
Introduction

“The Berkeley Math Circle was really critical in my development. It
was the best method available not only to get a flow of mathematical ideas
and problems to think about each week but also to meet other interested
students and professional mathematicians from all over the Bay Area.
You get stimulation from exchanging ideas with other people that you
don’t get from reading books at home.

I can also testify to the usefulness of studying mathematics even for
students who don’t plan on doing it as a career. For someone who wants
to go into, say, law, policy analysis, philosophy, economics, or computer
science, the kind of logical, abstract thinking that mathematics develops
is really the best preparation. I realize that the Circle is most interested
in attracting students whose lifelong passion is for mathematics, but it
also helps others along the way.”

Gabriel Carroll, BMC alumnus
Perfect IMO ’01 score

Four-time Putnam Fellow
Ph.D. student in economics, MIT

1. Top-Tier Math Circles1

This book is based on material from a dozen of the 320 sessions of the
Berkeley Math Circle (BMC), held over the past 10 years. In recent discus-
sions, parents have described BMC as a top-tier math circle, calling for the
following two definitions.

1.1. Math circles are weekly math programs that attract middle and high
school students to mathematics by exposing them to intriguing and intel-
lectually stimulating topics, rarely encountered in classrooms. Math circles
vary in their organization, styles of sessions, and goals. But they all have one
thing in common: to inspire in students an understanding of and a lifelong
love for mathematics.

1 Excerpts from [98] by Marc Whitlow and Mike Breen (BMC Parents), Zvezdelina
Stankova (BMC Director), and Tatiana Shubin (SJMC Director)
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1.2. Top-tier math circles prepare our best young minds for their future
roles as mathematics leaders. Sessions are taught by accomplished mathe-
maticians and explore advanced mathematical areas. They provide an ed-
ucational opportunity for top pre-college mathematics students, not offered
in any other setting in the U.S. education system. In addition to learning
advanced mathematics topics, students are taught the technical writing skills
needed to convey the solutions of complex problems.

As an example of a top-tier math circle, the Berkeley Math Circle
is fashioned after the leading models in Eastern Europe, where math circles
originated over a century ago. A typical weekly session has 20 to 30 students
and lasts 2 hours. Like top-tier universities, BMC

• challenges students with beautiful, difficult mathematical theories,
• introduces them to powerful problem solving techniques,
• constantly provokes deep thought, and
• inspires the creation of original ideas.

Topics covered at BMC include combinatorics, graph theory, linear alge-
bra, geometric transformations, recursive sequences, series, set theory, group
theory, number theory, elliptic curves, algebraic geometry, applications to
computer science, natural sciences, economics, and many more.

Each topic is taught by an expert in the field who has the ability to
challenge the students and support them as they attempt to meet these
challenges. All problems require students to come up with mathematical
proofs. Proofs put forward by the students are not always the most eloquent.
Only an accomplished mathematician can understand where a student might
be heading in his/her proof and offer assistance through this challenge.2

The sessions are fast paced and intellectually demanding. It is hard to
convey just how advanced this subject matter is without actually attending
a session, but comparable levels can be found in advanced undergraduate
and beginning graduate courses.

The Monthly Contests (MC)3 at BMC can also convey the depth of the
material. These are take-home exams of five hard, thought-provoking prob-
lems, requiring independent research. They develop not only advanced un-
derstanding, but also technical writing skills: the students must describe on
paper, convincingly and without gaps, how they solved a problem. This is a
fundamental skill and key to making intellectual property contributions; it
is a unique feature of the top-tier math circles, not found in middle or high
schools, where students are taught to meet state standards on questions that
take less than a minute to answer. In contrast, monthly contest problems
may take the best students hours or days of concentrated thought. Only a
few participants are capable of solving all the problems; yet, through the
attempt everyone learns about the real world of mathematical research.

2 For examples of noteworthy past and present instructors who have brought their
world expertise to BMC, see the Epilogue.

3 Session 11 on circle geometry is based on the monthly contests.
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1.3. The next generation of math leaders. The students of BMC come
from a variety of socio-economic and ethnic backgrounds. The proportion
of female to male students is approximately 2:3. This is an amazingly high
fraction considering the trend of other high-level math programs, which are
“male-dominated” or “male-only”. Excellent role models for the female stu-
dents are provided by the three female directors of the top-tier math circles
in Berkeley [8], San Jose [80], and Los Angeles [57]; but perhaps even more
important to the students are the outstanding lectures given by nine female
professors and graduate students.

Currently, BMC does not actively recruit participants. Students and
their parents find out about the circles in a variety of ways: from the circle’s
web site, http://mathcircle.berkeley.edu/, by word of mouth, through
a local university, and in publications. There is no formal selection process,
and the math circle doors are open to any student.

Needless to say, the BMC students are usually years ahead of their peers:
they often complete most of high school mathematics by age 13 (8th grade),
some take many college math major courses by the time they graduate from
high school, and a few of the top circlers venture into graduate courses
and serious mathematical research even before entering a university. The
accomplishments of students who have benefited from BMC can be measured
in many ways. For example, a number of these students have gone on to win
International Math Olympiad medals and Putnam awards, and the majority
have been admitted to top-tier universities. BMC and the other top-tier
math circles not only produce highly accomplished students – they produce
and train the next generation of leaders in mathematics.4

2. Why, What, and for Whom?

Running the Berkeley Math Circle for ten years has taught us many
lessons about math education in the U.S. and has even helped us under-
stand better our own childhood education and origins of our passion for
mathematics. To share this experience with you, the reader, is the purpose
of this book :

• to present you with beautiful theories, problem solving techniques,
and mathematical insights;

• to provide you with an abundance of exercises and problems to work
on and with ready materials for math circle sessions.

2.1. The middle or high school student who is interested in expanding
his/her math horizon and going well beyond anything that the regular math
classroom can offer, who is brave enough to tackle non-trivial math ideas
and work on hard problems for hours, who loves challenges and is motivated
to overcome them: this is the ideal reader of the book.

4 To learn about the need for top-tier math circles, we direct the reader to the Epilogue.
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Don’t confuse the above description with “top” or “brilliant” student: you
will never know if you are talented in math unless you give it a try. And
you may be pleasantly surprised by what you find out: that mathematics
is a whole lot more than “adding fractions,” “algebraic manipulations,” or
“endless quadratic equations” in homework assignments. You will discover
that calculus is not the “pinnacle” of mathematical knowledge (as thought
by the general public): it is only one of many beginnings, part of the subject
of real analysis. Indeed, other wonderful topics are awaiting you here:

• inversion in geometry and circle geometry,
• abstract algebra via Rubik’s cube and number theory,
• a mass point “hybrid” between algebra and geometry,
• combinatorics and complex numbers,
• game theory via invariants and monovariants, and, of course,
• plenty of proof methods and problem solving techniques.

2.2. Prerequisites. To read the book comfortably, you do not need to
have calculus under your belt. However, familiarity with basic geometry and
algebra concepts and theorems will definitely be helpful, e.g., lines, circles,
triangles, rectangles, trapezoids, and quadrilaterals in general; similarity cri-
teria for triangles and the Pythagorean Theorem; equal alternate interior
angles for parallel lines and bisecting diagonals in a parallelogram; integers,
divisibility and remainders; operations on fractions and real numbers, inter-
vals and sets of numbers; and manipulations of algebraic expressions written
with letters. Occasionally, functions will play an important role; hence hav-
ing studied some basic (pre-calculus) examples will not hurt, e.g., linear and
quadratic functions, polynomials, exponential and trigonometric functions,
as well as their graphs.

The above concepts will be re-introduced via examples in the book. But
if you feel that you need more solid background, we direct you to several
wonderful books that should be part of any budding mathematician’s library:

• Geometry, Book 1 by Kiselev (cf. [51]),
• Algebra by Gelfand and Shen (cf. [35]),
• Functions and Graphs, The Method of Coordinates, and Trigonom-

etry by Gelfand et al. (cf. [33, 32, 34]),
• for the older reader, 103 Trigonometry Problems from the Training

of the USA IMO Team by Andreescu and Feng (cf. [3]).

2.3. The middle or high school teacher who wishes to start a math circle
in his/her school or teach a specially designed problem solving class will find
this book invaluable. Most of the topics are introductory and independent
of each other, and hence they can be pursued in just about any order during
the first year of a new math circle. Yet, as you read through the sessions,
you will notice how some of them also contain harder material suitable for
intermediate level and the second year of a math circle. Other than the
several open problems sprinkled throughout the text, the only truly advanced
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part is the Mansion Appendix in the last session: it is original research by
BMCer Evan O’Dorney and can be left for the die-hards.

Running a math circle, especially for a teacher, is a hard task. But it is
possible. In the 1960’s, Tom Rike (an editor for this book and a veteran high
school math teacher) was working on his master’s degree. While browsing
in the library one day, he ran across The USSR Olympiad Problem Book
(cf. [82]). It contained problems written for talented 7th–10th graders; yet,
he could not solve any of these “elementary” problems. In his own words:

“My abstract algebra had been too abstract, and I did not have the
concrete examples that I needed. I never took a class in number theory
because it sounded too elementary. I had developed the real number
system starting from the Peano axioms, but I didn’t really understand
the fundamentals of the natural numbers, prime numbers. This was
an epiphany for me. I felt as though I had been challenged by some
force outside me and did not know how to respond.”

For the next 30 years Tom studied olympiad problem solving, first on his
own, then through workshops and math circles in the SF Bay Area. He ran
his own math circle at Oakland High School and gave talks at just about all
other circles around. Even though at times he was only “a few pages” ahead
of the students, he kept on learning and teaching problem solving because
working on math circles had come to be a large part of his life:

“Although I have not attained my goal of becoming a true olympiad
problem solver, the journey I have made in pursuit of this goal has
been one of the most rewarding endeavors in my life.”

Hence, a word to the middle and high school teachers: keep on reading
the book, despite moments of difficulty or confusion. For the motivated,
persevering, and caring teacher, there will come a time when he/she will look
back at the material here, smile, and effortlessly deliver it to the students at
his/her own math circle. Truly gratifying.

2.4. Proofs in particular. The only topic that has been deliberately post-
poned till mid-book is Proofs in Sessions 5, 6, and 8. That proofs are impor-
tant goes without question in Galileo’s mind:

“It appears to me that those who rely simply on the weight of authority
to prove any assertion, without searching out the arguments to support
it, act absurdly. I wish to question freely and to answer freely without
any sort of adulation. That well becomes any who are sincere in the
search for truth.”

We shall learn a variety of proof methods: by contradiction, Pigeonhole
Principle, and induction; by counterexample, example, or general argument;
using invariants or monovariants, and others. The first session already calls
for the method of inversion coupled with direct proofs, extra constructions,
and contradiction.
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The delay in formally introducing proofs is justified by our belief that hu-
mans and machines learn in essentially different ways. If we teach a machine
how to do math problems, the only way for it to be perfectly “happy” is to re-
ceive the information in a linear fashion, i.e., to be fed first several chapters
strictly on proofs and then to proceed with examples and more sophisti-
cated problems from various math disciplines. On the other hand, human
beings are curious and somewhat contradictory creatures: even though even-
tually we would like everything to be molded into an elegant, logically stable
“tower” of knowledge, we also insist on seeing justification before we plunge
into big enterprises. A young student, especially, needs to know why a proof
is important and hence be motivated to search for proofs, instead of being
turned off (as so often happens in proof-classes in school) by the stricture of
long two-column proofs of relatively easy but “boring” statements.

And thus, we opted to expose the reader first to four wonderful and in-
tellectually stimulating topics, inversion in the plane, combinatorics, Rubik’s
cube, and number theory. These sessions don’t avoid proof techniques; yet,
they mainly concentrate on a specific mathematical topic. Hopefully, this
way the beginner will be drawn to the beauty of each subject, will accumu-
late interest, ideas, see examples, and be convinced that without proofs we
can’t really claim something is true. After such an initial level of mathemat-
ical maturity is acquired and the reader is “won over” to the math problem
solving “front”, we will formally welcome proofs in Session 5.

Teachers who plan on using the book in circles or classes should consider
delivering the material in this order, postponing formal proofs until students
have been exposed to at least two or three intriguing mathematical topics.

2.5. The parent of a middle or high school student is also among our
intended audience; in fact, parents are probably the most important readers
because without their support and enthusiasm, without them bringing and
encouraging their children, there would hardly be any top-tier math circles
in the U.S. Hence, if you are among those parents or if you are a parent new
to the math circle movement, this book will provide a very strong beginning
for your child. And for you as well.

The back row of the BMC classroom is always packed with adults: mostly
parents and teachers. A strict rule reigns in this last row: you can never
speak or interfere during sessions. Yet, as you can imagine, any rule is there
to be broken: it is parents that become at times exulted by the material
presented and cannot keep quiet, shouting involuntarily an answer to one or
another (unintentionally) provocative question.

As a parent, you can do three things with this book: give it to your
child (but make sure that he/she has the necessary background – see the
recommended basic books); learn from it and teach your child; or give it to
his/her math teacher and encourage the founding of a school-based math cir-
cle. Whatever path you choose to follow, it will eventually benefit your child
and possibly a larger group of classmates. In any case, enjoy the book!
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3. Notation and Technicalities

“Philosophy is written in this grand book, the universe, which stands
continually open to our gaze. But the book cannot be understood unless
one first learns to comprehend the language and read the characters in
which it is written. It is written in the language of mathematics, and its
characters are triangles, circles, and other geometric figures without which
it is humanly impossible to understand a single word of it; without these
one is wandering in a dark labyrinth.”

Galileo

3.1. Marginalia. In addition to geometric “characters”, we will also use a
number of other symbols from algebra and logic. Let us examine first the
non-standard margin icons which appear throughout the book.

Warm-up or brute force

� Exercise

� Problem

Open question or one that
requires extra knowledge

� Problem solving technique

Warning

Contradiction

Basic Pigeonhole Principle

Generalized Pigeonhole Principle

Basis Step

Inductive Step

Strong Basis Step

Strong Inductive Step

The first four margin pictures refer to increasing difficulty of exercises
and problems. Assigning such symbols is somewhat arbitrary since the same
exercise could be easy for one person and could be a really hard problem for
another; something may be beyond the knowledge of the reader early in the
book, while later it may turn out to be a piece of cake. Thus, treat these
symbols as a general guide to the difficulty of the material and make your
own judgment after having attempted each problem.

The problem solving techniques, indicated by an eye, are ubiquitous
throughout the book and will be discussed in the next section. The warning
road sign, the high-voltage symbol, and the pigeons will appear prominently
in Session 5 on proofs. The last four margin pictures refer to the steps of
basic and strong mathematical induction, to be introduced in Session 6.

3.2. Logic. Mathematical statements that are proven are referred to by
standard names such as theorem, lemma, proposition, property, or corollary.
Conjectures are statements that are believed to be true, but no proof for
them has been supplied yet. We will avoid the formal definition environment
whenever possible, but theorems and such will be phrased formally.
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Almost all sessions have a section on Hints and Solutions to Selected
Problems. There and throughout the text, you will see two symbols indi-
cating the end of a solution. The standard square � indicates the end of a
complete solution or a proof with minor gaps, which are usually mentioned
and the reader is expected to easily fill them in. The diamond ♦ is at the
end of an incomplete solution, partial proof, sketch of a proof, hint, or any
discussion requiring more work by the reader to reach a complete proof.

The text uses standard mathematical words and expressions, such as
“implies,” “therefore,” “if then,” “only if,” “if and only if,” letter notations
for various sets of numbers, e.g., Z for the integers, and many others. Even
though some are explained and illustrated via examples, the reader is ex-
pected to be familiar with basic logic notions and notation (cf. list of Symbols
and Notation on page 299). If you need to review or learn this material in
depth, we refer you to the first chapter of Jacobs’ Geometry [47] on deductive
reasoning. A complete list of Abbreviations can be found on page 301.

3.3. Labeling and future volumes. Subfigures within the same figure
are implicitly labeled in alphabetical order. For example, Figure 7 on page 7
contains subfigures Figure 7a, 7b, and 7c, reading from left to right. Finally,
more than half of the sessions are Parts I of series of sessions, to be continued
in Volumes II and III of the book.

4. The Art of Being a Mathematician and Problem Solving

“Perhaps I can best describe my experience of doing mathematics
in terms of a journey through a dark unexplored mansion. You enter
the first room of the mansion and it’s completely dark. You stumble
around bumping into the furniture, but gradually you learn where
each piece of furniture is. Finally, after six months or so, you find
the light switch, you turn it on, and suddenly it’s all illuminated.
You can see exactly where you were.”

Sir Andrew John Wiles

There are no manuals on how to become a mathematician. This book
will give you tips and point to possible paths, but the “art of being a math-
ematician” can be mastered only through personal experience. With every
problem solved and every new definition or theorem learned, you will move
closer to this goal. The two most important skills that you will acquire along
the way are

• to think creatively while still “obeying the rules” and
• to make connections between problems, ideas, and even theories.

4.1. Problem solving techniques. Although all sessions in this book are
based on basic knowledge from middle and high school and are, therefore,
accessible to a wide range of ages and mathematical backgrounds, to do the
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exercises, you need to develop problem solving techniques (PST’s). Session 1
on inversion will introduce PST’s as part of a trilogy of mathematical knowl-
edge: Concepts, Theorems, and PST’s; and throughout the book you will
encounter about 100 PST’s. You will also need to learn how to fit together
various mathematical parts in order to move forward in the solutions.

4.2. Muddying your hands. Do not expect each session to be a collection
of clearly spelled out recipes leading to instantaneous solutions . . . . Nope!
The book will encourage you to apply the newly acquired knowledge to
problems and will guide you along the way but will rarely give you ready
answers. “The best way to learn is to learn from your own mistakes,” said my
advisor Joe Harris. Sessions 5, 6, and 8, for example, will formally discuss
non-proofs, and a number of other sessions will present common problem
solving pitfalls.

And so, it will be you, the reader, who has to commit to mastering the
new math theories and techniques by

• “muddying your hands” in the problems,
• going back and reviewing necessary PST’s and theory, and
• persistently moving forward in the book.

Nothing good comes “for free”: you will have to work hard, always with a
pencil and paper in hand. Keep in mind that the math world is huge: you’ll
never know everything, but you’ll learn where to find things, how to connect
and use them. The rewards will be substantial.
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