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ABSTRACT. For each of the 26 sporadic finite simple groups, we construct
a 2-completed classifying space, via a homotopy decomposition in terms of
classifying spaces of suitable 2-local subgroups; this leads to an additive de-
composition of the mod 2 group cohomology. We also summarize the current
status of knowledge in the literature about the ring structure of the mod 2
cohomology of those groups.

Our decompositions arise via recent homotopy colimit theorems of various
authors: in those results, the colimit is indexed by a collection of 2-subgroups,
which is “ample” in the sense of affording the desired cohomology decom-
position. Furthermore our decompositions are “sharp” in the sense of being
simplified by the collapse of an underlying spectral sequence.

Among the various standard ample collections available in the topological
literature, we make a suitably minimal choice for each group—and we further
interpret that collection in terms of an equivalent “2-local geometry” from
the group theory literature: namely as a simplicial complex determined by
certain 2-local subgroups. In particular, we complete the verification that for
each sporadic group, an appropriate 2-local geometry affords a small ample
collection. One feature which emerges in each case is that the geometry has
“flag-transitive” action by the group, so that the orbit complex (the quotient
space modulo that action) is a simplex: and then the diagram of classifying
spaces of subgroups which indexes the homotopy decomposition is a pushout n-
cube of the relevant dimension n (though sometimes that orbit simplex diagram
is further simplified via cancellations).

The work begins with a fairly extensive initial exposition, intended for
non-experts, of background material on the relevant constructions from alge-
braic topology, and on local geometries from group theory. The subsequent
chapters then use those structures to develop the main results on individual
sporadic groups.
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Introduction

The 26 sporadic simple groups have played an exceptional role in the theory
and classification® of the finite simple groups, ever since the discovery of the first
few such groups in the late 1800s. In the last decade or so, various authors have
also observed exceptional behavior in the mod p group cohomology of some of the
sporadic groups, especially at the prime p = 2; see for example Benson [24, 25, 26],
Benson and Wilkerson [29], Milgram [92, 93, 94]. Determining (or at least describ-
ing) the cohomology of sporadic groups represents an area of considerable current
activity; and such study combines methods of algebraic topology with information
and techniques from finite group theory.

In this work, we provide for each sporadic group a description of a 2-completed
classifying space, in terms of classifying spaces of suitable 2-local subgroups. In
particular, this leads to an additive decomposition of the mod 2 group cohomology.
Similar decompositions can be obtained for odd primes p; but the indexing set of
p-local subgroups is usually smaller and often less interesting.

Although our focus here is on sporadic groups, we emphasize that this work
should be also be viewed in relation to work on cohomology of the other simple
groups. For example, our decompositions for sporadic groups are largely inspired
by a standard decomposition (see Example 5.1.18) of the mod p cohomology for
a group of Lie type of characteristic p. However, even in that model case for Lie
type groups, it remains a major open problem to give an explicit description of the
individual component terms and their cohomology. In contrast, the cohomology
and completed classifying spaces of groups of Lie type in coprime characteristic are
rather well understood in the light of the extraordinary work of Quillen [103] for
the general linear groups, and subsequent work along the same lines by Fiedorowicz
and Priddy [60] for the remaining classical groups and Kleinerman [81] for the
groups of exceptional Lie type. Cohomology and classifying spaces of symmetric
and alternating groups are understood to some extent (Nakaoka [99], Mui [97],
Mann [89, 90|, Gunawardena, Lannes and Zarati [70], Ha and Lesh [71], etc).

The context of this work. Naturally the structure of the p-local subgroups?
in a finite group G should provide an important ingredient in the determination of
its mod-p group cohomology. One p-local approach to cohomology, often used as a
tool in modern work on individual sporadic groups, is provided by the topological
literature on cohomology decompositions. In particular, we mention Dwyer’s anal-
ysis [51, 53] of ample collections C of p-subgroups of G, namely collections which

1The reader who is uneasy with the classification of the finite simple groups may insert
“known” before “sporadic simple groups” here. The classification is not used in our analysis in
this work, which studies only the properties of those 26 individual sporadic groups.

2A p-local subgroup is the normalizer of a non-identity p-subgroup.
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afford an additive decomposition of the mod p group cohomology of G, where the
components are given by the cohomology of certain p-local subgroups of G (for ex-
ample, the normalizers of the p-groups in C). The origins of these decompositions go
back to work of Brown, Quillen, and Webb in the 1970s and 1980s. More recently,
treatments of certain ample collections (notably by Jackowski, McClure, Oliver,
Dwyer, and Grodal) consider homotopy decompositions, namely corresponding de-
compositions not at the level of cohomology, but instead at the deeper topological
level of the classifying space BG. Here the decomposition is in fact afforded by
a homotopy colimit, in which the component terms are classifying spaces of suit-
able subgroups of GG, and the terms are indexed by a category determined by the
collection C. For these purposes, there are various standard ample collections in
the literature, such as S,(G) defined by all nontrivial p-subgroups; but often the
standard collections are too large to be useful for practical computation, so that it
is also of interest to determine ample subcollections which are as small as possible.

Several years ago, the first author initiated the project that became this work:
namely the construction, via a homotopy decomposition over subgroups, of a 2-
completed classifying space BGQ for each sporadic group G. One motivation was
the observation that for a number of the sporadic groups, the group theory literature
(especially that on 2-local geometries) already contained information sufficient to
determine a small ample collection, and hence a homotopy decomposition—for
example, collections corresponding to the 2-local geometries treated in Smith and
Yoshiara [116], and the geometry used in Benson [24]. For the remaining sporadic
groups, progress was initially slower, since the larger groups require substantially
more complicated analysis. However, recent work of various authors on the 2-local
structure of large sporadic groups has led for example to the completion in Yoshiara
[131] of the determination of the 2-radical subgroups of the remaining sporadic
groups. So, combining such results in group theory with the homotopy colimit
theorems indicated above, in the present work we exhibit for each of the 26 sporadic
groups a small ample collection related to a 2-local geometry, and the corresponding
homotopy decomposition. In each case, since the group acts flag-transitively on the
geometry, the relevant homotopy colimit is over an indexing category given by
a simplex; so that the diagram of classifying spaces is that of a pushout n-cube
in the relevant dimension n. (Occasionally cancellations simplify the calculation
to an even smaller subdiagram.) We show furthermore that each decomposition
is sharp, in Dwyer’s sense of affording an alternating sum decomposition of group
cohomology via the formula of Webb—this simplification arises from the collapse of
an underlying spectral sequence. In particular, these results confirm a conjecture
(see [116, Conj. 1, p.376]) concerning such a connection between group theory
and algebraic topology. That conjecture was necessarily somewhat vague, since
the 2-local geometries in the literature were defined in a number of different ways;
however, in this work we do indicate for each group a 2-local geometry suitable for
our purposes.

Outline of the work. Our treatment is fairly lengthy, so we indicate some of
its main features in overview.

Chapter 1 gives a brief summary of our main results.
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Since we wish to make our account accessible both to group theorists and to
homotopy theorists, we then present in Part 1 an extensive exposition for non-
experts of some of the background material involved in each area.

Most of Part 1 is devoted to a review of selected topological material leading
up to, and into, the modern literature® on decompositions of group cohomology:
Chapter 2 recalls some basics of the group cohomology of a finite group G; in-
cluding aspects of the topological approach via the classifying space BG, and of
“approximating” BG—via the Borel construction on a suitable G-space. In the
classical literature, these spaces of interest are viewed as topological spaces; but
in Chapter 3, we will indicate the more modern viewpoint on spaces as simplicial
sets—emphasizing the standard equivalence (due to Quillen) of those two view-
points, in terms of the homotopy categories they determine. In Chapter 4, we then
adopt the viewpoint of simplicial sets—since that is the appropriate general context
for our description there of two important constructions due to Bousfield and Kan,
namely completions and homotopy colimits. Chapter 5 then reviews some of the
more specific literature on homotopy decompositions of the classifying space, given
in Dwyer’s viewpoint via a homotopy colimit indexed by a collection of p-subgroups;
the chapter then examines some of the standard particular collections which are
ample in the sense of affording such a decomposition.

Part 1 concludes with Chapter 6, which reviews various notions from the group
theory literature, primarily relevant to 2-local geometries for sporadic groups; espe-
cially from the viewpoint of their observed connections with the ample collections
of 2-subgroups and decompositions described in Chapter 5.

Part 2 then presents the main results of our work. Chapter 7 contains a section
on each of the individual sporadic groups G: We indicate a homotopy decomposi-
tion for the 2-completed classifying space BG; , in terms of a small ample collection
determined by a suitable 2-local geometry—with a corresponding additive decom-
position of the mod 2 group cohomology of G. We also add, where available, further
remarks on the status of knowledge in the literature about the full ring structure of
the mod 2 cohomology. In some cases, our results are fairly immediate deductions
from results already in the literature; but in the remaining cases where we require a
more substantial argument, we sometimes postpone the detailed proofs to sections
corresponding to the relevant groups in our final Chapter 8.

We close this Introduction with a brief mention of a topic which we will touch
on repeatedly later, but for which we have not tried to develop our own exposition
in this work:

Foreword on Lie type groups and buildings. Our main results in Chapter
7 are concerned with the 26 sporadic simple groups, viewed via their 2-local geome-
tries; but at various points in our expository Chapters 46, it will also be natural
to consider examples given instead by the simple groups of Lie type, together with
their natural geometries given by Tits buildings. There are a number of reasons for
this, among them:

e Buildings are simplicial complexes providing convenient and very natural
spaces for a number of the topological constructions we will be examining.

3In particular we will frequently quote from a very useful recent exposition on decompositions
and their background by Dwyer [53]—which we strongly urge readers to consult alongside our
exposition.
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e Various standard results on groups of Lie type and buildings provide a “model
case” for homology decompositions and related research areas—often providing
motivation for generalizations to other groups, or even to all finite groups.

e The 2-local geometries for sporadic groups were inspired by certain analogies
with buildings.

In particular, our main results for sporadic groups involve a homotopy de-
composition indexed by a simplex—and these can be regarded as analogues of the
corresponding standard result for Lie type groups, see Example 5.1.18.

When we discuss examples from the theory of Lie type groups, our approach
will be to quote the relevant properties from the literature, wherever they arise in
our development, for example in Example 4.6.3—rather than attempting to provide
a single exposition of that material beforehand; for nowadays a number of fuller
introductions to the Lie theory are readily available. (But we do review a fair
number of relevant properties at Example 5.1.1.)

In particular, an expository treatment of groups of Lie type, tailored to the
general context of our work here, can be found in Section 6.8 of the book [22] of
the first author. We also mention the expository discussion of buildings given in
Chapter 2 of the book [115] now in preparation? by the second author. These two
treatments also list various additional references: on groups of Lie type, we mention
especially Carter [43] as well as Ch. 2—4 in the third volume [64] of the series of
Gorenstein, Lyons, and Solomon; and on buildings, Brown [36] and Ronan [105].

Acknowledgments. We are grateful to a number of colleagues who have read
earlier versions of this work, and made a number of corrections and very helpful
comments and suggestions; including Jianbei An, Masato Sawabe, Satoshi Yoshiara,
John Maginnis, Silvia Onofrei, Jesper Grodal, and Bob Oliver.

Benson is partly supported by NSF grant DMS-0242909 and by a Senior Sci-
entist Prize from the Humboldt Foundation. Smith is partly supported by NSA
grant MDA 903-03-1-0100 and subsequent grants.

4As of this writing (June 2007), revised Chapters 1-3 are visible on the Web at the URL
http://www.math.uic.edu/~smiths/book/book.ps; further revisions will continue at least through
later 2007.



Some general notation and conventions

We indicate here at the outset some fairly standard general notation, which we
normally follow throughout this work. (Of course we will introduce more specific
notation as needed later on in the course of the text.)

We write A := B or B =: A to indicate that A is defined to be equal to B;
whereas we write A = B to denote an equality between already defined objects.

Conventions for groups. We use G to denote some finite group.We empha-
size that at least initially, G can be an arbitrary finite group; we will not restrict
our focus to simple groups (and in particular, sporadic groups) until Chapter 6.
We indicate below some common conventions for general finite groups; for further
details, see standard treatments such as Gorenstein, Lyons, and Solomon [64].

For a prime p, we write O,(G) for the largest normal p-subgroup of G, and
OP(G) for the smallest normal subgroup of G for which G/OP(G) is a p-group.
Thus OP(G) is generated by the p’-elements of of G.

If H and K are subgroups of a group G, we write [H, K| for the subgroup of
G generated by the commutators h~'k~'hk where h € H and k € K. We write
L, (G) for the nth term in the lower central series of G, defined by Lo(G) := G and
Lp+1(G) := [Ln(G), G]. We write Lo (G) for the intersection of the L, (G), namely
the final term in the lower central series. This is the smallest normal subgroup of
G for which the quotient is nilpotent. Since a finite nilpotent group is the direct
product of its Sylow p-subgroups, we have

Lu(G) =[] OP(G);  G/Lo(G)=]] G/0*(G). (0.0.1)

Suppose that H < K < G are finite groups. We say that H is weakly closed in
K with respect to G if the only G-conjugate of H in K is H itself. In particular,
this implies that H is normal in K.

Atlas conventions, with some variations. For the names of simple groups, and
for various notation related to their subgroup structure, we use the conventions of
the Atlas [47]; see the Atlas for fuller details. We summarize some of these usages
below, indicating several small modifications that we use in this work. Many of
these conventions can be seen in subgroups of the sporadic groups given in the
table in Chapter 1.

Group extensions: The notation NV : H indicates a split extension with normal
subgroup N and quotient H; while N H indicates a nonsplit extension. The no-
tation N H makes no statement about whether the extension splits. For example,
all three of these notations for extensions arise for subgroups in the entry for the
Fischer group F'i}, in the table in Chapter 1.

xiii



xiv SOME GENERAL NOTATION AND CONVENTIONS

Structure of certain p-groups: If m and n are positive integers, we write m”
for an abelian group (Z/m)™, and in particular we use a number m to denote
Z/m, except where confusion might result from these abbreviations. The notation
patbt denotes a p-group having an ascending central series with quotients of rank
a,b,---; square brackets [a] indicate order p* with no assertion about a series. In
particular, p'*2" denotes an extraspecial p-group of width n; with exponent p when
pisodd. When p = 2, the two types of extraspecial 2-groups of width n are denoted
by 2?2" and 21727 where the sign indicates the type of the orthogonal form on the
central quotient. In width n = 1, we have 2?’2 = Dsg, the dihedral group of order
8; and 2172 = Qg, the quaternion group of order 8. More generally D,,, denotes
the dihedral group of order 2m.

Almost-simple groups: We write ¥,, for the symmetric group of degree n, and
Alt,, for the alternating group of degree n (the Atlas uses S, and A,).> We write
QO (2) and Q;,(2) for the simple subgroup (usually the commutator subgroup, of
index two) in the orthogonal group over the field F5 of two elements (the Atlas uses
04,,(2) and O, (2), which elsewhere is often used instead for the full orthogonal
group). Finally, we write Sps,(2) for the symplectic group over Fy (the Atlas uses
S2n.(2)). We follow the Atlas in writing L, (q) and U,(q) for the simple linear and
unitary groups; and G2(2) for the group of exceptional Lie type G5 over Fs.

We write G H for the wreath product (copies of G permuted by H); there is
really only one instance where we use this, namely in one of the 2-local subgroups
of the Harada—Norton group HN in Section 7.19, where

Alts 12 = (Alts x Alts):2.

Conventions for coefficient rings and homology. We let R denote a com-
mutative ring with unit; typically R appears as the coefficient ring for homological
algebra.

Often we will specialize R to rings of particular interest: we write Z for the ring
of rational integers, and F, for the Galois field of p elements. We write Z,) for the
ring of p-local integers; namely the local subring of the rationals Q obtained from
Z by inverting all primes other than p. The quotient ring Z,)/pZ,) is isomorphic
to the field F,. In Chapter 7 on the sporadic groups, we will specialize to p = 2
(though similar results can be obtained for odd p).

For homology and cohomology, we follow the convention that a comma used
as a delimiter indicates group (co)homology, in expressions such as H*(G, R);
while a semicolon as a delimiter, in expressions such as H*(X;R), indicates the
(co)homology of a space X. See for example Proposition 2.2.7 (1) where both no-
tations appear.

NoTATION 0.0.2 (Spectral sequences). Beginning at Section 2.6, we will be
considering certain spectral sequences for homology and cohomology. For more
detail on general spectral sequences, see for example Chapter 3 of [22].

We index homology spectral sequences Eszyt and cohomology spectral sequences

Eg’t in such a way that s is the horizontal coordinate and ¢ is the vertical coordi-
nate.® Consequently the vertical axis is given by the terms with s = 0.

5We have chosen to use Alty,, to avoid confusion with our later practice in Chapters 6-8 of
using A, to denote an elementary abelian 2-group of rank n.

6Warning for the non-expert: notice this is the convention for Cartesian coordinates; it is the
opposite of the linear algebra convention for indexing the rows and columns of a matrix.
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We say that the spectral sequence is first quadrant if the terms are zero for
s < 0 and for t < 0. The spectral sequences we encounter will be first quadrant.

We recall, for example from [22, p.99]: A (homology) spectral sequence is said
to be strongly convergent if given s and ¢, there exists some finite value n > 2 such
that E7, = ESS; and further for fixed m, the terms EZ5 on the diagonal s +t =m
form a set of filtration quotients for the m-th homology group that the spectral
sequence is designed to compute. For cohomology spectral sequences, one uses the
corresponding notation ES? and E$! in the definition. It is standard that first
quadrant spectral sequences are strongly convergent, so this convergence holds for
the sequences we will encounter. O

NoTATION 0.0.3 (Limits and colimits). We shall use the terms limit and colimit
(written h£ and colim) to refer to what are sometimes known as inverse limit and

direct limit (see for example Spanier [117, p. 18]), or as projective limit and inductive
limit respectively (depending on when and where you were educated).

We recall some features of these functors related to the standard setting in
homological algebra of exactness, derived functors, and adjointness; for further
reference, see for example Benson [21, p. 22] [22, Sec. 7.2] or Weibel [125, Sec. 2.6].
For modules, the functor h(_m is left exact; and the right derived functors of (I}E

are written (th ¢, The functor colim is right exact; and its left derived functors are
written colim ;. (See for example [21, Exer., p.244]; and 2.6.9 in [125], as well as

2.6.4 and 2.6.1 there.) These left derived functors will be described in more detail
when we need them later, in Section 4.8. O

Conventions for spaces. Through Chapter 2, the letter X will usually denote
a topological space. For reference on classical algebraic topology, see standard texts
such as Spanier [117].

In the chapters thereafter, much of the topological material will be developed
instead in the language of simplicial sets (see for example May [91] for further
reference); so starting just before Section 3.7, we will use the word “space” to mean
simplicial set. Then X will usually denote such a space, and we will apply various
topological notions to spaces in this new sense.

However, we will recall in Section 3.6 that the viewpoints of topological spaces
and of simplicial sets are in fact equivalent for our present purposes. Hence even in
our later chapters, the reader can typically still think of a space X informally just
as a classical topological space.

We denote a space (in either of the above senses) which consists of a single
point by a star *; sometimes * will be contained as a basepoint in a larger space.
We use a 5-pointed star, to avoid conflict with the use of an asterisk * (6-pointed
star) for several other purposes: namely the customary sequence of dimensions in
homological expressions such as H*(G, R), and the join X *Y of simplicial complexes
or topological spaces.

If f and g are maps of spaces from X to Y, we write f ~ ¢ if f and g are
homotopic. We write X ~ Y if spaces X and Y are homotopy equivalent. (We
use the symbol = to denote an isomorphism, and we usually then also specify the
category in which that map is a morphism.)

We follow the notational convention from topology that if X is a set or a space
admitting action of the group G, then X9 denotes the fixed points of ¢ € G, and
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XG the fixed points of G. If X is a subset of G, we use g~ X g to denote conjugation
by g; this avoids the ambiguity of using the group theory convention of X9 for this
conjugation.

We shall write X; for the Bousfield-Kan F,-completion (F,).X of X; see
Notation 4.3.5.

Finally, we mention that our Index also serves as a reference for further notation
and definitions.
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elementary abelian p-subgroups A, (G), 77
Entz, G., 194
equivalence
(co)homology —, 15
G-homotopy —, 17
homotopy —, xv
via a G-map, 17
— preserves Borel construction, 19
weak —, 36
weak homotopy —, 35
equivariant (co)homology, 19
spectral sequence, 22, 51
Euclidean n-simplex, 24
Euler characteristic, 76, 78
test for inequivalence, 105, 163, 182, 192,
199, 202, 208, 211, 214, 216, 222, 224,
228, 231, 233, 234, 241
exact functors, xv
Ext, 8, 14
> 0 vanishes on projective modules, 14
external
complex, 134
poset complex, 130, 138, 140
for Ma4, 130
product X., 50
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F*(G) (generalized Fitting subgroup), 118
F1, Monster group, 3, 229
F5, Baby Monster group, 3, 226
Fp (finite field of order p), xiv
(Fp)oo, 48
face, 23, 28
maps, 23, 30
poset of complex, 24
fiber (vertical axis of spectral sequence), xiv
fibrant, 36
fibration, 22, 36
Hurewicz —, 22
Serre —, 22
filtered complex, 20
finite field Fp, xiv
first quadrant (spectral sequence), xv
first spectral sequence, 51
Fischer group
Fiza, 2, 64, 108, 208, 253
Fia3, 2, 64, 108, 211
Fil,, 3, 61, 65, 108, 215, 255
Fischer—Griess Monster group M = Fi, 3,
229
five lemma, 13, 16
flag-transitivity, 97, 137
for Alty, see also Alty
for M24 (sample proof), 140
for buildings of Lie type groups, 138
free
action, 10
resolution, 8
function space, 34, 43

functor
adjoint pair of —s, xv
derived —, see also derived functors
exact —, xv
left derived —, xv
left exact —, xv
right derived —, xv
right exact —, xv
fundamental
group, 38, 48

of classifying space, 11
groupoid, 38

Galois field Fp, xiv
GAP, 107, 162, 182, 191, 201, 209, 234,
238, 247, 266
G-(simplicial) complex, 25
generalized
Fitting subgroup F*(G), 118
hexagon for G2(2), 234, 266
polygons, 112
quadrangle for Sp4(2), 141
geometric realization
for simplicial complexes, 24
for simplicial sets, 31
geometries (for groups), 110

diagram —, 112
G-equivariant map, 16
G-homotopy, 16

equivalence, 17
G-map, 16
Golay code (binary), 130, 140
good space, 47
G-poset, 25
graph of groups, 57
Grodal, J., x, 73, 75, 83, 102-104, 107
Grothendieck construction, 59
group

algebra, 7

as a category Bg, 29

cohomology, 7, 8

homology, 8

of Lie type, see also Lie type group

perfect —, 48
grouplike simplicial set, 40
groupoid, 38

fundamental —, 38
G-space, 16

Hy, 62

H;, 62

Hr, 62

H.(G,M), H*(G, M), module
(co)homology, 8

H.(G,R). H*(G, R), group (co)homology,
8

H.(X,Y;R), H*(X,Y; R), relative
(co)homology of a pair, 9

H.(X;R), H*(X; R), (co)homology

of a topological space, 9

HE(G, M), HX(G, M), G-equivariant
(co)homology, 19

H.(G,R), H*(G, R), reduced group
(co)homology, 8

H.(X; R), I:I*(X; R), reduced
(co)homology of a space, 9

Harada—Norton group HN, 3, 64, 108, 222,
264

Hassan, N., 193

Held group He, 3, 64, 108, 231

heptad of Steiner system, 172

hexad of Steiner system, 166

hexagon

generalized —, 234, 266

hG (subscript for homotopy orbit space), 18

Higman-Sims group HS, 2, 64, 106, 190,
250

HNN extension, 57

Hocolim , 57

homology
decomposition
from a homotopy colimit, 85
equivalence of spaces, 15
group —, 8



reduced —, 8
mod p — (over Fp), 8
module —, 8

of a homotopy colimit, 69
of a space (simplicial set), 41
of a topological space, 9
reduced —, 9
p-local — (over Z(;)), 12
relative — of a pair of spaces, 9
homotopy
category
of CW-complexes, 35
of topological spaces, 35
colimit, 52, 57
—s commute, 59
and the Borel construction, 65
equivalence, xv
via a G-map, 17
— preserves Borel construction, 19
extension, 22
groups
of a Kan complex, 38
of a simplicial R-module, 41
of a simplicial set, 36
of a topological space, 10
lifting, 21
of maps, xv
orbit space (Borel construction), 18
Hopf trace formula, 78
horizontal space, 50
Horvath, E., 193

Hurewicz
cofibration, 22, 36
closed —, 22

fibration, 22, 36

incidence
mutual — relation defining a simplicial
complex, 115
indexing category, 52
infinite join, 10
inner automorphisms, 66
integers Z, xiv
internal
complex, 130
poset complex, 130

for M1, 131
intersection complex, 128
isotropy

spectral sequence, 23, 70, 80, 100
subgroup, 19, 52
Ivanov, A., 170, 179, 204, 207, 216, 227, 230

Jackowski, S., x, 73, 81, 82, 89, 90, 92, 104,
106
Janko group
J1, 1, 65, 105, 180
J2, 1, 55, 106, 108, 181
J3, 1, 57, 61, 64, 105, 183, 249
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Js, 2, 64, 105, 187

join *
of simplicial complexes, 10, 11, 141
of topological spaces, xv, 10

K(G,1) (Eilenberg-Mac Lane space), 11
Kan

complex, 37

fibration, 37
Kan, D., xi
Kantor geometry for Uy (3), 215
Karagueuzian, D., 180, 193, 242, 246
Kitazume, M., 210
Kotlica, S., 184
Kronecker delta, 35, 44, 50

Lo(2m), 65
Ls(4), 171
Lo (G), xiii, 48
L, (q) (linear group), xiv
L¢ (reduced Lefschetz module), 78
Leech lattice, 204, 207, 227, 230
complex —, 200
Lefschetz fixed-point formula, 78
left
derived functor, xv
exact functor, xv
homotopy, 36
Leray spectral sequence, 20, 70
Levi decomposition of parabolic, 117, 120
Lie
rank, 74
type group, ix, xi, 55, 62, 65, 74, 78, 79,
81, 98, 104, 110, 114, 138
lim (limit), xv
limit
(inverse) — lim, xv
direct — colim , xv
—
Lin, J., 226
linear group Ln(q), xiv
link (in a complex), 112
Linton, S., 219
local
approach to buildings, 114
subgroup, see also p-local subgroup
long exact sequence in homology (from
short), 13
lower central series, xiii
Lyons group Ly, 3, 61, 64, 105, 242

m" (abelian group (Z/m)™), xiv
Maginnis, J., 108, 113, 161, 182, 183, 185,
187, 196
MAGMA, 107
Map(X,Y), 34
Map'(X,Y), 43
Mathieu group
Mi1, 1, 55, 105, 131, 157
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M2, 1, 55, 106, 108, 161, 247
Majgz, 1, 64, 105, 165
Ma3z, 1, 64, 105, 172
Moy, 1, 64, 105, 118, 130, 134, 178
maximal 2-local subgroups, 62
defining group geometry, 126
McClure, J., %, 73, 81, 82, 89, 90, 92, 104,
106
McLaughlin group McL, 2, 64, 105, 133,
194
Milgram, R. J., ix, 113, 156, 161, 171, 178,
180, 182, 183, 185, 187, 193, 197, 237,
242, 246
minimal
parabolic geometries, 179
resolution, 172
mod p homology (over Fp), 8
model category, 36
module
cohomology, 8
homology, 8
projective —, 14
Monster group M = Fi, 3, 65, 108, 229
Murray, J., 196

N (normalizer map), 98
N€, nerve of a category, 29
Nakaoka, M., 172
Nakayama’s lemma, 14
nerve

of a category, 29, 58

of a poset, 25, 29

of groupoid is a Kan complex, 38
Neumaier geometry for Alt7, 173, 194
nilpotent

quotient group, xiii

space, 45
nondegenerate simplex, 28
normalized chain complex, 41
normalizer

decomposition, 81

of a subgroup, 75

sharp decomposition, 102

OP(G) (kernel of largest p-group quotient),
xiii

Op(G) (largest normal p-subgroup), xiii

O(G) (orbit category), 82

Op (map on a subgroup poset to Op(—)),
135

O’Brien, E., 210, 214, 223, 235, 239

octad of Steiner system, 119

Oliver, Bob, x, 73, 82, 90, 92, 104

Q1(X) (generated by order p), 103

Qg:n(2) (orthogonal group), xiv

O’Nan group O'N, 3, 55, 108, 237, 272

Onofrei, S., xii, 108, 196

opposite

INDEX

category, 27

poset, 53
orbit

category, 82, 87

space (modulo group action), 17
order complex of poset, see also poset

complex

ordered simplicial complex, 24
orthogonal groups sztn(Q), xiv
outer automorphisms, 66

p-constrained, 118
plt2™ (extraspecial p-group), xiv
p%tb+ (p-group with ascending series),
xiv
Pahlings, H., 194
pair (relative homology), 9
parabolic subgroups in Lie type group, 74
Parshall, B., 75
p-centric subgroups, 99
p-completion, 45, 49
perfect group, 48
Petersen geometries, 170, 204
7« (homotopy groups), 10
m1 (fundamental group), 11
p-local
homology (over Zy)), 12
integers Z(p), xiv, 82
subgroup, ix
plus construction, 48
Poincaré series, 161
polar space (poset) for group of a form, 141
poset
complex, 25, 31
external —, 130
internal —, 130
dual —, see also opposite poset
face — of complex, 24
G- —, 25
homotopy equivalent —s, 26
map, 25
nerve of a —, 29
of elementary abelian p-subgroups
Ap(G), 77
of faces/simplices in a complex, 24, 26,
61
of nontrivial p-subgroups S,(G), 76
of p-radical subgroups By (G), 77
opposite —, 53
simplicial complex from —, see also
poset complex
p-primary part of abelian group, 8
p-radical subgroups, 77, 82
presentation for A, 29
primary decomposition (of group
cohomology), 8, 15
principal p-radical subgroups, 107
projective



module, 14, 79

resolution, 8

space (poset) from a vector space, 137
p-stubborn subgroups, 82
pullback, 84
pushout, 54

cube, 63

hypercube, 64

Qs (quaternion group of order 8), xiv
Q (rationals), xiv
Q(-), poset of simplices in a complex, 24
quadrangle
generalized —, 141
quasisimple group, 118
Quillen
map, 246
plus construction, 48
Quillen, D., x, xi, 73, 76, 105, 142, 143, 249
quintet of Steiner system, 166
quotient space (modulo group action), 17

R-(co)homology equivalence of spaces, 15
RG (group algebra), 7
Roo, 46
Rp(G) (orbit category of radical
subgroups), 82
radical subgroups, 82
rank
Lie —, see also Lie rank
of a simplex as a geometry, 62
rationals Q, xiv
R-bad space, 47
R-complete space, 47
R-completion, 46
realization
geometric —, see also geometric
realization
reduced
(co)homology of a topological space, 9
group (co)homology, 8
Lefschetz module, 78
relative homology
of a pair of spaces, 9, 41
residue in a complex (Tits), 112

resolution
bar —, 8
free —, 8
projective —, 8
minimal —, 172

standard —, 8
R-good space, 47
right
cofinal, 60
derived functor, xv
homotopy, 36
R-9o0, 67
Ronan, M., 112, 118, 163, 179, 183, 184,
197, 202, 209, 212, 223, 225, 237, 245

INDEX

R-perfect group, 47

Rudvalis group Ru, 3, 64, 106, 108, 233,
265

RX, 41

R® X, 41

Ryba, A., 105

Sp(G) (p-subgroups poset), 76, 102, 104
s%, 29, 43
si, 30
Sawabe, M., 179, 190, 200, 207, 217, 231,
232, 235
Scott, L., 75
Sd (—) (barycentric subdivision), 26
second spectral sequence, 51
self-normalizing subgroups, 75, 115, 117,
120, 122, 139, 239
semicolon convention for (co)homology of a
space, Xiv
Serre
fibration, 22, 36
spectral sequence, 22
Get, 27
sextet of Steiner system, 119
sharp homology decomposition, 57, 71, 83,
99, 101, 104, 106, 108
Shpectorov, S., 170, 179, 204, 207, 216,
227, 230
¥n, symmetric group, xiv
simplex
abstract (set-theoretic) —, 23
category, 61
degenerate —, 28
diagram, 61
Euclidean —, 24
nondegenerate —, 28
of subgroups, 62
simplicial
abelian group, 41
bar construction, 28
Borel construction, 40
complex, 24, 28
ordered —, 24
group, 40
n-simplex, 28
object, 40
point, 28
R-module, 41
set, 27
discrete —, 28
fibrant —, 37
grouplike —, 40
space, 50
homology spectral sequence of —, 51
Sing(Y), 30
singular
homology (i.e., ordinary) of a topological
space, 9
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set under group action, 76
simplices, 30
Sk™ (n-skeleton)
of a CW-complex, 20
of a simplicial set, 28
skeletal subcategory, 27
SL2(4) (linear group), 184, 266
SL2(5), 49
small category, 29
Smith, S., x, 98, 103-105, 108, 112, 118,
156, 234, 265
snake lemma, 16
Solomon, L., 75, 79
Solomon-Tits theorem, 75, 79
Spa(2), 120, 141, 191, 219, 232, 254
Spe(2), 201, 210, 213, 234, 256
Sps(2), 212
Sp2n(2) (symplectic groups), xiv
Gp, simplicial sets, 27
space
G- —, 16
meaning simplicial set, 40
polar — (poset), 141
projective — (poset), 137
topological —, xv
spectral sequence, xiv
Bousfield-Kan cohomology —, 70
Bousfield-Kan homology —, 67, 69
equivariant (co)homology —, 22, 51
first —, 51
first quadrant —, xv
homology — of a simplicial space, 51
isotropy —, 23, 70, 80, 100
Leray —, 20, 70
of a bisimplicial R-module, 51
of Borel construction, 22

second —, 51

Serre —, 22

strongly convergent —, xv
vertical axis of —, xiv

stabilizer (subgroup) Gz, 19
standard resolution, 8
star (in a complex), 147
Steenrod algebra, 194
Steinberg module (of Lie type group), 75
Steiner system

S(5,8,24), 119
Stiefel variety, 11
strongly convergent (spectral sequence), xv
Stroth, G., 163, 179, 183, 184, 197, 202,

209, 212, 223, 225, 237, 245

structure constant of class algebra, 107
stubborn subgroups, 82
subdivision

of a CW-complex, 17

of a poset, 26

of a simplicial complex, 26

of a small category, 60

INDEX

subgroup
decomposition, 81, 83
sharp decomposition, 102
suborbit diagram, 247
Suzuki
groups Sz(22nt1) = 2B, (22nt1), 65
sporadic group Suz, 2, 64, 106, 108, 197
Swan’s theorem, 65, 100
symmetric group (Z5), xiv
symplectic group, xiv

Thévenaz, J., 78
Thompson group Th, 3, 55, 105, 224
tilde geometries, 179, 207
Tits building, see also building
Tits, J., 74, 75, 79, 111, 121, 138
Todd module for Ma4, 131
T, topological spaces, 30
Tor, 8, 12
Tot, total space, 44
total complex, 51
total space of a covering map, 21
transfer, 9, 103
transitive G-sets, 70
transport category, 59
trio of Steiner system, 119
trivial category, 29, 33, 65
truncation in a geometry, 121
type
in a simplicial complex, 116, 136

Us(2™), 65
U4(2), 198, 200, 209, 213, 215
U4(3), 197, 215
Kantor geometry for —, 215
Un(q) (unitary group), xiv
Umland, K., 242, 246
unipotent radical, 75, 78
unitary group Un(q), xiv
universal
coefficient theorem
cohomology, 14
homology, 12
cover, 56
principal bundle, 11
Uno, K., 239

Van Kampen theorem, 56

vertical axis (of a spectral sequence), xiv
vertical space, 50

virtual projective module, 79

weak

equivalence, 36

homotopy equivalence, 35
weakly closed, xiii, 75, 193, 240, 265, 272
Webb’s decomposition formula, 80
Webb, P., x, 73, 77-79, 101, 104, 112, 161
Weyl group, 74
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Wilkerson, C., ix, 164, 202

Williams, H., 226

Wilson, R., 198, 219

Witt’s lemma, 259

wreath product (G H) of groups, xiv

X; (Fp-completion of X), xvi
X9 (fixed points in X under g), xv

Yoneda’s lemma, 35, 45, 68

Yoshiara, S., x, 98, 105, 108, 156, 182, 184,
189, 193, 196, 200, 205, 210, 218, 223,
225, 228, 237, 239, 245, 258

Z(P) (center of P), 99

Z (integers), xiv

Zoo, 48

Z(p) (p-local integers), xiv, 82
(Z(p))oo, 48

Zp(G) (Benson poset), 103, 104, 184

289



Titles in This Series

147
146
145

144

143
142
141
140

139

138
137
136
135

134
133
132
131
130

129
128

127
126
125

124
123

122

121
120
119

118
117
116
115
114

David J. Benson and Stephen D. Smith, Classifying Spaces of Sporadic Groups, 2008
Murray Marshall, Positive Polynomials and Sums of Squares, 2008

Tuna Altinel, Alexandre V. Borovik, and Gregory Cherlin, Simple Groups of
Finite Morley Rank, 2008

Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James
Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow:
Techniques and applications, Part II: Analytic aspects, 2008

Alexander Molev, Yangians and classical Lie algebras, 2007
Joseph A. Wolf, Harmonic analysis on commutative spaces, 2007
Vladimir Maz’ya and Gunther Schmidt, Approximate approximations, 2007

Elisabetta Barletta, Sorin Dragomir, and Krishan L. Duggal, Foliations in
Cauchy-Riemann geometry, 2007

Michael Tsfasman, Serge Vladut, and Dmitry Nogin, Algebraic geometric codes:
Basic notions, 2007

Kehe Zhu, Operator theory in function spaces, 2007
Mikhail G. Katz, Systolic geometry and topology, 2007
Jean-Michel Coron, Control and nonlinearity, 2007

Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James
Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow:
Techniques and applications, Part I: Geometric aspects, 2007

Dana P. Williams, Crossed products of C*-algebras, 2007

Andrew Knightly and Charles Li, Traces of Hecke operators, 2006

J. P. May and J. Sigurdsson, Parametrized homotopy theory, 2006

Jin Feng and Thomas G. Kurtz, Large deviations for stochastic processes, 2006

Qing Han and Jia-Xing Hong, Isometric embedding of Riemannian manifolds in
Euclidean spaces, 2006

Williamm M. Singer, Steenrod squares in spectral sequences, 2006

Athanassios S. Fokas, Alexander R. Its, Andrei A. Kapaev, and Victor Yu.
Novokshenov, Painlevé transcendents, 2006

Nikolai Chernov and Roberto Markarian, Chaotic billiards, 2006
Sen-Zhong Huang, Gradient inequalities, 2006

Joseph A. Cima, Alec L. Matheson, and William T. Ross, The Cauchy Transform,
2006

Ido Efrat, Editor, Valuations, orderings, and Milnor K-Theory, 2006

Barbara Fantechi, Lothar Gottsche, Luc Illusie, Steven L. Kleiman, Nitin
Nitsure, and Angelo Vistoli, Fundamental algebraic geometry: Grothendieck’s FGA
explained, 2005

Antonio Giambruno and Mikhail Zaicev, Editors, Polynomial identities and
asymptotic methods, 2005

Anton Zettl, Sturm-Liouville theory, 2005
Barry Simon, Trace ideals and their applications, 2005

Tian Ma and Shouhong Wang, Geometric theory of incompressible flows with
applications to fluid dynamics, 2005

Alexandru Buium, Arithmetic differential equations, 2005

Volodymyr Nekrashevych, Self-similar groups, 2005

Alexander Koldobsky, Fourier analysis in convex geometry, 2005

Carlos Julio Moreno, Advanced analytic number theory: L-functions, 2005

Gregory F. Lawler, Conformally invariant processes in the plane, 2005



113

112

111

110
109

108
107
106
105

104

103

102
101
100
99
98

97
96

95
94
93

92

91

90

89
88

87
86
85

84

TITLES IN THIS SERIES

William G. Dwyer, Philip S. Hirschhorn, Daniel M. Kan, and Jeffrey H. Smith,
Homotopy limit functors on model categories and homotopical categories, 2004

Michael Aschbacher and Stephen D. Smith, The classification of quasithin groups
II. Main theorems: The classification of simple QTKE-groups, 2004

Michael Aschbacher and Stephen D. Smith, The classification of quasithin groups I.
Structure of strongly quasithin K-groups, 2004

Bennett Chow and Dan Knopf, The Ricci flow: An introduction, 2004

Goro Shimura, Arithmetic and analytic theories of quadratic forms and Clifford groups,
2004

Michael Farber, Topology of closed one-forms, 2004
Jens Carsten Jantzen, Representations of algebraic groups, 2003
Hiroyuki Yoshida, Absolute CM-periods, 2003

Charalambos D. Aliprantis and Owen Burkinshaw, Locally solid Riesz spaces with
applications to economics, second edition, 2003

Graham Everest, Alf van der Poorten, Igor Shparlinski, and Thomas Ward,
Recurrence sequences, 2003

Octav Cornea, Gregory Lupton, John Oprea, and Daniel Tanré,
Lusternik-Schnirelmann category, 2003

Linda Rass and John Radcliffe, Spatial deterministic epidemics, 2003
Eli Glasner, Ergodic theory via joinings, 2003

Peter Duren and Alexander Schuster, Bergman spaces, 2004
Philip S. Hirschhorn, Model categories and their localizations, 2003

Victor Guillemin, Viktor Ginzburg, and Yael Karshon, Moment maps,
cobordisms, and Hamiltonian group actions, 2002

V. A. Vassiliev, Applied Picard-Lefschetz theory, 2002

Martin Markl, Steve Shnider, and Jim Stasheff, Operads in algebra, topology and
physics, 2002

Seiichi Kamada, Braid and knot theory in dimension four, 2002

Mara D. Neusel and Larry Smith, Invariant theory of finite groups, 2002

Nikolai K. Nikolski, Operators, functions, and systems: An easy reading. Volume 2:
Model operators and systems, 2002

Nikolai K. Nikolski, Operators, functions, and systems: An easy reading. Volume 1:
Hardy, Hankel, and Toeplitz, 2002

Richard Montgomery, A tour of subriemannian geometries, their geodesics and
applications, 2002

Christian Gérard and Izabella Laba, Multiparticle quantum scattering in constant
magnetic fields, 2002

Michel Ledoux, The concentration of measure phenomenon, 2001

Edward Frenkel and David Ben-Zvi, Vertex algebras and algebraic curves, second
edition, 2004

Bruno Poizat, Stable groups, 2001
Stanley N. Burris, Number theoretic density and logical limit laws, 2001

V. A. Kozlov, V. G. Maz’ya, and J. Rossmann, Spectral problems associated with
corner singularities of solutions to elliptic equations, 2001

Laszlé Fuchs and Luigi Salce, Modules over non-Noetherian domains, 2001

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/.



ISBN 978-0-8218-4474-8

9l78082111844748
SURV/147




