
Chapter 1

Euclid

The story of axiomatic geometry begins with Euclid, the most famous mathematician in
history. We know essentially nothing about Euclid’s life, save that he was a Greek who
lived and worked in Alexandria, Egypt, around 300 BCE. His best known work is the El-
ements [Euc02], a thirteen-volume treatise that organized and systematized essentially all
of the knowledge of geometry and number theory that had been developed in the Western
world up to that time.

It is believed that most of the mathematical results of the Elements were known well
before Euclid’s time. Euclid’s principal achievement was not the discovery of new mathe-
matical facts, but something much more profound: he was apparently the first mathemati-
cian to find a way to organize virtually all known mathematical knowledge into a single
coherent, logical system, beginning with a list of definitions and a small number of as-
sumptions (called postulates) and progressing logically to prove every other result from
the postulates and the previously proved results. The Elements provided the Western world
with a model of deductive mathematical reasoning whose essential features we still emu-
late today.

A brief remark is in order regarding the authorship of the Elements. Scholars of Greek
mathematics are convinced that some of the text that has come down to us as the Elements
was not in fact written by Euclid but instead was added by later authors. For some portions
of the text, this conclusion is well founded—for example, there are passages that appear in
earlier Greek manuscripts as marginal notes but that are part of the main text in later edi-
tions; it is reasonable to conclude that these passages were added by scholars after Euclid’s
time and were later incorporated into Euclid’s text when the manuscript was recopied. For
other passages, the authorship is less clear—some scholars even speculate that the defini-
tions might have been among the later additions. We will probably never know exactly
what Euclid’s original version of the Elements looked like.

Since our purpose here is primarily to study the logical development of geometry and
not its historical development, let us simply agree to use the name Euclid to refer to the
writer or writers of the text that has been passed down to us as the Elements and leave it to
the historians to explore the subtleties of multiple authorship.
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2 1. Euclid

Reading Euclid

Before going any further, you should take some time now to glance at Book I of the Ele-
ments, which contains most of Euclid’s elementary results about plane geometry. As we
discuss each of the various parts of the text—definitions, postulates, common notions, and
propositions—you should go back and read through that part carefully. Be sure to ob-
serve how the propositions build logically one upon another, each proof relying only on
definitions, postulates, common notions, and previously proved propositions.

Here are some remarks about the various components of Book I.

Definitions

If you study Euclid’s definitions carefully, you will see that they can be divided into
two rather different categories. Many of the definitions (including the first nine) are de-
scriptive definitions, meaning that they are meant to convey to the reader an intuitive sense
of what Euclid is talking about. For example, Euclid defines a point as “that which has
no part,” a line as “breadthless length,” and a straight line as “a line which lies evenly
with the points on itself.” (Here and throughout this book, our quotations from Euclid are
taken from the well-known 1908 English translation of the Elements by T. L. Heath, based
on the edition [Euc02] edited by Dana Densmore.) These descriptions serve to guide the
reader’s thinking about these concepts but are not sufficiently precise to be used to justify
steps in logical arguments because they typically define new terms in terms of other terms
that have not been previously defined. For example, Euclid never explains what is meant
by “breadthless length” or by “lies evenly with the points on itself”; the reader is expected
to interpret these definitions in light of experience and common knowledge. Indeed, in all
the books of the Elements, Euclid never refers to the first nine definitions, or to any other
descriptive definitions, to justify steps in his proofs.

Contrasted with the descriptive definitions are the logical definitions. These are def-
initions that describe a precise mathematical condition that must be satisfied in order for
an object to be considered an example of the defined term. The first logical definition in
the Elements is Definition 10: “When a straight line standing on a straight line makes the
adjacent angles equal to one another, each of the equal angles is right, and the straight line
standing on the other is called a perpendicular to that on which it stands.” This describes
angles in a particular type of geometric configuration (Fig. 1.1) and tells us that we are
entitled to call an angle a right angle if and only if it occurs in a configuration of that type.
(See Appendix E for a discussion about the use of “if and only if ” in definitions.) Some
other terms for which Euclid provides logical definitions are circle, isosceles triangle, and
parallel.

Fig. 1.1. Euclid’s definition of right angles.
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Postulates

It is in the postulates that the great genius of Euclid’s achievement becomes evident.
Although mathematicians before Euclid had provided proofs of some isolated geometric
facts (for example, the Pythagorean theorem was probably proved at least two hundred
years before Euclid’s time), it was apparently Euclid who first conceived the idea of ar-
ranging all the proofs in a strict logical sequence. Euclid realized that not every geometric
fact can be proved, because every proof must rely on some prior geometric knowledge;
thus any attempt to prove everything is doomed to circularity. He knew, therefore, that
it was necessary to begin by accepting some facts without proof. He chose to begin by
postulating five simple geometric statements:

� Euclid’s Postulate 1: To draw a straight line from any point to any point.

� Euclid’s Postulate 2: To produce a finite straight line continuously in a straight line.

� Euclid’s Postulate 3: To describe a circle with any center and distance.

� Euclid’s Postulate 4: That all right angles are equal to one another.

� Euclid’s Postulate 5: That, if a straight line falling on two straight lines make the
interior angles on the same side less than two right angles, the two straight lines,
if produced indefinitely, meet on that side on which are the angles less than the two
right angles.

The first three postulates are constructions and should be read as if they began with
the words “It is possible.” For example, Postulate 1 asserts that “[It is possible] to draw a
straight line from any point to any point.” (For Euclid, the term straight line could refer
to a portion of a line with finite length—what we would call a line segment.) The first
three postulates are generally understood as describing in abstract, idealized terms what
we do concretely with the two classical geometric construction tools: a straightedge (a
kind of idealized ruler that is unmarked but indefinitely extendible) and a compass (two
arms connected by a hinge, with a sharp spike on the end of one arm and a drawing im-
plement on the end of the other). With a straightedge, we can align the edge with two
given points and draw a straight line segment connecting them (Postulate 1); and given a
previously drawn straight line segment, we can align the straightedge with it and extend
(or “produce”) it in either direction to form a longer line segment (Postulate 2). With a
compass, we can place the spike at any predetermined point in the plane, place the drawing
tip at any other predetermined point, and draw a complete circle whose center is the first
point and whose circumference passes through the second point. The statement of Postu-
late 3 does not precisely specify what Euclid meant by “any center and distance”; but the
way he uses this postulate, for example in Propositions I.1 and I.2, makes it clear that it
is applicable only when the center and one point on the circumference are already given.
(In this book, we follow the traditional convention for referring to Euclid’s propositions by
number: “Proposition I.2” means Proposition 2 in Book I of the Elements.)

The last two postulates are different: instead of asserting that certain geometric con-
figurations can be constructed, they describe relationships that must hold whenever a given
geometric configuration exists. Postulate 4 is simple: it says that whenever two right angles
have been constructed, those two angles are equal to each other. To interpret this, we must
address Euclid’s use of the word equal. In modern mathematical usage, “A equals B” just
means the A and B are two different names for the same mathematical object (which could
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be a number, an angle, a triangle, a polynomial, or whatever). But Euclid uses the word
differently: when he says that two geometric objects are equal, he means essentially that
they have the same size. In modern terminology, when Euclid says two angles are equal,
we would say they have the same degree measure; when he says two lines (i.e., line seg-
ments) are equal, we would say they have the same length; and when he says two figures
such as triangles or parallelograms are equal, we would say they have the same area. Thus
Postulate 4 is actually asserting that all right angles are the same size.

It is important to understand why Postulate 4 is needed. Euclid’s definition of a right
angle applies only to an angle that appears in a certain configuration (one of the two ad-
jacent angles formed when a straight line meets another straight line in such a way as to
make equal adjacent angles); it does not allow us to conclude that a right angle appearing
in one part of the plane bears any necessary relationship with right angles appearing else-
where. Thus Postulate 4 can be thought of as an assertion of a certain type of “uniformity”
in the plane: right angles have the same size wherever they appear.

Postulate 5 says, in more modern terms, that if one straight line crosses two other
straight lines in such a way that the interior angles on one side have degree measures adding
up to less than 180ı (“less than two right angles”), then those two straight lines must meet
on that same side of the first line (Fig. 1.2). Intuitively, it says that if two lines start out

?

Fig. 1.2. Euclid’s Postulate 5.

“pointing toward each other,” they will eventually meet. Because it is used primarily to
prove properties of parallel lines (for example, in Proposition I.29 to prove that parallel
lines always make equal corresponding angles with a transversal), Euclid’s fifth postulate
is often called the “parallel postulate.” We will have much more to say about it later in this
chapter.

Common Notions

Following his five postulates, Euclid states five “common notions,” which are also
meant to be self-evident facts that are to be accepted without proof:

� Common Notion 1: Things which are equal to the same thing are also equal to one
another.

� Common Notion 2: If equals be added to equals, the wholes are equal.

� Common Notion 3: If equals be subtracted from equals, the remainders are equal.

� Common Notion 4: Things which coincide with one another are equal to one an-
other.

� Common Notion 5: The whole is greater than the part.
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Whereas the five postulates express facts about geometric configurations, the common
notions express facts about magnitudes. For Euclid, magnitudes are objects that can be
compared, added, and subtracted, provided they are of the “same kind.” In Book I, the
kinds of magnitudes that Euclid considers are (lengths of) line segments, (measures of)
angles, and (areas of) triangles and quadrilaterals. For example, a line segment (which
Euclid calls a “finite straight line”) can be equal to, greater than, or less than another line
segment; two line segments can be added together to form a longer line segment; and a
shorter line segment can be subtracted from a longer one.

It is interesting to observe that although Euclid compares, adds, and subtracts geomet-
ric magnitudes of the same kind, he never uses numbers to measure geometric magnitudes.
This might strike one as curious, because human societies had been using numbers to mea-
sure things since prehistoric times. But there is a simple explanation for its omission from
Euclid’s axiomatic treatment of geometry: to the ancient Greeks, numbers meant whole
numbers, or at best ratios of whole numbers (what we now call rational numbers). How-
ever, the followers of Pythagoras had discovered long before Euclid that the relationship
between the diagonal of a square and its side length cannot be expressed as a ratio of whole
numbers. In modern terms, we would say that the ratio of the length of the diagonal of a
square to its side length is equal to

p
2; but there is no rational number whose square is 2.

Here is a proof that this is so.

Theorem 1.1 (Irrationality of
p
2). There is no rational number whose square is 2.

Proof. Assume the contrary: that is, assume that there are integers p and q with q ¤ 0
such that 2 D .p=q/2. After canceling out common factors, we can assume that p=q is
in lowest terms, meaning that p and q have no common prime factors. Multiplying the
equation through by q2, we obtain

2q2 D p2: (1.1)

Because p2 is equal to the even number 2q2, it follows that p itself is even; thus there is
some integer k such that p D 2k. Inserting this into (1.1) yields

2q2 D .2k/2 D 4k2:

We can divide this equation through by 2 and obtain q2 D 2k2, which shows that q is
also even. But this means that p and q have 2 as a common prime factor, contradicting
our assumption that p=q is in lowest terms. Thus our original assumption must have been
false. �

This is one of the oldest examples of what we now call a proof by contradiction or
indirect proof, in which we assume that a result is false and show that this assumption
leads to a contradiction. A version of this argument appears in the Elements as Proposition
VIII.8 (although it is a bit hard to recognize as such because of the archaic terminology
Euclid used). For a more thorough discussion of proofs by contradiction, see Appendix F.
For details of the properties of numbers that were used in the proof, see Appendix H.

This fact had the consequence that, for the Greeks, there was no “number” that could
represent the length of the diagonal of a square whose sides have length 1. Thus it was not
possible to assign a numeric length to every line segment.

Euclid’s way around this difficulty was simply to avoid using numbers to measure
magnitudes. Instead, he only compares, adds, and subtracts magnitudes of the same kind.
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(In later books, he also compares ratios of such magnitudes.) As mentioned above, it is
clear from Euclid’s use of the word “equal” that he always interprets it to mean “the same
size”; any claim that two geometric figures are equal is ultimately justified by showing
that one can be moved so that it coincides with the other or that the two objects can be
decomposed into pieces that are equal for the same reason. His use of the phrases “greater
than” and “less than” is always based on Common Notion 5: if one geometric object (such
as a line segment or an angle) is part of another or is equal (in size) to part of another, then
the first is less than the second.

Having laid out his definitions and assumptions, Euclid is now ready to start proving
things.

Propositions

Euclid refers to every mathematical statement that he proves as a proposition. This is
somewhat different from the usual practice in modern mathematical writing, where a result
to be proved might be called a theorem (an important result, usually one that requires a
relatively lengthy or difficult proof); a proposition (an interesting result that requires proof
but is usually not important enough to be called a theorem); a corollary (an interesting
result that follows from a previous theorem with little or no extra effort); or a lemma (a
preliminary result that is not particularly interesting in its own right but is needed to prove
another theorem or proposition).

Even though Euclid’s results are all called propositions, the first thing one notices
when looking through them is that, like the postulates, they are of two distinct types. Some
propositions (such as I.1, I.2, and I.3) describe constructions of certain geometric config-
urations. (Traditionally, scholars of Euclid call these propositions problems. For clarity,
we will call them construction problems.) These are usually stated in the infinitive (“to
construct an equilateral triangle on a given finite straight line”), but like the first three
postulates, they should be read as asserting the possibility of making the indicated con-
structions: “[It is possible] to construct an equilateral triangle on a given finite straight
line.”

Other propositions (traditionally called theorems) assert that certain relationships al-
ways hold in geometric configurations of a given type. Some examples are Propositions I.4
(the side-angle-side congruence theorem) and I.5 (the base angles of an isosceles triangle
are equal). They do not assert the constructibility of anything. Instead, they apply only
when a configuration of the given type has already been constructed, and they allow us to
conclude that certain relationships always hold in that situation.

For both the construction problems and the theorems, Euclid’s propositions and proofs
follow a predictable pattern. Most propositions have six discernible parts. Here is how the
parts were described by the Greek mathematician Proclus [Pro70]:

(1) Enunciation: Stating in general form the construction problem to be solved or the
theorem to be proved. Example from Proposition I.1: “On a given finite straight line
to construct an equilateral triangle.”

(2) Setting out: Choosing a specific (but arbitrary) instance of the general situation and
giving names to its constituent points and lines. Example: “LetAB be the given finite
straight line.”
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(3) Specification: Announcing what has to be constructed or proved in this specific in-
stance. Example: “Thus it is required to construct an equilateral triangle on the
straight line AB .”

(4) Construction: Adding points, lines, and circles as needed. For construction prob-
lems, this is where the main construction algorithm is described. For theorems, this
part, if present, describes any auxiliary objects that need to be added to the figure to
complete the proof; if none are needed, it might be omitted.

(5) Proof: Arguing logically that the given construction does indeed solve the given
problem or that the given relationships do indeed hold.

(6) Conclusion: Restating what has been proved.

A word about the conclusions of Euclid’s proofs is in order. Euclid and the classical
mathematicians who followed him believed that a proof was not complete unless it ended
with a precise statement of what had been shown to be true. For construction problems,
this statement always ended with a phrase meaning “which was to be done” (translated
into Latin as quod erat faciendum, or q.e.f.). For theorems, it ended with “which was
to be demonstrated” (quod erat demonstrandum, or q.e.d.), which explains the origin of
our traditional proof-ending abbreviation. In Heath’s translation of Proposition I.1, the
conclusion reads “Therefore the triangle ABC is equilateral; and it has been constructed
on the given finite straight line AB . Being what it was required to do.” Because this last
step is so formulaic, after the first few propositions Heath abbreviates it: “Therefore etc.
q.e.f.,” or “Therefore etc. q.e.d.”

We leave it to you to read Euclid’s propositions in detail, but it is worth focusing
briefly on the first three because they tell us something important about Euclid’s conception
of straightedge and compass constructions. Here are the statements of Euclid’s first three
propositions:

Euclid’s Proposition I.1. On a given finite straight line to construct an equilateral trian-
gle.

Euclid’s Proposition I.2. To place a straight line equal to a given straight line with one
end at a given point.

Euclid’s Proposition I.3. Given two unequal straight lines, to cut off from the greater a
straight line equal to the less.

One might well wonder why Euclid chose to start where he did. The construction of
an equilateral triangle is undoubtedly useful, but is it really more useful than other funda-
mental constructions such as bisecting an angle, bisecting a line segment, or constructing
a perpendicular? The second proposition is even more perplexing: all it allows us to do is
to construct a copy of a given line segment with one end at a certain predetermined point,
but we have no control over which direction the line segment points. Why should this be
of any use whatsoever?

The mystery is solved by the third proposition. If you look closely at the way Postulate
3 is used in the first two propositions, it becomes clear that Euclid has a very specific inter-
pretation in mind when he writes about “describing a circle with any center and distance.”
In Proposition I.1, he describes the circle with centerA and distanceAB and the circle with
center B and distance BA; and in Proposition I.2, he describes circles with center B and
distance BC and with center D and distance DG. In every case, the center is a point that
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has already been located, and the “distance” is actually a segment that has already been
drawn with the given center as one of its endpoints. Nowhere in these two propositions
does he describe what we routinely do with a physical compass: open the compass to the
length of a given line segment and then pick it up and draw a circle with that radius some-
where else. Traditionally, this restriction is expressed by saying that Euclid’s hypothetical
compass is a “collapsing compass”—as soon as you pick it up off the page, it collapses, so
you cannot put it down and reproduce the same radius somewhere else.

The purpose of Proposition I.3 is precisely to simulate a noncollapsing compass. After
Proposition I.3 is proved, if you have a point O that you want to be the center of a circle
and a segment AB somewhere else whose length you want to use for the radius, you can
draw a segment from O to some other point E (Postulate 1), extend it if necessary so that
it’s longer than AB (Postulate 2), use Proposition I.3 to locate C on that extended segment
so that OC D AB , and then draw the circle with center O and radius OC (Postulate 3).

Obviously, the Greeks must have known how to make compasses that held their sep-
aration when picked up, so it is interesting to speculate about why Euclid’s postulate de-
scribed only a collapsing compass. It is easy to imagine that an early draft of the Elements
might have contained a stronger version of Postulate 3 that allowed a noncollapsing com-
pass, and then Euclid discovered that by using the constructions embodied in the first three
propositions he could get away with a weaker postulate. If so, he was probably very proud
of himself (and rightly so).

After Euclid

Euclid’s Elements became the universal geometry textbook, studied by most educated
Westerners for two thousand years. Even so, beginning already in ancient times, schol-
ars worked hard to improve upon Euclid’s treatment of geometry.

The focus of attention for most of those two thousand years was Euclid’s fifth pos-
tulate, which usually strikes people as being the most problematic of the five. Whereas
Postulates 1 through 4 express possibilities and properties that are truly self-evident to
anyone who has thought about our everyday experience with geometric relationships, Pos-
tulate 5 is of a different order altogether. Most noticeably, its statement is dramatically
longer than those of the other four postulates. More importantly, it expresses an assump-
tion about geometric configurations that cannot fairly be said to be self-evident in the same
way as the other four postulates. Although it is certainly plausible to expect that two lines
that start out pointing toward each other will eventually meet, it stretches credulity to ar-
gue that this conclusion is self-evident. If the sum of the two interior angle measures in
Fig. 1.2 were, say, 179:999999999999999999999999998ı, then the point where the two
lines intersect would be farther away than the most distant known galaxies in the universe!
Can anyone really say that the existence of such an intersection point is self-evident? The
fifth postulate has the appearance of something that ought to be proved instead of being
accepted as a postulate.

There is reason to believe that Euclid himself was less than fully comfortable with his
fifth postulate: he did not invoke it in any proofs until Proposition I.29, even though some
of the earlier proofs could have been simplified by using it.

For centuries, mathematicians who studied Euclid considered the fifth postulate to be
the weakest link in Euclid’s tightly argued chain of reasoning. Many mathematicians tried
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and failed to come up with proofs that the fifth postulate follows logically from the other
four, or at least to replace it with a more truly self-evident postulate. This quest, in fact,
has motivated much of the development of geometry since Euclid.

The earliest attempt to prove the fifth postulate that has survived to modern times was
by Proclus (412–485 CE), a Greek philosopher and mathematician who lived in Asia Mi-
nor during the time of the early Byzantine empire and wrote an important commentary
on Euclid’s Elements [Pro70]. (This commentary, by the way, contains most of the scant
biographical information we have about Euclid, and even this must be considered essen-
tially as legendary because it was written at least 700 years after the time of Euclid.) In
this commentary, Proclus opined that Postulate 5 did not have the self-evident nature of a
postulate and thus should be proved, and then he proceeded to offer a proof of it. Unfortu-
nately, like so many later attempts, Proclus’s proof was based on an unstated and unproved
assumption. Although Euclid defined parallel lines to be lines in the same plane that do not
meet, no matter how far they are extended, Proclus tacitly assumed also that parallel lines
are everywhere equidistant, meaning the same distance apart (see Fig. 1.3). We will see in
Chapter 17 that this assumption is actually equivalent to assuming Euclid’s fifth postulate.

Fig. 1.3. Proclus’s assumption.

After the fall of the Roman Empire, the study of geometry moved for the most part
to the Islamic world. Although the original Greek text of Euclid’s Elements was lost until
the Renaissance, translations into Arabic were widely studied throughout the Islamic em-
pire and eventually made their way back to Europe to be translated into Latin and other
languages.

During the years 1000–1300, several important Islamic mathematicians took up the
study of the fifth postulate. Most notable among them was the Persian scholar and poet
Omar Khayyam (1048–1123), who criticized previous attempts to prove the fifth postulate
and then offered a proof of his own. His proof was incorrect because, like that of Proclus,
it relied on the unproved assumption that parallel lines are everywhere equidistant.

With the advent of the Renaissance, Western Europeans again began to tackle the
problem of the fifth postulate. One of the most important attempts was made by the Italian
mathematician Giovanni Saccheri (1667–1733). Saccheri set out to prove the fifth postulate
by assuming that it was false and showing that this assumption led to a contradiction. His
arguments were carefully constructed and quite rigorous for their day. In the process, he
proved a great many strange and counterintuitive theorems that follow from the assumption
that the fifth postulate is false, such as that rectangles cannot exist and that the interior angle
measures of triangles always add up to less than 180ı. In the end, though, he could not find
a contradiction that measured up to the standards of rigor he had set for himself. Instead,
he punted: having shown that his assumption implied that there must exist parallel lines
that approach closer and closer to each other but never meet, he claimed that this result is
“repugnant to the nature of the straight line” and therefore his original assumption must
have been false.
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Saccheri is remembered today, not for his failed attempt to prove Euclid’s fifth pos-
tulate, but because in attempting to do so he managed to prove a great many results that
we now recognize as theorems in a mysterious new system of geometry that we now call
non-Euclidean geometry. Because of the preconceptions built into the cultural context
within which he worked, he could only see them as steps along the way to his hoped-for
contradiction, which never came.

The next participant in our story played a minor role, but a memorable one. In 1795,
the Scottish mathematician John Playfair (1748–1819) published an edition of the first six
books of Euclid’s Elements [Pla95], which he had edited to correct some of what were then
perceived as flaws in the original. One of Playfair’s modifications was to replace Euclid’s
fifth postulate with the following alternative postulate.

Playfair’s Postulate. Two straight lines cannot be drawn through the same point, parallel
to the same straight line, without coinciding with one another.

In other words, given a line and a point not on that line, there can be at most one line
through the given point and parallel to the given line. Playfair showed that this alternative
postulate leads to the same conclusions as Euclid’s fifth postulate. This postulate has a no-
table advantage over Euclid’s fifth postulate, because it focuses attention on the uniqueness
of parallel lines, which (as later generations were to learn) is the crux of the issue. Most
modern treatments of Euclidean geometry incorporate some version of Playfair’s postulate
instead of the fifth postulate originally stated by Euclid.

The Discovery of Non-Euclidean Geometry

The next event in the history of geometry was the most profound development in mathe-
matics since the time of Euclid. In the 1820s, a revolutionary idea occurred independently
and more or less simultaneously to three different mathematicians: perhaps the reason the
fifth postulate had turned out to be so hard to prove was that there is a completely consistent
theory of geometry in which Euclid’s first four postulates are true but the fifth postulate is
false. If this speculation turned out to be justified, it would mean that proving the fifth
postulate from the other four would be a logical impossibility.

In 1829, the Russian mathematician Nikolai Lobachevsky (1792–1856) published a
paper laying out the foundations of what we now call non-Euclidean geometry, in which
the fifth postulate is assumed to be false, and proving a good number of theorems about it.
Meanwhile in Hungary, János Bolyai (1802–1860), the young son of an eminent Hungarian
mathematician, spent the years 1820–1823 writing a manuscript that accomplished much
the same thing; his paper was eventually published in 1832 as an appendix to a textbook
written by his father. When the great German mathematician Carl Friedrich Gauss (1777–
1855)—a friend of Bolyai’s father—read Bolyai’s paper, he remarked that it duplicated
investigations of his own that he had carried out privately but never published. Although
Bolyai and Lobachevsky deservedly received the credit for having invented non-Euclidean
geometry based on their published works, in view of the creativity and depth of Gauss’s
other contributions to mathematics, there is no reason to doubt that Gauss had indeed had
the same insight as Lobachevsky and Bolyai.

In a sense, the principal contribution of these mathematicians was more a change of
attitude than anything else: while Omar Khayyam, Giovanni Saccheri, and others had also
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proved theorems of non-Euclidean geometry, it was Lobachevsky and Bolyai (and pre-
sumably also Gauss) who first recognized them as such. However, even after this ground-
breaking work, there was still no proof that non-Euclidean geometry was consistent (i.e.,
that it could never lead to a contradiction). The coup de grâce for attempts to prove the
fifth postulate was provided in 1868 by another Italian mathematician, Eugenio Beltrami
(1835–1900), who proved for the first time that non-Euclidean geometry was just as con-
sistent as Euclidean geometry. Thus the ancient question of whether Euclid’s fifth postulate
followed from the other four was finally settled.

The versions of non-Euclidean geometry studied by Lobachevsky, Bolyai, Gauss, and
Beltrami were all essentially equivalent to each other. This geometry is now called hyper-
bolic geometry. Its most salient feature is that Playfair’s postulate is false: in hyperbolic
geometry it is always possible for two or more distinct straight lines to be drawn through
the same point, both parallel to a given straight line. As a consequence, many aspects of
Euclid’s theory of parallel lines (such as the result in Proposition I.29 about the equality
of corresponding angles made by a transversal to two parallel lines) are not valid in hy-
perbolic geometry. In fact, as we will see in Chapter 19, the phenomenon of parallel lines
approaching each other asymptotically but never meeting—which Saccheri declared to be
“repugnant to the nature of the straight line”—does indeed occur in hyperbolic geometry.

One might also wonder if the Euclidean theory of parallel lines could fail in the op-
posite way: instead of having two or more parallels through the same point, might it be
possible to construct a consistent theory in which there are no parallels to a given line
through a given point? It is easy to imagine a type of geometry in which there are no par-
allel lines: the geometry of a sphere. If you move as straight as possible on the surface of
a sphere, you will follow a path known as a great circle—a circle whose center coincides
with the center of the sphere. It can be visualized as the place where the sphere intersects a
plane that passes through the center of the sphere. If we reinterpret the term “line” to mean
a great circle on the sphere, then indeed there are no parallel “lines,” because any two
great circles must intersect each other. But this does not seem to have much relevance for
Euclid’s geometry, because line segments cannot be extended arbitrarily far—in spherical
geometry, no line can be longer than the circumference of the sphere. This would seem to
contradict Postulate 2, which had always been interpreted to mean that a line segment can
be extended arbitrarily far in both directions.

However, after the discovery of hyperbolic geometry, another German mathematician,
Bernhard Riemann (1826–1866), realized that Euclid’s second postulate could be reinter-
preted in such a way that it does hold on the surface of a sphere. Basically, he argued that
Euclid’s second postulate only requires that any line segment can be extended to a longer
one in both directions, but it does not specifically say that we can extend it to any length
we wish. With this reinterpretation, spherical geometry can be seen to be a consistent ge-
ometry in which no lines are parallel to each other. Of course, a number of Euclid’s proofs
break down in this situation, because many of the implicit geometric assumptions he used
in his proofs do not hold on the sphere; see our discussion of Euclid’s Proposition I.16 be-
low for an example. This alternative form of non-Euclidean geometry is sometimes called
elliptic geometry. (Because of its association with Riemann, it is sometimes erroneously
referred to as Riemannian geometry, but this term is now universally used to refer to an
entirely different type of geometry, which is a branch of differential geometry.)
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Perhaps the most convincing confirmation that Euclid’s is not the only possible con-
sistent theory of geometry came from Einstein’s general theory of relativity around the turn
of the twentieth century. If we are to believe, like Euclid, that the postulates reflect self-
evident truths about the geometry of the world we live in, then Euclid’s statements about
“straight lines” should translate into true statements about the behavior of light rays in
the real world. (After all, we commonly judge the “straightness” of something by sighting
along it, so what physical phenomenon could possibly qualify as a better model of “straight
lines” than light rays?) Thus the closest thing in the physical world to a geometric triangle
would be a three-sided figure whose sides are formed by the paths of light rays.

Yet Einstein’s theory tells us that in the presence of gravitational fields, space itself is
“warped,” and this affects the paths along which light rays travel. One of the most dramatic
confirmations of Einstein’s theory comes from the phenomenon known as gravitational
lensing: this occurs when we observe a distant object but there is a massive galaxy cluster
directly between us and the object. Einstein’s theory predicts that the light rays from the
distant object should be able to follow two (or more) different paths to reach our eyes
because of the distortion of space around the galaxy cluster.

Fig. 1.4. A gravitational lens (photograph by W. N. Colley, E. Turner, J. A. Tyson, and NASA).

This phenomenon has indeed been observed; Fig. 1.4 shows a photograph taken by the
Hubble Space Telescope, in which a distant loop-shaped galaxy (circled) appears twice in
the same photographic image because its light rays have traveled around both sides of the
large galaxy cluster in the middle of the photo. Fig. 1.5 shows a schematic view of the same
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situation. The light coming from a certain point A in the middle of the loop-shaped galaxy
follows two paths to our eyes and along the way makes two different dots (B and C ) on the
photographic plate. As a result, the three points A, B , and C form a triangle whose interior
angle measures add up to a number slightly greater than 180ı. (Although it doesn’t look
like a triangle in this diagram, remember that the edges are paths of light rays. What could
be straighter than that?) Yet Euclidean geometry predicts that every triangle has interior
angle measures that add up to exactly 180ı. We can see why Euclid’s arguments fail in
this situation by examining the figure: in this case there are two distinct line segments
connecting the point A to the observer’s eye, which contradicts Euclid’s intended meaning
of his first postulate. We have no choice but to conclude that the geometry of the physical
world we live in does not exactly follow Euclid’s rules.

A

B

C

Fig. 1.5. A triangle whose angle sum is greater than 180ı.

Gaps in Euclid’s Arguments

As a result of the non-Euclidean breakthroughs of Lobachevsky, Bolyai, and Gauss, math-
ematicians were forced to undertake a far-reaching reexamination of the very foundations
of their subject. Euclid and everyone who followed him had regarded postulates as self-
evident truths about the real world, from which reliable conclusions could be drawn. But
once it was discovered that two or three conflicting systems of postulates worked equally
well as logical foundations for geometry, mathematicians had to face an uncomfortable
question: what exactly are we doing when we accept some postulates and use them to
prove theorems? It became clear that the system of postulates one uses is in some sense an
arbitrary choice; once the postulates have been chosen, as long as they don’t lead to any
contradictions, one can proceed to prove whatever theorems follow from them.

Thus was born the notion of a mathematical theory as an axiomatic system—a se-
quence of theorems based on a particular set of assumptions called postulates or axioms
(these two words are used synonymously in modern mathematics). We will give a more
precise definition of axiomatic systems in the next chapter.

Of course, the axioms we choose are not completely arbitrary, because the only ax-
iomatic systems that are worth studying are those that describe something useful or inter-
esting—an aspect of the physical world, or a class of mathematical structures that have
proved useful in other contexts, for example. But from a strictly logical point of view, we
may adopt any consistent system of axioms that we like, and the resulting theorems will
constitute a valid mathematical theory.
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The catch is that one must scrupulously ensure that the proofs of the theorems do not
use anything other than what has been assumed in the postulates. If the axioms represent
arbitrary assumptions instead of self-evident facts about the real world, then nothing except
the axioms is relevant to proofs within the system. Reasoning based on intuition about
the behavior of straight lines or properties that are evident from diagrams or common
experience in the real world will no longer be justifiable within the axiomatic system.

Looking back at Euclid with these newfound insights, mathematicians realized that
Euclid had used many properties of lines and circles that were not strictly justified by his
postulates. Let us examine a few of those properties, as a way of motivating the more
careful axiomatic system that we will develop later in the book. We will discuss some of
the most problematic of Euclid’s proofs in the order in which they occur in Book I. As
always, we refer to the edition [Euc02].

While reading these analyses of Euclid’s arguments, you should bear in mind that
we are judging the incompleteness of these proofs based on criteria that would have been
utterly irrelevant in Euclid’s time. For the ancient Greeks, geometric proofs were meant to
be convincing arguments about the geometry of the physical world, so basing geometric
conclusions on facts that were obvious from diagrams would never have struck them as
an invalid form of reasoning. Thus these observations should not be seen as criticisms
of Euclid; rather, they are meant to help point the way toward the development of a new
axiomatic system that lives up to our modern (post-Euclidean) conception of rigor.

Euclid’s Proposition I.1. On a given finite straight line to construct an equilateral trian-
gle.

A B

C ?

Fig. 1.6. Euclid’s proof of Proposition I.1.

Analysis. In Euclid’s proof of this, his very first proposition, he draws two circles, one
centered at each endpoint of the given line segment AB (see Fig. 1.6). (In geometric dia-
grams in this book, we will typically draw selected points as small black dots to emphasize
their locations; this is merely a convenience and is not meant to suggest that points take
up any area in the plane.) He then proceeds to mention “the point C , in which the circles
cut one another.” It seems obvious from the diagram that there is a point where the circles
intersect, but which of Euclid’s postulates justifies the fact that such a point always exists?
Notice that Postulate 5 asserts the existence of point where two lines intersect under certain
circumstances; but nowhere does Euclid give us any justification for asserting the existence
of a point where two circles intersect.

Euclid’s Proposition I.3. Given two unequal straight lines, to cut off from the greater a
straight line equal to the less.
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A
B

D

E?

F

Fig. 1.7. Euclid’s proof of Proposition I.3.

Analysis. In his third proof, Euclid implicitly uses another unjustified property of circles,
although this one is a little more subtle. Starting with a line segment AD that he has just
constructed, which shares an endpoint with a longer line segment AB , he draws a circle
DEF with center A and passing through D (justified by Postulate 3). Although he does
not say so explicitly, it is evident from his drawing that he means for E to be a point that
is simultaneously on the circle DEF and also on the line segment AB . But once again,
there is nothing in his list of postulates (or in the two previously proved propositions) that
justifies the claim that a circle must intersect a line. (The same unjustified step also occurs
twice in the proof of Proposition I.2, but it is a little easier to see in Proposition I.3.)

Euclid’s Proposition I.4. If two triangles have the two sides equal to two sides respec-
tively, and have the angles contained by the equal straight lines equal, they will also have
the base equal to the base, the triangle will be equal to the triangle, and the remaining
angles will be equal to the remaining angles respectively, namely those which the equal
sides subtend.

A

B C

D

E F

Fig. 1.8. Euclid’s proof of Proposition I.4.

Analysis. This is Euclid’s proof of the well-known side-angle-side congruence theorem
(SAS). He begins with two triangles, ABC and DEF , such that AB DDE , AC DDF ,
and angle BAC is equal to angle EDF . (For the time being, we are adopting Euclid’s
convention that “equal” means “the same size.”) He then says that triangle ABC should
be “applied to triangle DEF .” (Some revised translations use “superposed upon” or “su-
perimposed upon” in place of “applied to.”) The idea is that we should imagine triangle
ABC being moved over on top of triangle DEF in such a way that A lands on D and the
segment AB points in the same direction as DE, so that the moved-over copy of ABC
occupies the same position in the plane as DEF . (Although Euclid does not explicitly
mention it, he also evidently intends for C to be placed on the same side of the line DE as
F , to ensure that the moved-over copy of ABC will coincide with DEF instead of being
a mirror image of it.) This technique has become known as the method of superposition.
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This is an intuitively appealing argument, because we have all had the experience
of moving cutouts of geometric figures around to make them coincide. However, there
is nothing in Euclid’s postulates that justifies the claim that a geometric figure can be
moved, much less that its geometric properties such as side lengths and angle measures
will remain unchanged after the move. Of course, Propositions I.2 and I.3 describe ways of
constructing “copies” of line segments at other positions in the plane, but they say nothing
about copying angles or triangles. (In fact, he does prove later, in Proposition I.23, that it
is possible to construct a copy of an angle at a different location; but that proof depends on
Proposition I.4!)

This is one of the most serious gaps in Euclid’s proofs. In fact, many scholars have
inferred that Euclid himself was uncomfortable with the method of superposition, because
he used it in only three proofs in the entire thirteen books of the Elements (Propositions I.4,
I.8, and III.23), despite the fact that he could have simplified many other proofs by using
it.

There is another important gap in Euclid’s reasoning in this proof: having argued that
triangle ABC can be moved so that A coincides with D, B coincides with E , and C
coincides with F , he then concludes that the line segments BC and EF will also coincide
and hence be equal (in size). Now, Postulate 1 says that it is possible to construct a straight
line (segment) from any point to any other point, but it does not say that it is possible
to construct only one such line segment. Thus the postulates provide no justification for
concluding that the segmentsBC andEF will necessarily coincide, even though they have
the same endpoints. Euclid evidently meant the reader to understand that there is a unique
line segment from one point to another point. In a modern axiomatic system, this would
have to be stated explicitly.

Euclid’s Proposition I.10. To bisect a given finite straight line.

A B

C

D‹

Fig. 1.9. Euclid’s proof of Proposition I.10.

Analysis. In the proof of this proposition, Euclid uses another subtle property of inter-
sections that is not justified by the postulates. Given a line segment AB , he constructs an
equilateral triangle ABC with AB as one of its sides (which is justified by Proposition I.1)
and then constructs the bisector of angle ACB (justified by Proposition I.9, which he has
just proved). So far, so good. But his diagram shows the angle bisector intersecting the
segment AB at a point D, and he proceeds to prove that AB is bisected (or cut in half)
at this very point D. Once again, there is nothing in the postulates that justifies Euclid’s
assertion that there must be such an intersection point.
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Euclid’s Proposition I.12. To a given infinite straight line, from a given point which is not
on it, to draw a perpendicular straight line.

A B

C

D

F

E‹G‹

Fig. 1.10. Euclid’s proof of Proposition I.12.

Analysis. In this proof, Euclid starts with a line AB and a point C not on that line. He
then says, “Let a point D be taken at random on the other side of the straight line AB , and
with center C and distance CD let the circle EFG be described.” He is stipulating that
the circle should be drawn with D on its circumference, which is exactly what Postulate 3
allows one to do. However, he is also implicitly assuming that such a circle will intersect
AB in two points, which he calls E and G. Obviously it is the fact that C and D are on
opposite sides of AB that is supposed to guarantee the existence of the intersection points;
but which of his postulates or previous propositions justifies this conclusion? For that
matter, what is “on the other side” supposed to mean? Euclid’s definitions and postulates
do not mention “sides” of lines at all, but he regularly refers to them in his proofs. It is
clear from the diagrams what he means, but it is not justified by the postulates.

Euclid’s Proposition I.16. In any triangle, if one of the sides be produced, the exterior
angle is greater than either of the interior and opposite angles.

A

B
C

D

F

E

Fig. 1.11. Euclid’s proof of Proposition I.16.

Analysis. Nowadays, this result is called the exterior angle inequality. Its proof is one
of the most subtle and clever in the Elements. It is worth reading it over once or twice to
absorb the full impact.

It is not easy to see where the gaps are, but there are at least two. After constructing
the point E that bisects AC (using Proposition I.10), Euclid then extends BE past E and
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uses Proposition I.3 to choose a point F on that line such that EF is the same length as
BE . Here is where the first problem arises: although Postulate 3 guarantees that a line
segment can be extended to form a longer line segment containing the original one, it does
not explicitly say that we can make the extended line segment as long as we wish. As we
mentioned above, if we were working on the surface of a sphere, this might not be possible
because great circles have a built-in maximum length.

The second problem arises toward the end of the proof, when Euclid claims that angle
ECD is greater than angle ECF . This is supposed to be justified by Common Notion 5
(the whole is greater than the part). However, in order to claim that angleECF is “part of”
angleECD, we need to know that F lies in the interior of angleECD. This seems evident
from the diagram, but once again, there is nothing in the axioms or previous propositions
that justifies the claim. To see how this could fail, consider once again the surface of a
sphere. In Fig. 1.12, we have illustrated an analogous configuration, with A at the north
pole and B and C both on the equator. If B and C are far enough apart, it is entirely
possible for the point F to end up south of the equator, in which case it is no longer in
the interior of angle ECD. (Fig. 1.13 illustrates the same configuration after it has been
“unwrapped” onto a plane.)

A

B C

D

F

E

Fig. 1.12. Euclid’s proof fails on a sphere.

A

B C

D

F

E

Fig. 1.13. The same diagram “unwrapped.”

Some of these objections to Euclid’s arguments might seem to be of little practical
consequence, because, after all, nobody questions the truth of the theorems he proved.
However, if one makes a practice of relying on relationships that seem obvious in diagrams,
it is possible to go wildly astray. We end this section by presenting a famous fallacious
“proof” of a false “theorem,” which vividly illustrates the danger.

The argument below is every bit as rigorous as Euclid’s proofs, with each step justi-
fied by Euclid’s postulates, common notions, or propositions; and yet the theorem being
proved is one that everybody knows to be false. This proof was first published in 1892 in a
recreational mathematics book by W. W. Rouse Ball [Bal87, p. 48]. Exercise 1D asks you
to identify the incorrect step(s) in the proof.

Fake Theorem. Every triangle has at least two equal sides.

Fake Proof. Let ABC be any triangle, and let AD be the bisector of angle A (Proposition
I.9). We consider several cases.

Suppose first that when AD is extended (Postulate 2), it meets BC perpendicularly.
Let O be the point where these segments meet (Fig. 1.14(a)). Then angles AOB and
AOC are both right angles by definition of “perpendicular.” Thus the triangles AOB and



Gaps in Euclid’s Arguments 19

A

A

A

A

B

B

B

B

C

C

C

C

D

D
D

D

M

M

`

`

`

O

O

O

O

F

F

F

G

G

G

(a) (b)

(c) (d)

Fig. 1.14. The “proof” that every triangle has two equal sides.

AOC have two pairs of equal angles and share the common side AO , so it follows from
Proposition I.26 that the sides AB and AC are equal.

In all of the remaining cases, we assume that the extension of AD is not perpendicular
to BC . Let BC be bisected at M (Proposition I.10), let ` be the line perpendicular to BC
at M (Proposition I.11), and let AD be extended if necessary (Postulate 2) so that it meets
` at O . There are now three possible cases, depending on the location of O .

CASE 1: O lies inside triangle ABC (Fig. 1.14(b)). Draw BO and CO (Postulate
1). Note that the triangles BMO and CMO have two pairs of equal corresponding sides
(MO is common and BM D CM ), and the included angles BMO and CMO are both
right, so the remaining sides BO and CO are also equal by Proposition I.4. Now draw
OF perpendicular to AB and OG perpendicular to AC (Proposition I.12). Then triangles
AFO and AGO have two pairs of equal corresponding angles and share the side AO ,
so Proposition I.26 implies that their remaining pairs of corresponding sides are equal:
AF D AG and FO D GO . Now we can conclude that BFO and CGO are both right
triangles in which the hypotenuses BO and CO are equal and the legs FO and GO are
also equal. Therefore, the Pythagorean theorem (Proposition I.47) together with Common
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Notion 3 implies that the squares on the remaining legs FB and GC are equal, and thus
the legs themselves are also equal. Thus we have shown AF D AG and FB DGC , so by
Common Notion 2, it follows that AB D AC .

CASE 2: O lies on BC (Fig. 1.14(c)). Then O must be the point where BC is
bisected, because that is where ` meets BC . In this case, we argue exactly as in Case
1, except that we can skip the first step involving triangles BMO and CMO , because
we already know that BO D OC (because BC is bisected at O). The rest of the proof
proceeds exactly as before to yield the conclusion that AB D AC .

CASE 3: O lies outside triangle ABC (Fig. 1.14(d)). Again, the proof proceeds
exactly as in Case 1, except now there are two changes: first, before drawingOF andOG,
we need to extend AB beyond B , extend AC beyond C (Postulate 2), and draw OF and
OG perpendicular to the extended line segments (Proposition I.12). Second, in the very
last step, having shown that AF D AG and FB D GC , we now use Common Notion 3
instead of Common Notion 2 to conclude that AB D AC . �

Modern Axiom Systems

We have seen that the discovery of non-Euclidean geometry made it necessary to rethink
the foundations of geometry, even Euclidean geometry. In 1899, these efforts culminated in
the development by the German mathematician David Hilbert (1862–1943) of the first set
of postulates for Euclidean geometry that were sufficient (according to modern standards of
rigor) to prove all of the propositions in the Elements. (One version of Hilbert’s axioms is
reproduced in Appendix A.) Following the tradition established by Euclid, Hilbert did not
refer to numbers or measurements in his axiom system. In fact, he did not even to refer to
comparisons such as “greater than” or “less than”; instead, he introduced new relationships
called congruent and between and added a number of axioms that specify their properties.
For example, two line segments are to be thought of as congruent to each other if they have
the same length (Euclid would say they are “equal”); and a point B is to be thought of as
between A and C if B is an interior point of the segment AC (Euclid would say “AB is
part of AC ”). But these intuitive ideas were only the motivations for the choice of terms;
the only facts about these terms that could legitimately be used in proofs were the facts
stated explicitly in the axioms, such as Hilbert’s Axiom II.3: Of any three points on a line
there exists no more than one that lies between the other two.

Although Hilbert’s axioms effectively filled in all of the unstated assumptions in Eu-
clid’s arguments, they had a distinct disadvantage in comparison with Euclid’s postulates:
Hilbert’s list of axioms was long and complicated and seemed to have lost the elegant
simplicity of Euclid’s short list of assumptions. One reason for this complexity was the ne-
cessity of spelling out all the properties of betweenness and congruence that were needed
to justify all of Euclid’s assertions regarding comparisons of magnitudes.

In 1932, the American mathematician George D. Birkhoff published a completely
different set of axioms for plane geometry using real numbers to measure sizes of line
segments and angles. The theoretical foundations of the real numbers had by then been
solidly established, and Birkhoff reasoned that since numerical measurements are used
ubiquitously in practical applications of geometry (as embodied in the ruler and protractor),
there was no longer any good reason to exclude them from the axiomatic foundations of
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geometry. Using these ideas, he was able to replace Hilbert’s long list by only four axioms
(see Appendix B).

Once Birkhoff’s suggestion started to sink in, high-school text writers soon came
around. Beginning with a textbook coauthored by Birkhoff himself [BB41], many high-
school geometry texts were published in the U.S. that adopted axiom systems based more
or less on Birkhoff’s axioms. In the 1960s, the School Mathematics Study Group (SMSG),
a committee sponsored by the U.S. National Science Foundation, developed an influen-
tial system of axioms for high-school courses that used the real numbers in the way that
Birkhoff had proposed (see Appendix C). The use of numbers for measuring lengths and
angles was embodied in two axioms that the SMSG authors called the ruler postulate and
the angle measurement postulate. In one way or another, the SMSG axioms form the basis
for the axiomatic systems used in most high-school geometry texts today. The axioms that
will be used in this book are inspired by the SMSG axioms, although they have been modi-
fied in various ways: some of the redundant axioms have been eliminated, and some of the
others have been rephrased to more closely capture our intuitions about plane geometry.

This concludes our brief survey of the historical events leading to the development
of the modern axiomatic method. For a detailed and engaging account of the history of
geometry from Euclid to the twentieth century, the book [Gre08] is highly recommended.

Exercises

1A. Read all of the definitions in Book I of Euclid’s Elements, and identify which ones are
descriptive and which are logical.

1B. Copy Euclid’s proofs of Propositions I.6 and I.10, and identify each of the standard
six parts: enunciation, setting out, specification, construction, proof, and conclusion.

1C. Choose several of the propositions in Book I of the Elements, and rewrite the statement
and proof of each in more modern, idiomatic English. (You are not being asked to
change the proofs or to fill in any of the gaps; all you need to do is rephrase Euclid’s
proofs to make them more understandable to modern readers.) When you do your
rewriting, consider the following:
� Be sure to include diagrams, and consider adding additional diagrams if they

would help the reader follow the arguments.
� Many terms are used by Euclid without explanation, so make sure you know what

he means by them. The following terms, for example, are used frequently by
Euclid but seldom in modern mathematical writing, so once you understand what
they mean, you should consider replacing them by more commonly understood
terms:

– a finite straight line,
– to produce a finite straight line,
– to describe a circle,
– to apply or superpose a figure onto another,
– the base and sides of an arbitrary triangle,
– one angle or side is much greater than another,
– a straight line standing on a straight line,
– an angle subtended by a side of a triangle.
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� In addition, the following terms that Euclid uses without explanation are also used
by modern writers, so you don’t necessarily need to change them; but make sure
that you know what they mean and that the meanings will be clear to your readers:

– the base of an isosceles triangle,
– to bisect a line segment or an angle,
– vertical angles,
– adjacent angles,
– exterior angles,
– interior angles.

� Euclid sometimes writes “I say that [something is true],” which is a phrase you
will seldom find in modern mathematical writing. When you see this phrase in
Euclid, think about how it fits into the logic of his proof. Is he saying this is a
statement that follows from what he has already proved? Or a statement that he
thinks is obvious and does not need proof? Or a statement that he claims to be true
but has not proved yet? Or something else? How might a modern mathematician
express this?
� Finally, after you have rewritten each proof, write a short discussion of the main

features of the proof, and try to answer these questions: Why did Euclid construct
the proof as he did? Were there any steps that seemed superfluous to you? Were
there any steps or justifications that he left out? Why did this proposition appear
at this particular place in the Elements? What would have been the consequences
of trying to prove it earlier or later?

1D. Identify the fallacy that invalidates the proof of the “fake theorem” that says every
triangle has two equal sides, and justify your analysis by carefully drawing an example
of a nonisosceles triangle in which that step is actually false. [Hint: The problem has
to do with drawing conclusions from the diagrams about locations of points. It’s not
enough just to find a step that is not adequately justified by the axioms; you must find
a step that is actually false.]

1E. Find a modern secondary-school geometry textbook that includes some treatment of
axioms and proofs, and do the following:
(a) Read the first few chapters, including at least the chapter that introduces triangle

congruence criteria (SAS, ASA, AAS).
(b) Do the homework exercises in the chapter that introduces triangle congruence

criteria.
(c) Explain whether the axioms used in the book fill in some or all of the gaps in

Euclid’s reasoning discussed in this chapter.



Chapter 2

Incidence Geometry

Motivated by the advances described in the previous chapter, mathematicians since the
early twentieth century have always proved theorems using a modern version of the ax-
iomatic method. The purpose of this chapter is to describe this method and give an example
of how it works.

Axiomatic Systems

The first important realization, due to Hilbert, is that it is impossible to precisely define
every mathematical term that will be used in a given field. As we saw in Chapter 1, Eu-
clid attempted to give descriptive definitions of words like point, straight line, etc. But
those definitions were not sufficiently precise to be used to justify steps in proofs. Hilbert’s
insight was that from the point of view of mathematical logic, such definitions have no
meaning. So, instead, he proposed to eliminate them from the formal mathematical de-
velopment and simply to leave some terms officially undefined. Such terms are called
primitive terms—they are given no formal mathematical definitions, but, instead, all of
their relevant properties are expressed in the axioms. In Hilbert’s axiomatic system, for
example, the primitive terms are point, line, plane, lies on, between, and congruent.

Here, then, is the type of system we will be considering. An axiomatic system consists
of the following elements:

� primitive terms (also called undefined terms): technical words that will be used in
the axioms without formal definitions;

� defined terms: other technical terms that are given precise, unambiguous definitions
in terms of the primitive terms and other previously defined terms;

� axioms (also called postulates): mathematical statements about the primitive and
defined terms that will be assumed to be true without proof;

� theorems: mathematical statements about the primitive and defined terms that can
be given rigorous proofs based only on the axioms, definitions, previously proved
theorems, and rules of logic.

23
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Each primitive term in an axiomatic system is usually declared to be one of several
grammatical types: an object, a relation, or a function.

� A primitive term representing an object serves as a noun in our mathematical gram-
mar. Some geometric examples are point and line.

� A primitive term representing a relation serves as a verb connecting two objects of
certain types, yielding a statement that is either true or false. A common geometric
example is lies on: it makes sense to say “a point lies on a line.”

� A primitive term representing a function serves as a sort of “operator” that can be
applied to one or more objects of certain types to produce objects of other types.
A common geometric example is distance, which can be applied to two points to
produce a number, so it makes sense to say “the distance from A to B is 3.”

The theorems in an axiomatic system might not all be labeled “theorems”—in a partic-
ular exposition of an axiomatic system, some of them might be titled propositions, corol-
laries, or lemmas, depending on their relationships with the other theorems of the system.
But logically speaking, there are no differences among the meanings of these terms; they
are all theorems of the axiomatic system.

The Axioms of Incidence Geometry

To illustrate how axiomatic systems work, we will create a “toy” axiomatic system that
contains some, but not all, of the features of plane geometry. (It is a genuine axiomatic
system; the word “toy” is meant to suggest that it axiomatizes only a very small part of
geometry, so we can learn a great deal by playing with this system before we dive into
a full-blown axiomatization of Euclidean geometry.) Because it describes how lines and
points meet each other, it is called incidence geometry. (The word incidence descends
from Latin roots meaning “falling upon.”)

Incidence geometry is based on Hilbert’s first three axioms (I.1, I.2, and I.3 in Ap-
pendix A). It has three primitive terms: point, line, and lies on. Grammatically, “points”
and “lines” are the objects in our system, while “lies on” is a relation that might or might
not hold between a point and a line: if A is a point and ` is a line, then “A lies on `”
is a meaningful mathematical statement in our system; it is either true or false, but not
both. The meanings of the primitive terms are to be gleaned from the axioms, which we
will list below. Intuitively, you can think of points in the same way we thought of them
in Euclidean geometry—as indivisible locations in the plane, with no width or area—and
you can think of lines as straight one-dimensional figures with no width or depth; but these
descriptions are not part of the axiomatic system, and you have to be careful not to assume
or use any properties of points and lines other than those that are explicitly stated in the
axioms. Hilbert once remarked that one should be able to substitute any other words for
the primitive terms in an axiomatic system—such as “tables,” “chairs,” and “beer mugs” in
place of “points,” “lines,” and “planes”—without changing the validity of any of the proofs
in the system.

In addition to the primitive terms, we define the following terms:

� For a line ` and a point A, we say that ` contains A if A lies on `.

� Two lines are said to intersect or to meet if there is a point that lies on both lines.
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� Two lines are parallel if they do not intersect.

� A collection of points is collinear if there is a line that contains them all.

The prefix “non” attached to the name of any property negates that property—for example,
to say that three points are noncollinear is to say that it is not true that they are collinear,
or equivalently that there is no line that contains them all.

In addition, we will use the terms of mathematical logic with their usual meanings.
See Appendix E for a summary of the terminology and conventions of mathematical logic.
Note that in modern mathematics (in contrast to Euclid’s Elements), to say that two objects
are equal is to say that they are the same object, while to say two objects are distinct or
different is simply to say that they are not equal. When we say three or more objects are
distinct, it means that no two of them are equal. In general, a phrase like “A and B are
points” should not be taken to imply that they are distinct points unless explicitly stated. On
the other hand, a phrase like “at least two points” means two distinct points and possibly
more, while “exactly two points” means two distinct points, no more and no fewer. (We
will sometimes explicitly insert the word “distinct” in such phrases to ensure that there is
no ambiguity, but it is not strictly necessary.)

In our version of incidence geometry, there are four axioms:

� Incidence Axiom 1: There exist at least three distinct noncollinear points.

� Incidence Axiom 2: Given any two distinct points, there is at least one line that
contains both of them.

� Incidence Axiom 3: Given any two distinct points, there is at most one line that
contains both of them.

� Incidence Axiom 4: Given any line, there are at least two distinct points that lie on
it.

The second and third axioms could be combined into a single statement: given any two
distinct points, there is a unique line that contains both of them. But we have separated
the existence and uniqueness parts of the statement because they are easier to analyze this
way.

Because of Axioms 2 and 3, we can adopt the following notation: if A and B are any
two distinct points, we will use the notation

 �!

AB to denote the unique line that contains
both A and B . If A and B are points that have already been introduced into the discussion,
this notation is meaningful only when we know that A and B are distinct; if they happen to
be the same point, there could be many different lines containing that point, so the notation
 �!

AB would not have a definite meaning. If we say “
 �!

AB is a line” or “let
 �!

AB be a line”
without having previously introduced A and B , this should be understood as including the
assertion that A and B are not equal. Thus such a statement really means “A and B are
distinct points and

 �!

AB is the unique line containing them.”

Because of the terms we have chosen—point, line, and lies on—you will probably find
yourself visualizing points and lines as marks on paper, much as we did when studying
Euclid’s propositions. This is not necessarily a bad idea, because we have deliberately
chosen the terms to evoke familiar objects of geometric study. But you must develop the
habit of thinking critically about each statement to make sure that it is justified only by the
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axioms, definitions, and previously proved theorems. For example, here are two similar-
sounding statements about points and lines, both of which are true in the usual Euclidean
setting:

Statement I. Given any point, there are at least two distinct lines that contain it.

Statement II. Given any line, there are at least two distinct points that do not lie on it.

As we will see later in this chapter, Statement I can be proved from the axioms alone,
so it is a theorem of incidence geometry (see Theorem 2.42). However, Statement II cannot
be proved from the axioms (see Exercise 2D). The justification for the latter claim depends
on some extremely useful tools for deepening our understanding of an axiomatic system:
interpretations and models.

Interpretations and Models of Incidence Geometry

In a certain sense, the theorems of an axiomatic system are not “about” anything; they
are just statements that follow logically from the axioms. But the real power of axiomatic
systems comes in part from the fact that they can actually tell us things about whole classes
of concrete mathematical systems. Here we describe how that works.

An interpretation of an axiomatic system is an assignment of a mathematical defini-
tion for each of its primitive terms. Usually, our interpretations will be constructed in some
area of mathematics that we already understand, such as set theory or the real number sys-
tem. Although these other subjects are ultimately based on their own axiomatic systems,
we will simply take them as given for the purposes of constructing interpretations.

An interpretation of an axiomatic system is said to be a model if each of the axioms
is a true statement when the primitive terms are given the stated definitions. Typically, an
axiomatic system will have many different models. (The main exception is an axiomatic
system that is self-contradictory: for example, if we added a fifth incidence axiom that said
no line contains two distinct points, then we would have a system that admitted no models.)
One source of the power of axiomatic systems is that any theorems we succeed in proving
in the axiomatic system become true statements about every model because they all follow
logically from the axioms, which are themselves true statements about every model.

Let us explore some models of incidence geometry. We start with a very simple one—
in fact, in a certain sense, it is the simplest possible model because every model must have
at least three points by Axiom 1.

Example 2.1 (The Three-Point Plane). In this interpretation, we define the term point
to mean any one of the numbers 1, 2, or 3; and we define the term line to mean any one
of the sets f1;2g, f1;3g, or f2;3g. (Here we are using a standard notation for sets: for
example, f1;2g is the set whose elements are 1 and 2 and nothing else. See Appendix G.)
We say a “point” lies on a “line” if that “point” (i.e., number) is one of the elements in that
“line” (i.e., set of two numbers). (In this example, we are placing quotation marks around
the primitive terms to emphasize that we have assigned arbitrary meanings to them, which
may have nothing to do with our ordinary understanding of the words.)

It is convenient to visualize the three-point plane by means of a diagram like that of
Fig. 2.1. In diagrams such as these, dots are meant to represent “points,” and line segments
are meant to represent “lines”; a “point lies on a line” if and only if the corresponding dot
touches the corresponding line segment. It is important to remember, however, that the
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official definition of the interpretation is the description given above, in terms of numbers
and sets of numbers; the diagram is not the interpretation. In particular, looking at the
diagram, one might be led to believe that the “line” containing 1 and 2 also contains many
other “points” besides the two endpoints; but if you look back at the definition, you will
see that this is not the case: each “line” contains exactly two “points.” The line segments
in the drawing are there merely to remind us which sets of “points” constitute “lines.”

2 3

1

Fig. 2.1. The three-point plane.

We will check that the three-point plane is a model for incidence geometry by showing
that each of the four incidence axioms is a true statement about this interpretation. Axiom
1 is true because 1, 2, and 3 are three “points” that are not all contained in any one “line,”
so they are noncollinear. To prove that Incidence Axiom 2 holds, we have to prove that
for each pair of distinct “points,” there is a “line” that contains them. In this case, we can
prove this by enumerating the possible pairs directly: the “points” 1 and 2 are contained in
the “line” f1;2g; the “points” 1 and 3 are contained in the “line” f1;3g; and the “points”
2 and 3 are contained in the “line” f2;3g. Axiom 3 holds because each of these pairs of
“points” is contained in only the indicated “line” and no other. Finally, to prove Axiom 4,
just note that each “line” contains exactly two “points” by definition. //

In our proof that the three-point plane is a model, we carried out everything in gory
detail. As the models get more complicated, when we need to prove that the axioms hold by
enumeration, we will not bother to write out all possible lines and points; but you should be
able to see easily how it would be done in each case. (If it’s not obvious how to do so, you
should pick up your pencil and write down all the possibilities!) Also, from now on, after
we have given definitions for “point,” “line,” and “lies on” for a particular interpretation,
we will often dispense with the awkward quotation marks. Just remember that whenever
we use these terms in the context of an interpretation, they are to be understood as having
the meanings we assign them in that interpretation.

Here are some more models.

Example 2.2 (The n-Point Plane). The previous example can be generalized as follows.
For any integer n� 3, we can construct an interpretation by defining a point to be any one
of the numbers 1;2;3; : : : ;n; defining a line to be any set containing exactly two of those
numbers; and defining lies on to mean “is an element of ” as before. Fig. 2.2 illustrates this
interpretation when nD 4, and Fig. 2.3 illustrates it for nD 5.

Remember, in these pictures, the only “points” in the geometry are the ones indicated
by dots. In the illustration of the 5-point plane, some pairs of lines, such as f1;3g and
f2;4g, appear to cross; but in the interpretation those lines do not intersect because there is
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1 2

3

4

Fig. 2.2. The four-point plane.

1

2

34

5

Fig. 2.3. The five-point plane.

no point that lies on both of them. Many other illustrations are possible—for example, Fig.
2.4 shows two other illustrations of the four-point plane. In one of these illustrations, the
“lines” are drawn as curves for convenience, but the corresponding sets of points are still
“lines” in the model. Although the three illustrations look very different, they all represent
exactly the same model because they have the same points, the same lines, and the same
“lies on” relation.

1

1

2

2

33 44

Fig. 2.4. Two more illustrations of the four-point plane.

We can show that for each n� 3, the n-point plane is a model of incidence geometry.
Because 1, 2, and 3 are noncollinear points, Axiom 1 is satisfied. For any pair of distinct
points i and j , the line fi;j g is the unique line that contains them, so Axioms 2 and 3 are
satisfied. Finally, Axiom 4 is satisfied because each line contains two distinct points by
definition. //

Example 2.3 (The Fano Plane). In this interpretation, we define a point to be one of the
numbers 1;2;3;4;5;6;7 and a line to be one of the following sets:

f1;2;3g; f3;4;5g; f5;6;1g; f1;7;4g; f2;7;5g; f3;7;6g; f2;4;6g:

(See Fig. 2.5.) As before, lies on means “is an element of.” It is easy to check by enumer-
ation that the Fano plane satisfies all four axioms, so it is a model of incidence geometry.
(The verification is not hard, but writing down all the details would take a while. If you are
not convinced that the axioms are all satisfied, check them!) Note that we have drawn the
“line” f2;4;6g as a circle for convenience, but it is still to be interpreted as a line in this
geometry, no different from any other line. //

In all of the models we have introduced so far, “points” have been numbers and “lines”
have been sets of points. There is nothing about the axioms that requires this. Here is a
model that is not of this type.
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1

2

3
4

5

6
7

Fig. 2.5. The Fano plane.

Example 2.4 (The Amtrak Model). In this interpretation, we define point to mean any
one of the cities Seattle, Sacramento, or Chicago; and line to mean any one of the following
Amtrak passenger rail lines: the Coast Starlight, the Empire Builder, or the California
Zephyr. We define lies on to mean that the city is one of the stops on that rail line. The
route map of these lines is shown in Fig. 2.6. We leave it to the reader to check that this is
a model. //

Seattle

Sacramento Chicago

Empire Builder

Coast Starlight

California Zephyr

Fig. 2.6. The Amtrak model.

The Amtrak model has a lot in common with the three-point plane: both have exactly
three “points” and three “lines,” and each “line” contains exactly two “points.” In fact, in a
certain sense these two models are essentially the same, except for the names given to the
points and lines. To describe this relationship more precisely, we introduce the following
terminology: suppose we are given two models A and B of a given axiomatic system. An
isomorphism between the models is an assignment of one-to-one correspondences between
the primitive objects of each type in A and the objects of the same type in B in such a way
that all of the primitive relations and functions are preserved. For models of incidence
geometry, this means a one-to-one correspondence between the points of A and the points
of B and a one-to-one correspondence between the lines of A and the lines of B, with the
property that a given point of A lies on a given line of A if and only if the corresponding
point of B lies on the corresponding line of B. If such a correspondence exists, we say
the two models are isomorphic. This means they are “the same” in all of the features that
are relevant for this axiomatic system, but the names of the objects might be different. The
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Amtrak model is isomorphic to the three-point plane under the correspondence

1$ Seattle; f1;2g $ Coast Starlight;

2$ Sacramento; f1;3g $ Empire Builder;

3$ Chicago; f2;3g $ California Zephyr:

None of the other models we have introduced so far are isomorphic to each other. If two
models have different numbers of points, they cannot be isomorphic because there cannot
be a one-to-one correspondence between their points. Other than the 3-point plane and the
Amtrak model, the only other two models we’ve seen that have the same number of points
are the Fano plane and the 7-point plane; for those, see Exercise 2E.

The variety of models we can construct is limited only by our imagination. Here is
another model that is isomorphic to the three-point plane; it illustrates again that lines do
not necessarily need to be sets of points.

Example 2.5 (The Three-Equation Model). Define point to mean any of the ordered
pairs .1;0/, .0;1/, or .1;1/; and line to mean any one of the following equations:

x D 1; y D 1; xCy D 1:

(See Fig. 2.7.) We say that a point .a;b/ lies on a line if the equation is true when we
substitute x D a and y D b. Thus, for example, the point .1;0/ lies on the lines x D 1 and
xCy D 1, but not on y D 1. You should convince yourself that this is indeed a model of
incidence geometry and that it is isomorphic to both the three-point plane and the Amtrak
model. //

Fig. 2.7. The three-equation model.

Some Nonmodels

Next, let us consider some interpretations that are not models.

Example 2.6 (One-Point Geometry). Here is a silly interpretation of incidence geometry:
we define point to mean the number 1 only; in this interpretation, there are no lines, and
so no point lies on any line. Axiom 1 is obviously false in this interpretation, so this is
not a model of incidence geometry. However, it is interesting to note that Axioms 2–
4 are actually all true. For example, because there are no lines, it is true that for every
line (all none of them!), there are at least two points that lie on it. The other axioms are
true for similar reasons. (These are examples of statements that are said to be “vacuously
true” because their hypotheses are never satisfied; see Appendix E for a discussion of such
statements.) //
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Example 2.7 (The Three-Point Line). In this interpretation, we define point to mean any
one of the numbers 1, 2, or 3, line to mean only the set f1;2;3g, and lies on to mean “is
an element of ” (see Fig. 2.8). You can check that in this interpretation Axiom 1 is false,
but Axioms 2, 3, and 4 are all true; thus this interpretation is not a model of incidence
geometry. //

1 2 3

Fig. 2.8. The three-point line.

For the rest of the interpretations in this section, we will leave it to you to figure out
why they are not models (see Exercise 2A).

Example 2.8 (Three-Ring Geometry). In this interpretation, a point is any one of the
numbers 1;2;3;4;5;6; a line is any one of the sets f1;2;5;6g, f2;3;4;6g, or f1;3;4;5g;
and lies on means “is an element of” (see Fig. 2.9). //

1 2 3

4 5

6

Fig. 2.9. Three-ring geometry.

1

2 3

Fig. 2.10. One-two geometry.

Example 2.9 (One-Two Geometry). Here is yet another interpretation that has exactly
three points: a point is 1, 2, or 3; a line is any set consisting of exactly one or two points,
namely f1g, f2g, f3g, f1;2g, f1;3g, or f2;3g; and lies on means “is an element of” (see Fig.
2.10). //

Example 2.10 (Square Geometry). Define an interpretation of incidence geometry by
letting point mean any of the vertices of a square, line mean any of the sides of that square,
and lies on mean the point is one of the endpoints of the side (see Fig. 2.11). //

Fig. 2.11. Square geometry.



Chapter 3

Axioms for Plane Geometry

Starting in this chapter, we describe a modern, rigorous axiomatic system within which
all of Euclid’s theorems of plane geometry (and more) can be proved. To begin with, we
describe an axiomatic system that does not include any parallel postulate; this system is
called neutral geometry. Like Euclid, we will prove as many theorems as we can without
relying on a parallel postulate. When the Euclidean parallel postulate is added to the postu-
lates of neutral geometry, we obtain an axiomatic system called Euclidean geometry, and
when the hyperbolic parallel postulate is added instead, we obtain hyperbolic geometry.
Taken together, this collection of axiomatic systems is called plane geometry.

The postulates we will be using are based roughly on the SMSG postulates proposed
for high-school geometry courses in the 1960s (see Appendix C), from which most axiom
systems used in high-school geometry textbooks are descended. The SMSG postulates,
in turn, were based ultimately on the axiomatic system proposed in 1932 by George D.
Birkhoff (Appendix B), the first mathematician to introduce the real number system into
the foundations of geometry. The axioms introduced here are closely related to those that
are typically used in high-school courses, but they adhere to a higher standard of rigor.

Although Euclid treated the geometry of three-dimensional space in addition to plane
geometry and both Hilbert’s system and the SMSG system contain postulates that describe
the geometry of space, our treatment is limited to plane geometry alone. This is not because
three-dimensional geometry is not important (it is), but rather because our main purpose is
to explore the way axiomatic systems are used to make mathematics rigorous, and plane
geometry serves that purpose perfectly well. Once you have thoroughly understood the
approach to plane geometry developed in this book, it should be an easy matter to extend
your understanding to the geometry of space.

Because our axiom system uses both set theory and the theory of the real number
system as underlying foundations, we assume all of the standard tools of set theory (sum-
marized in Appendix G) and all of the standard properties of the real numbers (summarized
in Appendix H) as given.

53



54 3. Axioms for Plane Geometry

The proofs in this subject range from very easy to extremely challenging. In order
that you might have a bit of forewarning about how difficult a proof is likely to be before
you start to tackle it, we use the following rating system for our proofs in plane geometry,
borrowed from the movies:

� Rated G: simple, straightforward proofs that you should understand thoroughly and
be able to reconstruct on your own. Many of these proofs would be quite appropriate
to explain to high-school students. All of the geometry proofs in this book are rated
G unless otherwise specified.

� Rated PG: proofs that are a little less straightforward than the G-rated ones. Some
might use slightly more advanced techniques, while others use only elementary tech-
niques but contain unexpected ideas or “tricks.” You should understand these thor-
oughly; but you might not have thought of them yourself, and you might find it a
little challenging to reconstruct them on your own unless you have made an effort to
commit the main ideas to memory.

� Rated R: proofs that are considerably more difficult than most of the proofs in the
book because they use more advanced techniques, or they use elementary techniques
in highly unconventional ways, or they are unusually long and intricate. You should
attempt to follow the logic of these proofs, but you would ordinarily not be expected
to be able to reconstruct them without a great deal of effort.

� Rated X: proofs that are too advanced or too complex to be included in this book at
all.

From now on, we will present all of our proofs in paragraph form, since such proofs
are usually the easiest kind to understand. But you are encouraged to continue constructing
proofs first in two-column format before writing them in paragraph form, to help you make
sure you have correctly worked out the logical steps and their justifications.

Points and Lines

Every axiomatic system must begin with some primitive terms. In our axiomatic approach
to geometry, there are four primitive terms: point, line, distance (between points), and
measure (of an angle). The terms point and line represent objects, while distance and
measure represent functions: distance is a function of pairs of points, and measure is a
function of angles (to be defined later).

Although we do not give the primitive terms formal mathematical definitions within
our axiomatic system, here is how you should think about them intuitively:

� Point: a precise, indivisible “location” in the plane, without any length, width, depth,
area, or volume. Euclid’s description of a point as “that which has no part” is as good
as any.

� Line: a set of points in the plane that forms a “continuous straight path” with no
width, no gaps, and no bends, extending infinitely far in both directions.

� Distance between points: a nonnegative real number describing how far apart two
points are.

� Measure of an angle: a real number between 0 and 180 inclusive (representing de-
grees), describing the size of the opening between two rays with a common endpoint.
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It cannot be overemphasized that these are not mathematical definitions; they are just
intuitive descriptions to help you visualize what the terms mean when they are used in
postulates and in further definitions. We will never use any of these descriptions to jus-
tify steps in a proof. (It would be impossible to do so while maintaining rigor, because
many of the key terms that appear in these descriptions—such as “location,” “straight,”
and “opening”—have themselves not been formally defined!) The only mathematical con-
tent that can be ascribed to the primitive terms is what the postulates tell us about them.

As a general rule, we use capital letters to denote points, and we use lowercase letters
in the range `;m;n; : : : to denote lines. Most of these symbols, however, can also be used
to represent other objects, so it is always necessary to say what each particular symbol is
meant to represent.

Here is our first postulate.

Postulate 1 (The Set Postulate). Every line is a set of points, and there is a set of all
points called the plane.

This postulate does not contain much geometric information, but it sets the stage for
everything we are going to do later. It tells us that we can use all of the tools of set theory
(subsets, intersections, unions, etc.) when talking about lines or other collections of points.
It rules out models in which lines are anything other than sets of points—such as, for
example, the Amtrak model of Chapter 2.

Using the vocabulary of set theory, we can define some commonly used geometric
terms. If ` is a line and A is a point, we define both A lies on ` and ` contains A to be
synonyms for the statement A 2 `. The set postulate thus frees us from having to consider
“lies on” as a primitive term.

We define the following terms just as we did in incidence geometry: a set of points is
said to be collinear if there is a line that contains them all; and two lines ` and m are said
to intersect if there is at least one point that lies on both of them. (In this context, this is
just a special case of the set-theoretic definition of what it means for two sets to intersect.)
If A is a point that lies on both lines ` and m, we also say that ` andm meet at A. We say
that ` andm are parallel, denoted by ` km, if they do not intersect. By this definition, no
line is parallel to itself since—as we will see below—every line contains at least one point
and thus intersects itself. (Some high-school geometry texts define parallel lines in such
a way that every line is parallel to itself. Which definition is chosen is a matter of taste
and convenience, and each author is free to choose either definition, as long as he or she
uses it consistently. For our purposes, the definition we have chosen is much more useful.
Besides, it has an excellent pedigree: it is essentially the same as Euclid’s definition.)

The next postulate begins to give the theory a little substance. You will recognize it as
Axiom 1 of incidence geometry.

Postulate 2 (The Existence Postulate). There exist at least three distinct non-
collinear points.
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This postulate still does not tell us very much about our geometry, but without it we
could not get started because we could not be sure that there exist any points at all!

Our third postulate corresponds to Euclid’s first postulate. But ours says more: whereas
Euclid assumed only that for any two points, there is a line that contains them, we are as-
suming in addition that the line is unique. (It is clear from Euclid’s use of his first postulate
in Proposition I.4 that he had in mind that the line should be unique, even though he didn’t
state it as part of the postulate. Our postulate rectifies this omission.)

Postulate 3 (The Unique Line Postulate). Given any two distinct points, there is a
unique line that contains both of them.

You will also recognize this as the combination of Axioms 2 and 3 of incidence geom-
etry. (Axiom 4 of incidence geometry is true in our axiomatic system as well, but we do
not need to assume it as a separate postulate because it will follow from Postulate 5 below.)

If A and B are two distinct points, we use the notation
 �!

AB to denote the unique line
that contains both A and B , just as in incidence geometry (see p. 25). As before, if A
and B have not been previously mentioned, then a phrase such as “Let

 �!

AB be a line”
is understood to mean “Let A and B be distinct points and let

 �!

AB be the unique line
containing them.”

Distance

So far, our geometric postulates have not strayed very far from the axioms of incidence
geometry. In fact, you can check that every model of incidence geometry described in
Chapter 2 in which each line is a set of points (as opposed to, say, a railroad line) is also a
model of the axiomatic system we have described so far. Our next two postulates, though,
take us in a very different direction, by introducing the real numbers into the study of
geometry.

Postulate 4 (The Distance Postulate). For every pair of pointsA andB , the distance
from A to B is a nonnegative real number determined by A and B .

We use the notation AB to denote the distance from A to B . This postulate gives us
no details about the distance AB other than that it is a nonnegative real number and that it
is completely determined by the points A and B . (So, for example, if A0 D A and B 0 D B ,
then A0B 0 D AB; and the distance from A to B will be the same tomorrow as it is today.)
The next postulate is what gives distance its geometric meaning. It expresses in rigorous
mathematical language our intuitive understanding of what we do with a ruler (Fig. 3.1):
we align it with a line along which we wish to determine distances and then read off the
distance between two points by subtracting the numbers that appear at the corresponding
positions on the ruler. Of course, the postulate says nothing about physical rulers; it is
called the “ruler postulate” merely as a way to remember easily what it is about.

If X and Y are sets, recall that a function f WX ! Y is said to be injective if f .x1/D
f .x2/ implies x1 D x2; it is said to be surjective if for every y 2 Y there exists x 2 X
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Fig. 3.1. Motivation for the ruler postulate.

such that f .x/D y; and it is said to be bijective if it is both injective and surjective. (See
Appendix G for a brief review of these concepts.)

Postulate 5 (The Ruler Postulate). For every line `, there is a bijective function
f W`!R with the property that for any two points A;B 2 `, we have

AB D jf .B/�f .A/j: (3.1)

If x and y are real numbers, we often refer to the quantity jy � xj as the distance
between x and y . If ` is a line, a function f W`! R that satisfies equation (3.1) for all
A;B 2 ` is said to be distance-preserving, because (3.1) says that the distance between
the points A and B is the same as that between the numbers f .A/ and f .B/. A distance-
preserving bijective function from ` to R is called a coordinate function for `. With this
terminology, we can summarize the ruler postulate as follows: for each line, there exists a
coordinate function. Once a particular coordinate function f has been chosen for a line,
then the number f .A/ associated with a point A is called the coordinate ofA with respect
to f .

One immediate consequence of the ruler postulate is the following.

Theorem 3.1. Every line contains infinitely many distinct points.

Proof. Let ` be a line. By the ruler postulate, there exists a coordinate function f W`!R.
Because f is surjective, for each positive integer n, there is a point Xn 2 ` such that
f .Xn/ D n. All of the points fX1;X2; : : :g must be distinct because f is a well-defined
function and assigns different values to them. �

This theorem immediately implies the fourth axiom of incidence geometry.

Corollary 3.2 (Incidence Axiom 4). Given any line, there are at least two distinct points
that lie on it. �

We have now shown that all four axioms of incidence geometry are true in our ax-
iomatic system. (Incidence Axiom 1 is the existence postulate; Incidence Axioms 2 and 3
follow from the unique line postulate; and we have just proved Incidence Axiom 4.) There-
fore, Theorems 2.25–2.42 (including Corollaries 2.27, 2.31, and 2.39) are now theorems
of neutral geometry, with exactly the same proofs.

It is important to note that the ruler postulate does not say that there is a unique coor-
dinate function, only that there is at least one. In fact, as we will soon show, every line has
many different coordinate functions. Because the distance postulate guarantees that the
distance between any two points is a well-defined number, one thing that we can conclude
from the ruler postulate is that any two coordinate functions for the same line yield the
same distances between pairs of points.
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The next two lemmas are the mathematical analogues of “sliding the ruler along the
line” and “flipping the ruler end over end.” The proofs of these lemmas are rated PG,
not because they are hard but because they use the concepts of injectivity and surjectivity,
which might still be relatively new to some readers.

Lemma 3.3 (Ruler Sliding Lemma). Suppose ` is a line and f W`! R is a coordinate
function for `. Given a real number c, define a new function f1W`! R by f1.X/ D
f .X/C c for all X 2 `. Then f1 is also a coordinate function for `.

Proof. To show that f1 is a coordinate function, we must show that it is bijective and
distance-preserving. First, to see that it is surjective, suppose y is an arbitrary real number.
We need to show that there is a point P 2 ` such that f1.P /D y, which is equivalent to
f .P /C c D y. Because f is surjective, there is a point P 2 ` such that f .P / D y � c,
and then it follows that f1.P /D y as desired.

Next, to see that f1 is injective, suppose A and B are points on ` such that f1.A/D
f1.B/; we need to show that AD B . A little algebra gives

0D f1.A/�f1.B/

D .f .A/C c/� .f .B/C c/

D f .A/�f .B/:

Thus f .A/ D f .B/, and the fact that f is injective implies A D B . This completes the
proof that f1 is bijective.

Finally, we have to show that f1 is distance-preserving. If A and B are any two points
on `, the definition of f1 and the fact that f is distance-preserving imply

jf1.B/�f1.A/j D
∣∣.f .B/C c/� .f .A/C c/∣∣

D jf .B/�f .A/j

D AB;

which was to be proved. �
Lemma 3.4 (Ruler Flipping Lemma). Suppose ` is a line and f W`!R is a coordinate
function for `. If we define f2W`!R by f2.X/D�f .X/ for all X 2 `, then f2 is also a
coordinate function for `.

Proof. Exercise 3A. �

The preceding two lemmas are the basic ingredients in the proof of the following
important strengthening of the ruler postulate.

Theorem 3.5 (Ruler Placement Theorem). Suppose ` is a line and A;B are two distinct
points on `. Then there exists a coordinate function f W`! R such that f .A/ D 0 and
f .B/ > 0.

Proof. Given `, A, and B as in the hypothesis, the ruler postulate guarantees that there
exists some coordinate function f1W`! R. Let c D �f1.A/, and define a new function
f2W`!R by f2.X/D f1.X/Cc. Then the ruler sliding lemma guarantees that f2 is also
a coordinate function for `, and it satisfies f2.A/D 0 by direct computation.

Because A and B are distinct points and coordinate functions are injective, it follows
that f2.B/¤ 0. Thus we have two cases: either f2.B/ > 0 or f2.B/ < 0. If f2.B/ > 0,
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then we can set f D f2, and f satisfies the conclusions of the theorem. On the other hand,
if f2.B/ < 0, then we define a new function f W`! R by f .X/ D �f2.X/. The ruler
flipping lemma guarantees that f is a coordinate function. It follows from the definition of
f that f .A/D�f2.A/D 0 and f .B/D�f2.B/ > 0, so f is the function we seek. �

It is worth noting that the SMSG system (Appendix C) includes the ruler placement
theorem as an additional postulate, instead of proving it as a theorem, and many high-
school texts follow suit. The main reason seems to be that proving the ruler sliding and
flipping lemmas, on which the ruler placement theorem depends, requires a good under-
standing of the properties of bijective functions, which high-school students are unlikely
to have been introduced to. (Be warned, however, that some texts, such as [UC02], state
as a postulate an even stronger version of the ruler placement theorem, which claims that
it is possible to choose a coordinate function for a line such that any chosen point on the
line has coordinate 0 and any other chosen point has coordinate 1. Since another postulate
specifies that coordinate functions are distance-preserving, this would lead to the contra-
dictory conclusion that the distance between every pair of distinct points is equal to 1. This
inconsistency is glossed over without comment in [UC02].)

Here are some important properties of distances that can be deduced easily from the
ruler postulate.

Theorem 3.6 (Properties of Distances). If A and B are any two points, their distance has
the following properties:

(a) AB D BA.

(b) AB D 0 if and only if AD B .

(c) AB > 0 if and only if A¤ B .

Proof. Let A and B be two points. By Corollary 2.27, there is a line ` containing both A
andB . By the ruler postulate, there is a coordinate function f W`!R, and it satisfiesABD
jf .B/�f .A/j. The properties of absolute values guarantee that BAD jf .A/�f .B/j D
jf .B/�f .A/j D AB , which is (a).

Statement (b) is an equivalence, so we need to prove two implications: if AB D 0,
then A D B; and if A D B , then AB D 0. Assume first that AB D 0. Because f is
distance-preserving, this implies jf .B/�f .A/j D 0, which in turn implies f .B/D f .A/.
Because f is injective, this implies AD B . Conversely, assume that AD B . Then AB D
jf .B/�f .A/j D jf .A/�f .A/j D 0 because f is a well-defined function.

Finally, we prove (c). If we assume that AB > 0, then it follows from (b) that A¤ B .
Conversely, if A¤ B , then (b) implies AB ¤ 0. Since the distance postulate implies that
distances cannot be negative, it follows that AB must in fact be positive. �

Betweenness of Points

The ruler postulate provides the tools we need to address many important issues that
Euclid left out of his axiomatic system. The first of these has to do with what it means for
a point on a line to be “between” two other points. We already know what “betweenness”
means for numbers: if x;y;z are three real numbers, we say that y is between x and z
if either x < y < z or x > y > z. Let us introduce the notation x � y � z to symbolize
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this relationship. From elementary algebra, it follows that whenever x, y, and z are three
distinct real numbers, exactly one of them lies between the other two.

Using the notion of betweenness of numbers, we can define betweenness for points:
given points A, B , and C , we say thatB is betweenA and C if all three points are distinct
and lie on some line ` and there is a coordinate function f W`!R such that f .A/�f .B/�
f .C /; according to the definition above, this means that either f .A/ < f .B/ < f .C/ or
f .A/ > f .B/ > f .C/. (See Fig. 3.2.) We symbolize this relationship with the notation
A�B �C .

A B C

Fig. 3.2. B is between A and C , symbolized by A�B �C .

This definition corresponds well to our intuitive idea of what we mean when we say
that one point is between two others. There is one awkward thing about it, though: to say
B is between A and C means that f .B/ is between f .A/ and f .C / for some coordinate
function f ; it does not immediately rule out the possibility that a different coordinate
function f1 might put the points in a different order, so that, for example, f1.A/ might be
between f1.B/ and f1.C /. By our definition, this would imply that A is also between B
and C ! We will see below that this cannot happen. But first, we need to establish some
basic properties of betweenness.

Theorem 3.7 (Symmetry of Betweenness of Points). IfA;B;C are any three points, then
A�B �C if and only if C �B �A.

Proof. Both statements mean the same thing: namely, that A, B , and C are distinct points
that lie on some line `, and there is a coordinate function f W`!R such that either f .A/ <
f .B/ < f .C/ or f .A/ > f .B/ > f .C/. �

The most important fact about betweenness is expressed in the next theorem.

Theorem 3.8 (Betweenness Theorem for Points). Suppose A, B , and C are points. If
A�B �C , then ABCBC D AC .

Proof. Assume that A, B , and C are points such that A�B �C . This means that A;B;C
all lie on some line ` and there is some coordinate function f W`! R such that either
f .A/ < f .B/ < f .C/ or f .A/ > f .B/ > f .C/. After interchanging the names of A and
C if necessary, we may assume that f .A/ < f .B/ < f .C/. (This is justified because the
statement of the theorem means the same thing after A and C are interchanged, by virtue
of Theorems 3.6(a) and 3.7.) Then because the absolute value of a positive number is the
number itself, we have the following relationships:

AB D jf .B/�f .A/j D f .B/�f .A/I

BC D jf .C /�f .B/j D f .C /�f .B/I

AC D jf .C /�f .A/j D f .C /�f .A/:

Adding the first two equations and subtracting the third, we find that all of the terms on the
right-hand side cancel. Thus ABCBC �AC D 0, which is equivalent to the conclusion
of the theorem. �
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