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Preface

This book grew out of two series of five two-hour lectures, given by Jean Berstel
and Christophe Reutenauer in March 2007. The lectures were delivered during
the school on “Combinatorics on Words” organized by Srečko Brlek, Christophe
Reutenauer and Bruce Sagan that took part within the theme semester on Recent
Advances in Combinatorics on Words at the Centre de recherches mathématiques
(CRM), Montréal, Canada.

Notes for the lectures were written down by Aaron Lauve and Franco Saliola.
They have augmented their notes with several topics and have added more than
100 exercises. There has been a lot of work in adding bibliographic references and
a detailed index.

The text is divided into two parts. Part I, based on the lectures given by
Christophe Reutenauer, is a comprehensive and self-contained presentation of the
current state of the art in Christoffel words. These are finitary versions of Sturmian
sequences. It presents relationships between Christoffel words and topics in discrete
geometry, group theory, and number theory. Part I concludes with a new exposition
of the theory of Markoff numbers.

Part II, based on the lectures by Jean Berstel, starts with a systematic ex-
position of the numerous properties, applications, and interpretations of the fa-
mous Thue –Morse word. It then presents work related to Thue’s construction of
a square-free word, followed by a detailed exposition of a linear-time algorithm
for finding squares in words. This part concludes with a brief glimpse of several
additional problems with origins in the work of Thue.

Acknowledgements. We gratefully acknowledge the generosity of Amy Glen
and Gwénaël Richomme, who agreed to read a preliminary version of this text. Im-
plementation of their numerous comments improved the quality of the text tremen-
dously. We also thank Anouk Bergeron-Brlek for lending us a third set of notes
and Lise Tourigny through whom all things are possible. Finally, we would like to
thank the CRM and François Bergeron, the principal organizer of the CRM theme
semester, for providing an excellent scientific program and working environment
during the semester as well as support throughout the preparation of this text.
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x PREFACE

Typesetting. The book was typeset with the LATEX document preparation
system together with the following LATEX packages:

algorithm2e
amsrefs
amssymb
array
bbm

color
ednotes
gastex
graphicx
mathtools

multicol
paralist
pstricks
pst-poly
pst-tree

stmaryrd
subfigure
upref
xy

and Will Robertson’s LATEX code for typesetting magic squares [Rob2005].



Notation

We gather in one place the notational conventions shared by the two
parts. The reader may also consult the subject index to locate the
major occurrences within the text of most of the symbols and bold
words below.

Let N denote the set of nonnegative integers. If a, b and n are integers, then
the notation a ≡ b mod n shall mean that a − b is divisible by n. Equivalently,
a ≡ b mod n if and only if a and b have the same remainder upon division by n.

Let A denote a finite set of symbols. The elements of A are called letters and
the set A is called an alphabet. A word over an alphabet A is an element of the
free monoid A∗ generated by A. The identity element ϵ of A∗ is called the empty
word. Given a word w ∈ A∗, the square of w is the monoid product w2 = ww
in A∗. Higher powers of w are defined analogously. We frequently take A to be a
subset of the nonnegative integers N. The reader is cautioned to read 101 not as
“one hundred and one” but as “1 · 0 · 1,” an element of {0, 1}3.

If w ∈ A∗, then there exists a unique integer r ≥ 0 and unique letters a1, a2, . . . ,
ar ∈ A such that w = a1a2 · · · ar; the number r is called the length of w and
denoted by |w|. A positive integer p is a period of w if ai = ai+p for all 1 ≤ i ≤
|w|− p. (Note that if p ≥ |w|, then p is a period of w.) If w ∈ A∗ and a ∈ A, then
|w|a denotes the number of occurrences of the letter a in the word w so that

|w| =
∑

a∈A

|w|a.

If w = a1a2 · · · ar, where a1, a2, . . . , ar ∈ A, then the reversal of w is the word

w̃ = ar · · · a2a1.

We say w is a palindrome if w = w̃.
An infinite word is a map from N to A, typically written in bold or as a

sequence such as w = w(0)w(1)w(2) · · · or w = w0w1w2 · · · (we freely pass between
the two notations wn and w(n) in what follows). Any finite word m gives rise to a
periodic infinite word denoted m∞, namely

m∞ = mmm · · · .

A factorization of a finite word w over A is a sequence (w1, w2, . . . , wr) of
words over A such that the relation w = w1w2 · · ·wr holds in the monoid A∗. We
sometimes write w = (w1, w2, . . . , wr) to emphasize a particular factorization of w.
Factorizations of infinite words are similarly defined (with wr necessarily the only
infinite word in the sequence). If w is a finite or infinite word over A and w = uv
for some (possibly empty) words u and v, then u is called a prefix of w and v is

xi



xii NOTATION

a suffix of w. Conversely, a factor of a finite or infinite word w is a finite word v
such that w = uvu′ for some words u, u′; we say v is a proper factor if v ̸= ϵ and
uu′ ̸= ϵ. Given two words w, w′ ∈ A∗, we say that w is a conjugate of w′ if there
exists u, v ∈ A∗ such that w = uv and w′ = vu.

Let w be a finite or infinite word over an alphabet A and write w = a0a1a2 · · ·,
where a0, a1, a2, · · · ∈ A. If v is is a factor of w, then

v = aiai+1 · · · aj for some 0 ≤ i < j,

and aiai+1 · · · aj is said to be an occurrence of v in w. (Specifically, an occurrence
of v in w also includes information about where it appears in w; for the factor
above, we say the starting index is i.) If u and v are words, then u is said to
contain v if there is an occurrence of v in u.

Given two alphabets A, B, a morphism from A∗ to B∗ shall always mean a
“morphism of monoids.” That is, a set mapping f : A∗ → B∗ satisfying

f(uv) = f(u)f(v) for all u, v ∈ A∗.

In particular, f(ϵA∗) = ϵB∗ since the empty word ϵ is the only element in a free
monoid satisfying w2 = w. The identity morphism on A∗ is the morphism
sending each w ∈ A∗ to itself. The trivial morphism from A∗ to B∗ is the
morphism sending each w ∈ A∗ to ϵB∗ .
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[Cro1983a] , Recherche linéaire d’un carré dans un mot, C. R. Acad. Sci. Paris Sér. I
Math. 296 (1983), no. 18, 781 – 784. ↑114, 115
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Key words and phrases from the text appear in lexicographic order, as
usual. Mathematical symbols appear in the order in which they occured
within the text. Mixtures of symbols and text, such as k-avoidable pat-
tern, are likely to be found among the key words (omitting the symbols),
e.g., under avoidable pattern.

N, xi
|w|a, xi
m∞, xi
a ⊥ b, 5
C(a, b), 6
xxyxxyxxyxy, 6, 17, 20, 24, 25, 30, 44, 48,

49
G, 9, 20, 25, 62
D, 9, 25
eG, 9
eD, 9, 20, 62
E, 9
G, 9, 21
eD, 10
SL2(Z), 19
w+, 24
Pal, 24
N2×2, 31
P, 56
λi(A), 56
R>0, 56
M(A), 56
t, 69
s̄, 70
ϕ∞, 70
bin(n), 77
Fq, 80
ct(n), 82
Han(n, i, j), 92, 95
C(h), 102
O(n), 109
w(i, j), 112
w(i), 112

w(i), 112

! , 112, 117"

, 112
πw(u), 115, 117
Suff(w), 117
rt(n), 126

.
=, 131

Abelian k-avoidable, 127
Abelian instance, 127
accepted by an automaton, 86
algebraic series, 79, 89
alphabet, xi
alternating lexicographic order, 58, 61
anagram, 127
aperiodic sequence, 43
k-automatic sequence, 78
automatic sequences, 94
automaton, 77, see also finite deterministic,

86
pushdown, 88

k-avoidable pattern, 127
k-avoidable set, 131

Bézout’s Lemma, 20, 35, 53
balanced1, 41, 44, 64
balanced2, 42
basis, 33, see also free group
bi-ideal sequence, 133
bifix code, 102
big-O, 109
binary quadratic form, 55

discriminant of a, 55
equivalent, 55
minimum of a, 55
reduced, 55

binary word, 69
bissective code, 105
block, 58, 71
Burrows –Wheeler transform, 39

Cayley graph, 7, 30, 39
centered square, 111

left-, 111
right-, 111

Chomsky hierarchy, 85
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Christoffel morphism, 9, 22, 37
G, D, eG, eD and E, 9

Christoffel path, 5, 49
closest point for a, 17
lower, 5
slope, 5
upper, 5

Christoffel tree, 35, 47, 50, 53
Christoffel word, 6

lower, 6, 8
nontrivial, 6, 23
of slope 4/7, 6, 17, 20, 24, 25, 30, 44, 48,

49
slope, 6
standard factorization, 17, 25, 35
trivial, 6
upper, 6, 23

circular word, 42, 79
closest point, 17
code, 101

bifix, 102
bissective, 105
comma-free, 102
faithful, 105
infix, 102
left synchronizing, 105
prefix, 102
prefix-suffix, 105
ps-code, 105
right synchronizing, 105
strongly synchronizing, 105
suffix, 102
synchronizing, 105
uniform, 102

comma-free code, 102
compact suffix tree, 118
complexity function, 82
conjugate

group-theoretic, 13, 33
monoid-theoretic, xii, 13, 33
root, 7, 51, 63

contain, xii
context-free grammar, 87

derivation, 87
leftmost derivation, 89

context-free language, 85, 88
pumping lemma for a, 90
unambiguous, 89

continuant, 48
continued fraction, 47, 58

continuant, 48
representation, 47

cover relation, 117
covers, 117
critical exponent, 126, 134
Crochemore factorization, 114
cutting sequence, 7

degree, 71, see also Tarry –Escott
derivation, 87
derived, 87
de Bruijn word, 78, 79
diagonal, 80, see also generating series
discretization, 5, 134
discriminant, 55
n-division, 133

empty word, xi
erasing morphism, 14
exponent, 126

critical, 126, 134
extendible repetition, 125
extreme point, 49

factor, xii
left special, 82, 84
proper, xii
right special, 82

Factor Problem, 117
factorization, xi

Crochemore, 114
n-division, 133
left Lyndon, 42
right Lyndon, 42
standard, 17, 25

faithful code, 105
Fibonacci, 117

number, 51, 79, 109, 111
word, 7, 57, 99, 100, 109, 116, 134
words, 109, 116

final states, 77, see also finite deterministic
automaton

Fine –Wilf Theorem, 32, 40, 110
finite deterministic automaton, 77, 79, 86,

87, 91, 94, 100, 119
final states, 77
initial state, 77
next state function, 77
states, 77

first occurrence, 115, 117
πw(u), 115, 117

formal language theory, 85
forumlae of Justin, 25–27
fractal rendering, 78
fractional power, 126
free group, 33

basis, 33
inner automorphism, 34
positive element, 33
primitive element, 33

generalized Thue –Morse word, 72
generating series, 79

algebraic, 79
diagonal, 80
Fibonacci numbers, 79
rational, 79
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transcendental, 79
golden ratio, 7, 51, 109
grammar, 87, see also context-free

Hanoi word, 92
and Thue –Morse word, 94
automatic sequence, 94

ideal solution, see also Tarry –Escott
identity morphism, xii
implicit suffix tree, 119
index

recurrence, 84
starting, 115, 117

infix code, 102
initial state, 77, see also finite deterministic

automaton
inner automorphism, 34
instance

Abelian, 127
of a pattern, 127

iterate of an endomorphism, 70
iterated palindromic closure, 24

König’s Lemma, 130

label, 7, 17
language, 85, 119

context-free, 85, 88
regular, 85, 86

leaf node, 117
left factorization, 42
left special factor, 82, 84
left synchronizing code, 105
left-centered square, 111
leftmost derivation, 89
length

in the free group, 33
in the free monoid, xi

letter-doubling morphism, 84
letters, xi
Levi’s Lemma, 110
lexicographic order, 39

alternating, 58, 61
longest common prefix, 112

! , 112
longest common suffix, 112"

, 112
lower Christoffel word, 8
Lyndon word, 39, 41, 78, 133

left factorization, 42
right factorization, 42

magic square, 74
La Sagrada Famı́lia, 74
Melencolia I, 74
from the Thue –Morse word, 74
of order 2m, 74
order, 74

Markoff numbers, 57
Markoff spectrum, 64
maximal repetition, 125
mediant, 52
minimal period, 125
k-mismatch, 123
morphism, xii

Christoffel, 9, 37
erasing, 14
exchange, 70
fixed point of a, 70
Hall, 98, 100
identity, xii
iterate, 70
letter-doubling, 84
nonerasing, 14, 101
period-doubling, 93
positive, 37
square-free, 100
k-square-free, 100
Thue –Morse, 70
trivial, xii, 100
uniform, 101
k-uniform, 70, 78

morphism of Hall, 98, 100

next state function, 77, see also finite
deterministic automaton

nonerasing morphism, 14
nonerasingmorphism, 101
nonextendible repetition, 125
nontrivial Christoffel word, 23

occurrence, 125
extendible repetition, 125
nonextendible repetition, 125
number of, xi, 26, 107
of a factor, xii
starting index, xii, 82, 115

Open Question
Thue –Morse generating series, 80
context-free language of non-factors of t,

89
Markoff numbers, 58

order, 74, see also magic square
overlap, 81, 110
overlap-free word, 81

palindrome, xi, 13, 23, 61
palindromic closure, 24
palindromic prefix, 24, 27
palindromic suffix, 24
path, 118
pattern, 127

Abelian k-avoidable, 127
Abelian instance of a, 127
k-avoidable, 127
k-avoidable set, 131
instance of a, 127
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k-unavoidable, 131
k-unavoidable set, 131

period, 25, 27
minimal, 125

period-doubling morphism, 93
periodic phenomena, 44
periodic sequences, 44
Pick’s Theorem, 19, 20
poset

cover relation, 117
covers, 117

position, 118
positive element, 33
positive morphism, 37
kth-power-free word, 97
prefix, xi

longest common, 112
palindromic, 24, 27
proper, xii

prefix array, 112
prefix code, 102
prefix poset, 107, 117
prefix-suffix code, 105
primitive element, 33
primitive word, 6, 33, 107
productions, 87
proper factor, xii
ps-code, 105
pumping lemma

for context-free languages, 90
for regular languages, 86

pumping length
for regular languages, 86

pushdown automata, 88

quadratic form
binary, 55
equivalent, 55
minumum of a, 55
reduced, 55

quadratic number, 63

rational series, 79, 89
recurrence index, 84
recurrent, 84

uniformly recurrent, 84
recurrent word, 133
reduced word, 33
regular language, 85, 86

pumping lemma for a, 86
rejected by an automaton, 86
relatively prime, 5
repetition, 125

extendible, 125
maximal, 125
nonextendible, 125

repetition threshold, 126
reversal, xi, 13, 23
right factorization, 42

right special factor, 82
right synchronizing code, 105
right-centered square, 111
root node, 117
run, 125

sequence
aperiodic, 43
bi-ideal, 133
cutting, 7
periodic, 44
ultimately periodic, 43, 87, 90

sesquipowers, 133
shift registers, 78
size, 71, see also Tarry –Escott
skew-words, 44
square

centered, 111
left-centered, 111
right-centered, 111

square-free morphism, 100
k-square-free morphism, 100
square-free word, 97
standard factorization, 17, 22, 35, 53
starting index, xii, 82, 115, 117

πw(u), 115, 117
starting position, see also starting index
states, 77, see also finite deterministic

automaton
Stern –Brocot tree, 47, 52
strongly synchronizing code, 105
Sturmian word, 6, 41, 43, 44, 126

characteristic, 6, 134
suffix, xii

longest common, 112
palindromic, 24
proper, xii
Suff(w), 117

suffix, 118
suffix array, 112
suffix code, 102
suffix link, 122
suffix node, 117
suffix tree, 117

T (w), 117
compact, 118
implicit, 119
leaf node, 117
path, 118
position, 118
root node, 117
suffix, 118
suffix node, 117
unadorned, 117

synchronizing code, 105
left, 105
right, 105
strongly, 105
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Tarry –Escott problem, 71
Thue –Morse word, 72
degree of a, 71
ideal solution, 73
Prouhet’s solution, 72
size of a, 71

terminal letters, 87
test set for square-freeness, 101
Three Squares Lemma, 107
Thue –Morse morphism, 70, 78
Thue –Morse word, 69, 77, 79, 81, 85, 86,

88, 94
and Hanoi word, 94
automaton, 77
complexity function, 82
generalized, 72
generating series, 80

Toeplitz sequence, 95
Toeplitz word, 95
Tower of Hanoi, 90
transcendental series, 79, 89
trivial morphism, xii, 100

ultimately periodic, 43, 87, 90
unadorned suffix tree, 117
unambiguous context-free language, 89
k-unavoidable pattern, 131
k-unavoidable set, 131
uniform code, 102
uniform morphism, 101
k-uniform morphism, 70, 78
uniformly recurrent, 84
upper Christoffel word, 23

variables, 87

word, xi
accepted, 86
anagram of a, 127
as a fixed point of a morphism, 70
balanced1, 41
balanced2 Lyndon, 42
binary, 69
characteristic Sturmian, 6, 134
Christoffel, 6
circular, 42, 79
conjugate, 6
contains, xii
critical exponent, 126, 134
derived, 87
de Bruijn, 78
exponent, 126
factor of, xii
Fibonacci, 100, 116, 134
fractional power, 126
Hanoi, 92
infinite, xi
Lyndon, 39, 41, 78, 133
minimal period, 125

occurrence, xii, 125
overlap, 81, 110
overlap-free, 81
pattern, 127
kth-power-free, 97
primitive, 6, 33, 107
recurrence index, 84
recurrent, 84, 133
reduced, 33
rejected, 86
repetition, 125
reversal, 23
square-free, 97
Sturmian, 43, 126
Thue –Morse, 69
Toeplitz, 95
ultimately periodic, 87
uniformly recurrent, 84
Zimin, 131

Zimin word, 131
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