
Introduction

Throughout our careers, certain contemporary mathematical problems have
caught our interest because their origins lie in mathematics covered in the
elementary school curriculum and their development can be traced through
high school, college, and university level mathematics. This book is in-
tended to provide a source for the mathematics (from beginning to advanced)
needed to understand the emergence and evolution of five of these problems.

For example, one of the problems concerns the number of lattice points
in regions in n-dimensional Euclidean space. The study of lattice point ge-
ometry begins in the early grades when students are introduced to lattice
polygons and their properties by means of geoboards. This hands-on expe-
rience prepares the way for an expanded discussion of area in the upper ele-
mentary grades. Pick’s theorem in the plane and lattice polyhedra in three
dimensions are part of the high school curriculum. At the university level,
these topics are extended to higher dimensions where theorems in number
theory, such as the two squares theorem and the four squares theorem, play
a role. Finally, at the upper undergraduate level and in graduate school,
the study of results, such as Minkowski’s theorem on lattice points in con-
vex regions and Ehrhart’s theorem (a higher-dimensional version of Pick’s
theorem), leads students directly into current research in mathematics.

The four other problems involve
1. the finiteness of the length of an elementary arithmetic game;
2. the search for a simple test to determine which positive integers are

the areas of right triangles whose sides have rational length;
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3. the determination of properties of real numbers from their rational
approximations; and

4. the exploration of regions that can be assembled from all of the pieces
obtained by cutting up another region.

The five problems are treated in five separate chapters. Each chapter
begins with the elementary mathematics involved at its source and proceeds
through development of these concepts to a discussion (with the exception of
the Four Numbers problem) of important results in contemporary research.
Two of the chapters begin with basic number theory (The Four Numbers
Problem and Rational Approximation), two begin with elementary geometry
(Lattice Point Geometry and Dissection), and one begins with a combination
of elementary geometry and number theory (Rational Right Triangles). The
introduction to each chapter summarizes the contents of its various sections
as well as the background required.

The Four Numbers Problem which begins this book does not have the
depth or substance of the other problems, but its analysis is rich in appli-
cations of linear algebra, number theory and probability distributions. It is
an excellent example of the vertical development of a mathematical problem
except that it stops short of current mathematics research.

Our book is designed for students and teachers of mathematics from high
school through graduate school. It should also prove of interest to working
mathematicians who are curious about mathematical results in fields other
than their own. It can be used by teachers at all of the above mentioned lev-
els for the enhancement of standard curriculum materials or extra-curricular
projects. Serious students of mathematics can begin reading the book in high
school or earlier, and penetrate more deeply into the advanced aspects of the
problems as they gain more mathematical experience. Three of the prob-
lems discussed here are addressed at a lower level in our book Trimathlon,
published by A. K. Peters, Ltd.

We have presented this material many times in talks to audiences at all
of the levels mentioned above. It has always proved popular.
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