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Preface 

'The philosophers hithert o have only interpreted th e world in various 
ways: th e thing is , however, t o change it. ' 

Karl Mar x (1848 ) 

This monograp h i s based upo n a  graduate cours e give n a t Th e Fields Institut e 
for Researc h i n Mathematica l Science s durin g th e Autum n Ter m 1993 . Th e ob-
jective o f the course wa s to introduc e a n audienc e o f advanced graduat e students , 
Post-Doctoral Fellow s an d other s familia r wit h basi c algebrai c numbe r theor y t o 
some o f the topics studie d unde r th e collective rubri c o f Galoi s Modul e Structure . 
As part o f The Fields Institute' s programm e o n L-functions th e scope of the course 
was intende d t o familiaris e th e audienc e wit h th e materia l sufficientl y enoug h fo r 
them t o be able to participate i n the Galois Module Structur e worksho p which was 
held at The Fields Institute durin g February 14-18,1994 . Accordingl y I  centred the 
material aroun d on e of the Chinburg conjecture s becaus e thes e conjecture s ar e cur-
rently stil l ope n bu t ar e supported b y a  body o f partial result s interestin g enoug h 
to illustrat e a  number o f the subject' s technique s i n action . 

The course was one of four give n in connection with the L-functions programm e 
and durin g th e lecture s I  was able t o benefi t fro m an d refer t o the paralle l lectur e 
series fo r background . However , wit h futur e generation s o f graduat e student s i n 
mind, I  have trie d t o make th e book self-containe d i n such a  way as to be suitabl e 
for us e a s th e basi s fo r a  graduat e course . Fo r thi s reaso n I  hav e no t necessaril y 
battled throug h al l th e technicalitie s o f th e mai n result s bu t instea d hav e give n 
proofs i n special case s designed t o illuminate rathe r tha n intimidate . Fo r example, 
I hav e give n a  ne w proo f o f M.J . Taylor' s theorem—th e solutio n o f th e Frohlic h 
conjecture—but hav e restricte d mysel f t o the cas e o f a grou p o f odd prime powe r 
order. Similarly , i n th e cas e o f D. Holland' s theorem—th e solutio n o f the secon d 
Chinburg conjectur e modul o D(Z[G]) —I hav e confined mysel f t o the locally cycli c 
case with a  brie f indicatio n o f how to promote thi s specia l cas e to give the genera l 
proof. 

With subsequen t graduat e course s i n mind I  have trie d t o include som e 'inter -
esting' exercise s a t th e end of each chapter . 

Now le t me describe th e content s i n more detail . 
Chapter On e consist s o f basi c material . Sectio n 1. 1 introduce s th e cohomol -

ogy o f finit e groups , Tat e cohomolog y an d Galoi s cohomology . Sectio n 1. 2 in -
troduces loca l field s an d give s a  quick , simpl e cohomologica l proof , whic h non e 
of m y audienc e seeme d t o hav e encountere d previously , o f th e fundamenta l reci -
procity isomorphis m (Theore m 1.2.2 ) o f local class field theory . Thi s proo f i s based 
upon a n exercis e t o b e foun d i n Serr e [1979] , p.202 . Sectio n 1. 3 contain s th e el-
ementary backgroun d o n the comple x representatio n theor y o f finite groups . Th e 
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main ne w technique s whic h permeat e th e late r chapter s ar e al l derive d fro m th e 
Explicit Braue r Inductio n homomorphism , a^ , whic h i s describe d i n thi s section . 
This i s a natural , canonica l for m fo r Brauer' s Inductio n Theorem , whic h originate d 
in Snait h [1988 ] an d Snait h [1989a ] an d wa s developed , modifie d an d improve d 
in Boltj e [1990] , Boltj e [1989] , Boltje , Snait h an d Symond s [1992] , Snait h [1989b] , 
Snaith [1994 ] an d Symond s [1991] . Th e importan t propertie s o f ac  ar e collected , 
without proof , i n Sectio n 1.3 . I n Sectio n 1. 4 w e recal l th e analyti c prerequisites , 
namely Artin L-functions , Arti n conductors , Arti n roo t numbers , loca l Gauss sums, 
local roo t number s an d p-adi c L-functions . I n preparatio n fo r th e interventio n o f 
these analyti c invariant s i n th e Hom-descriptio n class-groups , thei r behaviou r un -
der th e Galoi s actio n o f f̂ Q i s described . Thes e calculation s ar e facilitate d b y th e 
use o f the canonica l form , a^ , fo r Brauer' s Inductio n Theorem . 

Chapter Tw o deal s wit h th e class-group , CL(0[G]),  o f a n integra l group-ring . 
In Section 2.1 we recall the Hom-description o f the class-group of a group-ring. Thi s 
describes th e class-grou p i n term s o f a  quotien t o f th e idelic-value d function s o n 
the comple x representatio n rin g o f G , R(G).  I n Sectio n 2. 1 the Hom-descriptio n o f 
the class-grou p o f a maximal orde r o f Q[G] i s also described, i n readiness fo r us e in 
Chapter Five . Th e kernel of the homomorphism fro m CL(Z[G])  t o the class-group of 
a maximal order i s denoted by D(Z[G]), whose Hom-description i s also given in Sec-
tion 2.1 . Thes e Horn-description s allo w u s t o interpre t analyti c invariant s define d 
on R(G) a s elements of CL(Z[G]) i n the case when G is a Galois group. Fo r example, 
if L/K  i s a  Galoi s extensio n o f number fields  the n th e Arti n roo t number s o f sym -
plectic representation s o f the Galoi s group , G(L/K),  giv e rise t o a n analyti c class , 
WL/K e  CL(Z[G(L/K)}),  whic h i s defined i n Sectio n 2.2.1 . O n th e othe r hand , i n 
Section 2.2.3 , usin g the fundamenta l classe s o f local clas s field theory o f (1.2.3) , we 
define th e secon d Chinbur g invariant , Q.(L/K,2)  € CL(Z[G(L/K)}).  Whe n L/K 
is tamely ramifie d £l(L/K,  2 ) i s equa l t o th e clas s o f the rin g o f integers , OL-  Th e 
Frohlich-Chinburg conjectur e (Conjectur e 2.2.6 ) assert s tha t Q(L/K,2)  =  WL/K. 
In Sectio n 2.3 , using p-adic L-functions , th e Hom-description representativ e i s com-
puted fo r r2(Q +(£ps+i)/Q, 2) whe n p  i s an odd , regula r prim e an d Q +(£ps+i)/Q i s 
the totall y real , p-primar y cyclotomi c extension . A s a  consequence , i n Theore m 
2.3.12, w e verif y th e Frohlich-Chinbur g conjectur e fo r th e intermediat e extension , 
F s + 1 / Q , o f degree p s. 

In Chapte r Thre e w e develop logarithmi c technique s fo r detectin g element s o f 
CL(Z[G]). I n Sectio n 3. 1 we use Explici t Braue r Inductio n t o deriv e some determi -
nant al congruences . Thes e ar e congruence s satisfie d b y function s o n R(G)  whic h 
are give n b y determinant s o f unit s i n loca l group-rings . Th e first  applicatio n o f 
these congruence s i s to give a  simple constructio n o f the group-rin g logarithm , L Q, 
of R . Olive r an d M.J . Taylor . Th e rol e o f LQ  i s t o transfor m th e complicate d 
multiplicative function s whic h appea r i n the Hom-descriptio n int o simple r additiv e 
functions. A s a n application , i n Sectio n 3.2 , w e establish th e tam e Galoi s descen t 
for determinanta l function s (Theore m 3.2.5 ) whic h i s one o f th e principa l ingredi -
ents i n M.J . Taylor' s proo f o f Frohlich' s conjectur e (se e Theore m 4.1.5) . Anothe r 
consequence o f th e determinanta l congruence s o f Sectio n 3. 1 i s tha t th e logarith m 
of a  determinanta l functio n als o satisfie s a  numbe r o f congruences . I n Sectio n 3.3 , 
at od d primes , w e prov e th e convers e (Theore m 3.3.21)—namel y tha t almos t an y 
function satisfyin g th e congruence s i s th e logarith m o f a  determinant . Sinc e de -
terminantal function s ar e trivia l i n th e class-group , thi s give s a  criterio n fo r th e 
vanishing of classes in Z}(Z[G]) when G  i s a p-group of odd orde r (Theore m 3.3.28) . 
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In Chapte r Fou r w e conside r th e case  whe n L/K  i s a  tamel y ramifie d Galoi s 
extension of number fields.  I n this case Q(L/K, 2 ) =  [OL],  th e class of the integers of 
L. I n thi s cas e Frohlic h conjecture d tha t [OL]  =  WL/K-  I n Sectio n 4. 1 we describ e 
Frohlich's Horn-description representativ e for [OL]  an d sketch M.J. Taylor' s proof of 
Frohlich's conjecture, culminatin g (Theore m 4.1.5) i n the use of tame Galois descent 
for determinanta l functions . I n Sectio n 4. 2 w e develo p a  ne w approach , usin g th e 
congruence result s o f Theorem 3.3.2 8 to prove (Theore m 4.2.8 ) M.J . Taylor' s resul t 
in th e specia l cas e o f a  p-group o f odd order . 

In Chapte r Fiv e we consider th e class-grou p o f a  maximal orde r o f the rationa l 
group-ring. I n Sectio n 5. 1 we describe a  family o f Horn-groups associate d t o cycli c 
subquotients o f G  an d th e manne r i n whic h Explici t Braue r Inductio n ma y b e 
used t o construc t a  spli t injectio n o f th e class-grou p o f th e maxima l orde r int o 
the invers e limi t o f thi s famil y (Theore m 5.1.9) . I n Sectio n 5. 2 th e metho d o f 
canonical factorisation s i s explained . Thi s i s a  metho d b y whic h t o obtai n Horn -
description representative s o f classe s i n th e class-grou p o f th e maxima l order . I n 
Section 5.3 canonical factorisation i s used to give a proof o f D. Holland's resul t tha t 
the Frohlich-Chinburg conjecture hold s in the class-group of the maximal order . W e 
give a fairl y complet e proo f o f thi s resul t (Theore m 5.3.9 ) i n th e cas e when al l th e 
wild decompositio n group s ar e cycli c (th e locall y cycli c case) . Thi s specia l cas e 
adequately illustrate s ho w canonica l factorisation s ar e manipulate d an d ma y b e 
amplified int o a  proo f o f the genera l case  (se e Snait h [1994] , Section 7.3 ) usin g th e 
results o f Sectio n 5.1 . 

In Chapter Si x we give an alternativ e metho d o f some quaternionic case s of the 
Frohlich-Chinburg conjectur e whic h wer e first  studie d b y S . Kim . Thes e example s 
concern Galois extensions, iV/Q, whose group is isomorphic to the quaternion grou p 
of orde r eigh t whic h i s als o th e decompositio n grou p a t p  =  2 . I n Sectio n 6. 1 w e 
examine th e fundamenta l 2-adi c loca l 2-extensio n an d obtai n a n injectiv e chai n 
map o f th e standar d Qg-resolutio n int o it . I t i s i n thi s first  ste p tha t ou r metho d 
departs fro m tha t o f Ki m [1992] . I n Sectio n 6. 2 w e us e cohomologica l technique s 
to evaluat e th e (cohomologicall y trivial ) cokerne l o f the injectio n o f Section 6.1 . I n 
Section 6. 3 w e complet e th e computatio n b y evaluatin g 0(iV/Q , 2) i n compariso n 
to W N/Q. 

In Chapter Seve n we construct som e new class-group invariants of the Chinbur g 
type. Thes e ar e made fro m a  cohomologica l stud y o f the highe r algebrai c K-group s 
of ring s o f S-integers . A t th e momen t I  hav e ver y littl e informatio n concernin g 
these ne w classe s but , a s i s explained i n Remar k 7.1.5 , these ne w classe s an d thei r 
Horn-description representative s shoul d b e par t o f a  class-grou p reflectio n o f th e 
Lichtenbaum an d Star k conjectures . 

In conclusio n I  shoul d lik e t o than k Carolyn , Nin a an d Daniel—fo r toleratin g 
my nocturna l typing—an d m y students , Jef f Hoope r an d Min h Tran—fo r scrutin -
ising th e exampl e i n Chapte r Six—an d Th e Field s Institute—fo r offerin g m e th e 
opportunity t o giv e thes e lectures . 

Victor Snaith , 
McMaster University , 
April 1994 . 
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