an arbitrary element of G. If g is a rotation, then g lies in R = Cn

and so also in Dn. If, on the other hand, g is a reflection, then g can
be written as g = r̃s for a suitable rotation r̃. This rotation r̃ = gs

likewise lies in G, so in R; hence there exists a k with r̃ = rk. But
then g = rks is again an element of Dn. �

We shall now discuss the dihedral groups for small n in detail. We
recall that by Lagrange’s theorem all cosets of a group by a subgroup
have equally many elements and that the order of a subgroup always
divides the order of the group.

Example 6. D3 is the symmetry group of an equilateral triangle and
consists of the elements D3 = {e, r, r2, s, rs, r2s}. From the generator
relations in Lemma 13 one can compute the full multiplication table:

e r r2 s rs r2s

e e r r2 s rs r2s

r2 r2 e r r2s s rs

r r r2 e rs r2s s

s s r2s rs e r2 r

rs rs s r2s r e r2

r2s r2s rs s r2 r e

The only nontrivial subgroups of D3 are C3 and the three groups
consisting of e together with one of the three reflections s, rs or r2s.
Clearly, every permutation of the three vertices A1, A2, A3 is a sym-
metry transformation of the triangle, and, conversely, every element
of D3 represents such a permutation. Thus D3 is isomorphic to the
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symmetric group S3. For n > 3 this no longer holds, since Sn with n!
elements is much larger than Dn.

Example 7. The dihedral group D4 = {e, r, r2, r3, s, rs, r2s, r3s} is
the symmetry group of a square. We again write out the multipli-
cation table. It has two particular subgroups of order four, namely
V = {e, r2, s, r2s} and V ′ = {e, r2, rs, r3s}. From the multiplication
table one sees that as groups they are isomorphic, and one easily
checks that they are in turn both isomorphic to D2.

e r r2 r3 s rs r2s r3s

e e r r2 r3 s rs r2s r3s

r3 r3 e r r2 r3s s rs r2s

r2 r2 r3 e r r2s r3s s rs

r r r2 r3 e rs r2s r3s s

s s r3s r2s rs e r3 r2 r

rs rs s r3s r2s r e r3 r2

r2s r2s rs s r3s r2 r e r3

r3s r3s r2s rs s r3 r2 r e

However, they act quite differently on the four vertices of the square.
The group V is the symmetry group of a square whose opposite ver-
tices are colored the same (as reflection axis for s we have chosen the
join of the first and third vertices):

The group V ′ does not describe any particular symmetry properties,
but it realizes all three nontrivial pairwise permutations of vertices:
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As a subgroup of the permutation group S4, the group V ′ consists
of four elements, namely V ′ = {e, (12)(34), (13)(24), (14)(23)}. As
abstract groups V and V ′ are called the Klein four group (after Felix
Klein).

We now apply ourselves to the description of the symmetries of plane
objects that extend infinitely in at least one direction. In the course
of this we shall see that a mathematically correctly run wallpaper
shop should have 17 departments.

If one considers wallpapers, ornaments, tilings, etc., under the aspect
of symmetry it is completely intuitive to describe them as repetitions
of a basic pattern with certain symmetries. We shall now make this
approach precise. As described on p. 116, every isometry is the com-
position of a translation in T = V (E2) and isometry fixing a point O

in IO = O(V (E2)). We can thus define:

Definition 17. Let G be a subgroup of the plane isometries I.

(1) GT := G ∩ T is called the translation subgroup of G, and
the vectors to which a translation from GT belongs form the
translation domain ΓG ⊂ T = V (E2) of G;

(2) G0 := L(G) ⊂ O(V (E2)) is called the point symmetry group
or point group of G.

Clearly the cyclic and the dihedral groups are subgroups of I whose
translation subgroups consist only of the trivial translation by the null
vector. Friezes are ornaments with translation domain Z, while tilings
have a two-dimensional translation domain. In neither case does the
translation group GT or the point group G0 determine the group G

completely. This will be clear when we determine the symmetries of
the two friezes that we have already considered:
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For the second frieze the relationships are clear. The translation group
is generated by one element t, and the ornament repeated under t

has exactly one reflection symmetry perpendicular to the translation
axis, so its point group is C2. The first frieze too has a translation
symmetry: its pattern arises through repeated application of a glide
reflection. Since this is the only symmetry, we again have G0 = C2.
To summarize: A reflection in the point group G0 can be the image
of a reflection or of a glide reflection in G. As a last example of
a frieze we consider the following Greek ribbon ornament. Besides
a horizontal translation its symmetry group contains a vertical axis
reflection and a horizontal glide reflection:

In Exercise 21 the reader will find examples of all seven distinct sym-
metry types of friezes.

We next discuss tilings of the plane. To do this we first need to remark
that nontrivial patterns cannot have arbitrarily small symmetries.
Both G0 and ΓG are equipped with a natural distance concept: For ΓG

this is simply the distance of vectors, d(�v, �w) := |�v− �w|. For O(V (E2))
we remind ourselves that the set of linear mappings of a vector space
likewise forms a vector space and consequently carries a distance con-
cept.1 It can, for instance, be defined using the trace of an endomor-
phism, through d2(A, B) = |A − B|2 = Tr ((A − B)(A − B)t).

Definition 18. Let G ⊂ I be a subgroup, ΓG its translation domain,
and G0 its point group. We call G discrete if each bounded subset of
ΓG and of G0 is finite.

Since O(V (E2)) is obviously bounded it follows that the point group
G0 of a discrete subgroup of I is automatically finite and hence is
isomorphic to a cyclic or a dihedral group. The determination of the
discrete subgroups of the translation group T is not difficult.

1All norms that will arise are equivalent, by a theorem in linear algebra.
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Theorem 22. The translation domain of each discrete subgroup �=
{0} of the plane translation group T is additively generated: either by
one vector �v �= 0 or by two vectors �v, �w �= 0: i.e. ΓG = {m�v | m ∈ Z}
or ΓG = {m�v + n�w | m, n ∈ Z}.

Proof. Let Γ ⊂ T be a discrete subgroup of the translations of the
plane. We choose a vector �v ∈ Γ of minimal positive length. The line
R�v cuts Γ exactly in the subgroup Z�v. If the two groups Z�v and Γ
differ we choose a vector �w ∗ ∈ Γ \ R�v and project it orthogonally
onto the line R�v. We denote by [m�v , (m + 1)�v] the interval in which
the projected vector lies. The vector �w ∗ − m�v, which also lies in the
group Γ, will be projected onto the interval [0 , �v]. On this segment
we erect a rectangle of height |�w ∗ − m�v|. It contains only finitely
many elements of Γ. From among these we choose a vector �w with
minimal positive distance to the line R�v. The vectors �v, �w are linearly
independent and therefore form a basis of V (E2). We can represent an
arbitrary vector �t ∈ Γ as a linear combination �t = x�v+y �w. By adding
integral multiples of the vectors �v, �w ∈ Γ we can arrange for �t to lie in
the parallelogram spanned by the vectors �v, �w (0 ≤ x, y ≤ 1). If now
one of the numbers x, y were not a whole number, then the rectangle
considered would contain a vector in the group with a smaller distance
than �w to the line R�v, a contradiction. �

Definition 19. The discrete subgroups of I whose translation do-
mains are generated by a single vector are called frieze groups, while
those whose translation domains are generated by two vectors are
called ornament groups.

A discrete translation domain generated by as many vectors as the
dimension of the underlying vector space is called a lattice; the orna-
ment groups thus have a lattice as translation domain. A Z-generating
system of vectors is called a lattice basis. There are five types of plane
lattice:

Theorem 23. Let Γ be a plane lattice. Then Γ has a lattice basis
�v, �w that satisfies exactly one of the following relations:

(1) |�v| < |�w| < |�v − �w| < |�v + �w| (skew lattice);

(2) |�v| < |�w| < |�v − �w| = |�v + �w| (rectangular lattice);
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(3) |�v| = |�w| < |�v − �w| = |�v + �w| (quadratic lattice);

(4) |�v| < |�w| = |�v − �w| < |�v + �w| (rectangular face centered or
rhombic lattice);

(5) |�v| = |�w| = |�v − �w| < |�v + �w| (hexagonal lattice).

skew rectangular quadratic
rectangular

face centered
hexagonal

Proof. Let �v and �w be vectors that generate Γ. One first ensures,
by exchanging, if necessary, that |�v| ≤ |�w|, and, by passing from
�w to −�w, also that |�v − �w| ≤ |�v + �w|. Further, we always have
|�v−�w| ≥ max(|�v|, |�w|), so that the vectors stand in the general relation

|�v| ≤ |�w| ≤ |�v − �w| ≤ |�v + �w|

to one another. Now |�v − �w| = |�v + �w| is equivalent to �v and �w

being mutually perpendicular. If this is the case, then Pythagoras’
theorem implies |�v − �w|2 = |�v|2 + |�w|2, so that only cases (2) and (3)
are possible. From now on let |�v− �w| < |�v + �w|. So long as the lattice
is not skew only cases (4), (5) and

|�v| = |�w| < |�v − �w| < |�v + �w|

are conceivable. But if one replaces �v by �v − �w and �w by �v + �w, one
sees that this case is equivalent to case (2). The lattice (4) is also
called a rhombic lattice, since instead of the indicated rectangle the
rhombus can also be seen as an elementary building block. �

Lemma 14. Let G ∈ I be a discrete group of plane isometries with
translation domain ΓG and point group G0. If A ∈ G0 and if �v is
a vector in the translation domain ΓG, then A(�v) also lies in the
translation domain; i.e. G0 operates on ΓG.

Proof. A ∈ G0 has a preimage f ∈ G which has A as associated
vectorial isometry and the matrix realization f = (A, �w) for some
vector �w. Since the vectorial isometry of a translation is the iden-
tity, we have t�v = (Id, �v). From the composition rule for the matrix
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realization it follows that

(A, �w) ◦ (Id, �v)◦(A, �w)−1 = (A, �w) ◦ (Id, �v)◦(A−1,−A−1 �w) = (Id, A�v).

But, since G is a group, f ◦ t�v ◦ f−1 must lie in G; hence tA(�v) does
too. �

In other words the point group is a subgroup of the symmetry group
of the underlying lattice. This immediately yields:

Corollary 17 (Crystallographic condition). The point group of an
ornament group can contain rotations only of order 1, 2, 3, 4 or 6.

Proof. The vectorial isometry A of a plane rotation through the

angle θ has the matrix realization A =
[

cos θ sin θ

− sin θ cos θ

]
. Consider

the trace of this transformation: trA = 2 cos θ. On the other hand,
A lies in the symmetry group of the translation domains of G. If one
chooses a lattice basis �v, �w for this, it is clear that with respect to this
basis A has integer entries. Since the trace of a matrix is independent
of the basis it follows that 2 cos θ ∈ {−2,−1, 0, 1, 2}. This completes
the proof. �

Remark 7. This proof, and the conclusion, remain true also in three
dimensions, for one can always choose a direction vector for the ro-
tation axis as the first basis vector and obtain trA = 2 cos θ + 1 ∈ Z

for the matrix

A =

⎡
⎣1 0 0

0 cos θ sin θ

0 − sin θ cos θ

⎤
⎦ .

Now it remains, for each type of lattice, to determine those subgroups
of a cyclic or dihedral group which map this lattice to itself. We
reproduce here only a shortened abstract of the possible point groups
for the five possible translation domains and refer to the literature
for details. In the following pattern types the characteristic pattern
is in black ; the red lattice is only provided for better orientation.

(1) Skew lattice (two ornament groups): Its symmetry group is D1.
An ornament group with trivial point group will be denoted by p1,



3.7. Discrete groups of plane transformations 149

one with point group D1 by p2.

(2) Rectangular lattice (five ornament groups): Its symmetry group
is D2. Two ornament groups correspond to the subgroup C2, as the
element of order two comes from a proper reflection (“mirror”, type
pm) or from a glide reflection (“glide”, type pg). The point group D2

occurs three times, respectively with no (p2mm) or one (p2mg) or two
glide reflections (p2gg). The last case is the hardest (i.e. the most
interesting). It corresponds, for example, to a classical “fishbone”
pattern. On close examination one recognizes that it actually con-
sists of repetitions of the pattern in one of the red rectangles, even if
it is never drawn in this way . . .

(3) Square lattice (three ornament groups): This has D4 as symmetry
group. The point group C4 belongs to the ornament group p4 (only
a rotation through π/2 as symmetry), D4 belongs to p4mm or p4mg.

(4) Rectangular face centered lattice (two ornament groups): The
symmetry group is again D2; glide reflections are geometrically not
possible. Hence to the subgroup C2 corresponds the ornament group
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cm, and to the full dihedral group D2, in contrast, c2mm.

p3 p6 p31m

(5) Hexagonal lattice (five ornament groups): It has as full symmetry
group D6 with generators r and s. To its subgroups C3 and C6

correspond the ornament groups p3, resp. p6. Glide reflections are
also not possible here, so that only the ornament group p6mm belongs
to D6. The subgroup D3 gives rise to the ornament groups p3m1 or
p31m according to whether, after r2, the second generator is s or rs.

We have thus arrived – as stated above – at the 17 distinct depart-
ments for a mathematically correctly directed wallpaper shop. The
description of the seven display cases for the wallpaper border branch
office we leave to the reader (Exercise 21). Inhabitants of a four-
dimensional world with three-dimensional wallpaper may, moreover,
choose between 230 distinct patterns and lattice types. These are
the foundations of crystallography and form a rich independent re-
search area. They were classified and exhaustively studied at the end
of the 19th century and beginning of the 20th century by Fedorov,
Schönflies, Bierberbach and Frobenius. Further objects with com-
plicated symmetry properties such as quasicrystals, molecules with
polyhedral structure (Fullerene, many viruses, etc. – see also Exer-
cise 20), and aperiodic tilings (“Penrose tilings”) are being researched
intensively even now.
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