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Copyright c©1990 G. Tenenbaum

English edition Copyright c©1995 Cambridge University Press
Translated by C. B. Thomas, University of Cambridge

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy select pages for
use in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Permissions to reuse
portions of AMS publication content are handled by Copyright Clearance Center’s RightsLink�
service. For more information, please visit: http://www.ams.org/rightslink.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.
Excluded from these provisions is material for which the author holds copyright. In such cases,

requests for permission to reuse or reprint material should be addressed directly to the author(s).
Copyright ownership is indicated on the copyright page, or on the lower right-hand corner of the
first page of each article within proceedings volumes.

c© 2015 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at http://www.ams.org/

10 9 8 7 6 5 4 3 2 1 20 19 18 17 16 15



À Catherine Jablon,

pour la douceur du jour,
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dont ta conversation
éclaire les secrets.
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Foreword

Arising, as it does, from advanced lectures given in Bordeaux, Paris and
Nancy over the past fifteen years (and for which an earlier English version is
available from Cambridge University Press), this book is a revised, updated,
and expanded version of a volume that appeared in 1990 in the Publications
de l’Institut Élie Cartan. It was written with the purpose of providing young
researchers with a self-contained introduction to the analytic methods of
number theory, and their elders with a source of references for a number
of fundamental questions. Such an undertaking necessarily involves choices.
As these were made, they were generally taken on aesthetic grounds—not
to forget the categorical imperatives imposed by ignorance.

The double motivation mentioned above has led to a special usage of the
traditional subdivision of chapters into text, notes and exercises. Thus the
basic text, while restricted as a rule to assertions that are proved in detail,
may also contain additional bibliographic comments when providing a useful
background upon first reading. Conversely, the notes often give way to
statements, and even proofs, of related results which may safely be omitted
on first contact. In a parallel way, the exercises serve a double purpose.1

Whereas some of them are classically designed to facilitate the mastering of
previously introduced concepts, some others lead to actual research results,
sometimes unpublished, mainly in Part III. We used to believe, naively, that
we could avoid an unfortunate current tendency by producing exercises that
could be solved without prodigious ingenuity or technical virtuosity. The
numerous requests for solutions received after the publication of the first
edition have shown that such a goal might be illusory. Result: the reader

1Complete solutions to all exercises from this third edition are available as a companion book
published by Belin (Paris).
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xvi Foreword

will find in the solution book, written with the collaboration of my colleague
Jie Wu, an attempt to make things right. It remains nonetheless true that
open questions are exceptional in the formulations of exercises, and that
the results aimed at are usually explicit, with the essential steps set out.
This part of the work may thus serve, even without making the effort of
solving the problems or consulting the solutions, as an informal repository
of references.

The writing of this book has been guided by the constant concern of
emphasizing methods more than results—a strategy which we believe to be
specifically heuristic. This has led to the somewhat artificial subdivision
into three parts, respectively devoted to elementary, complex-analytical and
probabilistic methods. It will be easy to criticize this taxonomy: is the
method of van der Corput, based on the Poisson summation formula, more
elementary than the Selberg–Delange method, which employs complex in-
tegration? Why qualify as probabilistic the saddle-point method, whose
initial step amounts to an inverse Laplace transform? One could multiply
the examples of inconsistency with respect to this or that criterion, and it is
obvious that the choices have been made on grounds that can be questioned.
Thus, we regard as elementary a method that exclusively employs real vari-
ables, and we choose to view the saddle-point method as probabilistic as
much because it is an ever-present tool in probability theory, as for being
a specific method implemented to solve problems in probabilistic number
theory. . . One might as well say at the very outset that the classification
at work in this book is anything but a Bourbakist choice. Its ambition is
limited to the mere wish that it might, at least for a while, shed some light
on the path of the neophyte.

Without aiming at complete originality, the text tries to avoid well-
trodden paths. We have reconsidered, when it seemed desirable and indeed
possible, the exposition of classical results: either by employing new ap-
proaches (such as Nair’s method for Chebyshev’s estimates), or by occasion-
ally introducing technical simplifications that are invisible in the table of
contents, but will hopefully be useful to the active reader.

Certain developments, meanwhile, are innovative. This mainly concerns:
some uniform results arising from the Selberg–Delange method
(Chapter II.5); the version with explicit remainder of the Ikehara–Ingham
theorem (§ II.7.5); the study of the sieve function Φ(x, y) by the saddle-point
method (Chapter III.6). The effective form of Ikehara’s theorem turns out
to be closely related to the Berry–Esseen inequality—an almost conceptual
identity which we continue to find fascinating. Besides, a concern for com-
plementarity with respect to the existing literature (and especially the fine
book by Elliott) has influenced some of our decisions, such as the choice



Foreword xvii

of the method of proof for the theorems of Erdős–Wintner, Erdős–Kac, or
Halász—see Chapter III.4. This last result corresponds to an extension of
Montgomery’s method, developed in a way he suggested.

This second edition, like the first, owes much to all those colleagues and
friends who helped me clarify and clean up the manuscript. It is a pleasant
duty to express my gratitude here to Michel Balazard, Régis de la Bretèche,
Gautami Bhomwik, Paul Erdős, Michel Mendès France, Olivier Ramaré,
Jean-Luc Rémy, Imre Ruzsa, Patrick Sargos, András Sárközy, Marijke Wi-
jsmuller, and Jie Wu: as long as the list of errata might turn out to be (and
experience has shown this is not just a cliché), it would have been a good
deal longer without their help. Finally, I would like to warmly thank Daniel
Barlet for his friendly and effective involvement in the process of publication
of the text by the Société mathématique de France.

Nancy, March 1995 G.T.





Preface to
the third edition

While retaining the same structure and the same expository options, we have
extensively expanded the contents of this book for its third edition. This
meets a three-fold goal: to take recent advances into account, to flesh out the
methodological aspect of the exposition, and to provide basic knowledge or
useful supplements for university graduate students, in particular for those
preparing for higher teaching diplomas.

Updating with the results from the literature is mostly done in the Notes
or Exercises. However, such updates may also be done in new subsections,
such as § III.6.5 on Kubilius’ model. New proofs of previously included
statements are also offered, such as for Tauber’s theorem (§ II.7.2) or Halász’s
(§ III.4.3). Finally, as in the case of the Turán–Kubilius inequality and its
friable generalization, the influence of recent results led us to substantially
modify the exposition.

Numerous new developments have been inserted in order to preserve
general consistency. This essentially concerns: section I.4.7, which is devoted
to Selberg’s sieve in a little known general form; some applications to small
gaps between prime numbers given in the Exercises of the same chapter;
the description of Ramanujan’s method for the maximal order of the divisor
function (Exercise 90); the statements of the Kusmin–Landau inequality
(I.6.6) and of van der Corput’s general theorem (I.6.10); the inclusion of the
explicit formulae of the theory of numbers (§§ II.4.4 and II.8.6); a significant
expansion of Chapter II.8, devoted to the distribution of prime numbers
in arithmetic progressions; the introduction of Jacobsthal’s function and of

xix



xx Preface to the third edition

the proof of Rankin’s theorem on large gaps between consecutive primes
(§ III.5.6).

Aside from the inclusion in the Exercises of statements following straight-
forwardly from the main theorems and of synthetic problems, the new items
intended for students and future graduate students concern: the Euler–
Maclaurin formula (see the exercises of Chapter I.0); an elementary exposi-
tion of the Legendre symbol and the theory of quadratic residues (exercises
in Chapter I.1); an introduction to the theory of equidistribution modulo 1
(§ I.6.5); a first treatment of Diophantine approximation and a synthetic
exposition of continued fractions (Chapter I.7); as well as a vade mecum on
the theory of Euler’s Gamma function (Chapter II.0).

The description sketched above is obviously too succinct to reflect the
numerous correlations between developments arising from various motiva-
tions. It is also fails to be exhaustive. The text as a whole has been revised,
and whole passages have been rewritten. The presentation is further sup-
ported by the addition of one hundred and twenty-five new exercises offering,
for some important theorems, variations of proofs, or simplified versions, as
in the cases of van der Corput’s theorem or of the Erdős–Turán inequality.
The initial choices of presentation, however, have not been fundamentally
modified.

The author wishes to warmly thank all those who have contributed to
an attentive and critical rereading of this almost new manuscript, in partic-
ular Joseph Basquin, Régis de la Bretèche, Farrell Brumley, Cécile Dartyge,
Kevin Ford, Bruno Martin, Michel Mendès France, Aziz Raouj, Jean-Luc
Rémy, Olivier Robert, Anne de Roton, Patrick Sargos, and Jie Wu.

Nancy, November 2007 G.T.



Preface to
the English translation

This translation essentially follows the text of the French edition published
in 2008, with many corrections and a few updates. It is a pleasure to express
here warm thanks to Edward Dunne for his indestructible commitment to
making this book available in English, to Patrick Ion, for his careful trans-
lation, and to Nicholas Bingham and Matthew de Courcy-Ireland for their
invaluable help.

Nancy, October 2013 G.T.

xxi





Notation

The following notation and conventions will be used freely in the text.

Except in explicitly stated or in special cases clear from context, the
letter p, with or without subscript, denotes a prime number. We write P for
the set of all primes.

a|b means: a divides b; pν‖a means: pν |a and pν+1 � a; a|b∞ means:
p|a⇒ p|b. We also use the notation [a, b] := lcm(a, b), and (a, b) := gcd(a, b).

P+(n) (resp. P−(n)) denotes the largest (resp. the smallest) prime
factor of the integer n > 1. By convention P+(1) = 1, P−(1) = +∞.

The lower and upper integer parts, and the fractional part of the real
number x are, respectively, denoted by �x�, �x� and 〈x〉.

We put ‖x‖ := minn∈Z |x − n|, x+ := max(x, 0) (x ∈ R) and use the
notation e(x) := e2πix (x ∈ R), ln+ x := max{0, lnx} (x > 0). We write
lnk for the k-fold iterated logarithm. The notation log is reserved for the
complex logarithm, taken, if not otherwise specified, in its principal branch.

When the letter s denotes a complex number, we implicitly define real
numbers σ and τ by the relation s = σ + iτ .

We use interchangeably Landau’s notation f = O(g) and Vinogradov’s
f � g both to mean that |f | � C|g| for a suitable positive constant C,
which may be absolute or depend upon various parameters, in which case
the dependence may be indicated in a subscript. Moreover, we write f  g to
indicate that f � g and g � f hold simultaneously. We draw the reader’s
attention to the fact that we have therefore extended the common use of
these symbols to complex-valued functions.

We denote the cardinality of a finite set A either by cardA, or |A|.

xxiii



xxiv Notation

We list below page numbers where various notations in the body of the
text are introduced.

br(x), Br, Br(x) 5 δA 416 σa, σc 191
e(x) 73 δ(n) 32 σk(n) 30
dA 415 ζ(s) 19 τ(n) 30
j(n) 34 ζ(s, y) 512 τ(n, ϑ) 240
k(n) 64 λ(n) 64 ϕ(n) 30
N(T ) 243 Λ(n) 30 Φ(x, y) 70
N(x, y) 198 μ(n) 30 χ(n), 363
pj(n) 460 νN 416 χ0(n) 364
pp 420 ξ(s) 242 ψ(x) 36
S(A,P; y) 69, 91 π(x) 11 ψ(x; a, q) 370
vp(n) 15 π(x; a, q) 83 Ψ(x, y) 511
1(n) 34 �(u) 519 ω(n), Ω(n) 30

Ω± 111
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1998. Sur la répartition des valeurs de la fonction d’Euler, Compositio Math. 110,

no 2, 239–250.

M. B. Barban & A. I. Vinogradov,
1964. On the number-theoretic basis of probabilistic number theory, Dokl. Akad. Nauk

SSSR 154, 495–496 = Soviet Math. Doklady 5 (1964), 96–98.

P. Bateman,
1972. The distribution of values of the Euler function, Acta Arith. 21, 329–345.

F. Behrend,
1935. On sequences of numbers not divisible one by another, J. London Math. Soc.

10, 42–44.

A. C. Berry,
1941. The accuracy of the Gaussian approximation to the sum of independent variates,

Trans. Amer. Math. Soc. 49, 122–136.

A. S. Besicovitch,
1934. On the density of certain sequences, Math. Annalen 110, 336–341.

N. H. Bingham, C. M. Goldie & J. L. Teugels,
1987. Regular variation, Encyclopedia of Mathematics and its Applications, 27.

Cambridge University Press, Cambridge. xx+491 pp.

A. Blanchard,
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Recherches Mathématiques, No. 19 Dunod, Paris. xiv+166 pp..

H. Bohr,
1910. Bidrag til de Dirichlet’ske Raekkers Theori, Thesis, Copenhagen

(= Collected Mathematical Works III, S1).
1935. Ein allgemeiner Satz über die Integration eines trigonometrischen Polynoms,

Prace Matem. Fiz., 273–288 (= Collected Mathematical Works II, C 36).

E. Bombieri,
1965. On the large sieve, Mathematika 12, 201–225.
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2002. Sur les lois locales de la répartition du k-ième diviseur d’un entier, Proc. London

Math. Soc. (3) 84, 289–323.
2005a. Propriétés statistiques des entiers friables, Ramanujan J. 9, 139–202.
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2002. Sur la loi de répartition du k-ième facteur premier d’un entier, Math. Proc.

Camb. Phil. Soc. 133, 191–204.

H. Delange,
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Theory, W. de Gruyter, 169–200.
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1906. Séries trigonométriques et séries de Taylor, Acta Math. 30, 335–400.

W. J. Feller,
1970. An introduction to probability theory and its applications, vol. I, Third edition

John Wiley & Sons, Inc., New York, London, Sydney 1968 xviii+509 pp. (1st
ed. 1950).

1971. An introduction to probability theory and its applications, vol. II, Second edition
John Wiley & Sons, Inc., New York, London, Sydney 1971 xxiv+669 pp. (1st
ed. 1966)

E. Fouvry & F. Grupp,
1986. On the switching principle in sieve theory, J. reine angew. Math. 370, 101–125.

E. Fouvry & G. Tenenbaum,
1991. Entiers sans grand facteur premier en progressions arithmétiques, Proc. London

Math. Soc. (3) 63, 449–494.
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Paris. xii+268 pp.

A. Gelfond,
1946. Comments to the papers ‘On the determination of the number of prime numbers

not exceeding a given quantity’ and ‘On prime numbers’ (Russian), in: Collected
works of P. L. Chebyshev, vol. 1, Moscow and Leningrad, 285–288.

A. Gelfond & Y. Linnik,
1948. On Thue’s method in the problem of effectiveness in quadratic fields (Russian),

Doklady Akad. Nauk SSSR (N.S.) 61, 773–776.
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107–130.

1983. On the variance of additive functions, Studies in Pure Mathematics, Mem. of P.
Turán, 577–586.

1984. Generalized moments of additive functions, J. Number Theory 18, 27–33.

B. Saffari,
1976. On the asymptotic density of sets of integers, J. London Math. Soc. (2) 13,

475–485.
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Borel, Émile, see below
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Carathéodory, Constantin, see Borel
Carlson, Fritz, 227
Cartan, Henri, 59, 191
Cashwell, Edmond D., see below
Cashwell & Everett, 32
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Pólya–Vinogradov, 367, 368, 376,

400
Turán–Kubilius, 446, 448, 449, 451–

453, 455, 461–463, 467, 472, 473,
481, 483, 500, 501

Weyl–van der Corput, 129, 130, 138
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Kerner, Sébastien, 312
k-free integers, 40
Kobayashi, Isamu, 84
Kolesnik, Grigori, 57, 123, see also Gra-

ham; Huxley
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constant, 161
Martin, Bruno, see below
Martin & Tenenbaum, 547
Masser, David W., 209
Mathan, Bernard de, 349
maximal order of τ(n), 119
Maynard, James, 85, 107, see also Ford
mean value, 44, 49, 54–56, 58, 65, 140,

347, 429, 432, 459, 472, 476, 477, 482,
484, 485, 495, 499, 502, 505, 506, 585

mean value formula, 225
Mellin, Robert Hjalmar, 177
Mendès France & Tenenbaum, 465
Mendès France, Michel, 138, 160, see

also Brlek; Cantor; Ellison; Kamae;
Tenenbaum

Mersenne, Marin, 26
Mertens, Franz, 238, 262, 371

first theorem, 16–18, 100, 414, 457
formula, 19, 67, 115, 458, 525, 553,
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Piatetski–Shapiro, Ilya I., 139
pigeonhole principle, 145, 200, 246, 392
Pintz, János, 274, 551, see also Gold-

ston; Kaczorowski
Plancherel, Michel

formula, 437, 488, 492
theorem, 441

point
of continuity, 425
of discontinuity, 425
of increase, 425

Poisson, Denis
law, 299, 589
summation formula, 76, 108, 124,

126, 137, 138, 256
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transcendental — theorem, 334

Wiener–Ikehara — theorem, 334
Tauberian condition, 319, 322, 341, 344,

346, 354
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This book provides a self contained, thorough introduction to the analytic and probabi-
listic methods of number theory. The prerequisites being reduced to classical contents 
of undergraduate courses, it offers to students and young researchers a systematic and 
consistent account on the subject. It is also a convenient tool for professional math-
ematicians, who may use it for basic references concerning many fundamental topics.

Deliberately placing the methods before the results, the book will be of use beyond 
the particular material addressed directly. Each chapter is complemented with biblio-
graphic notes, useful for descriptions of alternative viewpoints, and detailed exercises, 
often leading to research problems.

This third edition of a text that has become classical offers a renewed and considerably 
enhanced content, being expanded by more than 50 percent. Important new develop-
ments are included, along with original points of view on many essential branches of 
arithmetic and an accurate perspective on up-to-date bibliography.

The author has made important contributions to number theory and his mastery of the mate-
rial is reflected in the exposition, which is lucid, elegant, and accurate.

—Mathematical Reviews


