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Abstract 

This volum e introduce s equivarian t homotopy , homology , an d cohomolog y theory , 
along wit h variou s relate d topic s i n moder n algebrai c topology . I t begin s (Chapter s I -
VIII) wit h a  development o f the equivariant algebrai c topology o f spaces, culminating i n a 
discussion o f the Sulliva n conjectur e tha t emphasize s it s relationshi p wit h classica l Smit h 
theory. I t nex t (Chapter s IX-XV ) introduce s equivarian t stabl e homotop y theory , th e 
equivariant stabl e category , an d th e mos t importan t example s o f equivarian t cohomolog y 
theories. Th e basi c machiner y tha t i s neede d t o mak e seriou s us e o f equivarian t stabl e 
homotopy theor y i s the n presente d (Chapter s XVT-XXII) , alon g wit h discussion s o f th e 
Segal conjectur e an d generalize d Tat e cohomology . Finall y (Chapter s XXIII-XXVIII) , 
the boo k give s a n introductio n t o "brav e ne w algebra" , whic h i s th e stud y o f point-se t 
level algebraic structure s o n spectra , an d it s equivarian t applications . Emphasi s i s place d 
on equivarian t comple x cobordism , an d som e relate d materia l o n tha t topi c i s presente d 
in detail . 

I Equivarian t cellula r an d homolog y theor y 
II Postniko v systems , localization , an d completio n 

III Equivarian t rationa l homotop y theor y 
IV Smit h theor y 
V Categorica l constructions ; equivarian t application s 

VI Th e homotop y theor y o f diagram s 
VII Equivarian t bundl e theor y an d classifyin g space s 

VIII Th e Sulliva n conjectur e 
IX A n introductio n t o equivarian t stabl e homotop y 
X G-CW(V)  complexe s an d RO(G) -graded cohomolog y 

XI Th e equivarian t Hurewic z an d suspensio n theorem s 
XII Th e equivarina t stabl e homotop y categor y 

XIII jRO(G)-grade d homolog y an d cohomolog y theorie s 
XIV A n introductio n t o equivarian t l£-theor y 
XV A n introductio n t o equivarian t cobordis m 

XVI Spectr a an d G-spectra ; chang e o f groups ; dualit y 
XVII Th e Burnsid e rin g 

XVIII Transfe r map s i n equivarian t bundl e theor y 
XIX Stabl e homotop y an d Macke y functor s 
XX Th e Sega l conjectur e 

XXI Generalize d Tat e cohomolog y 
XXII Twiste d half-smas h product s an d functio n spectr a 

XXIII Brav e ne w algebr a 
XXIV Brav e ne w equivarian t foundation s 
XXV Brav e ne w equivarian t algebr a 

XXVI Localizatio n an d completio n i n comple x bordis m 
XXVII A  completion thbeore m i n comple x cobordis m 

XXVIII Calculation s i n comple x equivarian t bordis m 
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334 XXVII L CALCULATION S I N COMPLE X EQUIVARIAN T BORDIS M 

complement W  —  V, th e inclusio n induce s a  natura l transformatio n a w~v : 

2. Stabl y almos t comple x structure s an d bordis m 

When G  i s the trivia l group , a  stably  almost  complex  structure  o n a  compac t 
smooth manifol d M  i s a n elemen t [f ] e  K(M)>  whic h goe s to th e clas s [vM]  o f 
the stabl e norma l bundl e unde r th e ma p 

K{M) —+  KO(M). 

It is , o f course , essentiall y equivalen t t o defin e thi s wit h [TM]  replacing [I'M] , 
since these classe s are additiv e inverse s i n KO(M). 

The following definitio n give s the obviou s equivarian t generalizatio n o f this . 

DEFINITION 2.1 . I f [f ] e  K G(M) i s a  lif t o f [i/M ] € KO G{M) unde r th e 
natural map , we call the pai r (M , [£]) a normall y almos t comple x G-manifold . 

We will use the notatio n MJ Q whe n necessary , bu t w e will dro p [£ ] whenever 
there i s no risk o f confusion . 

The bordism theory of these objects, denoted mu^, i s the "comple x analog" of 
the unoriented theory mo^  discusse d in Chapter XV. If V i s a complex  G-modul e 
and (M,dM)\Q  i s a  G-manifol d wit h a  stabl y almos t comple x structure , the n 
its V-suspensio n become s a  G-manifol d afte r "straightenin g th e angles" , an d 
[£l ~~ l £v] i s a comple x structure o n £ y ( M , 9 M ) . Thi s give s rise to a  suspension 
homomorphism 

av :  mt£{X,A) —  m ^ + ( v | ( S v ( X , A)) , 

which sends the class of a map (M , dM) — > (X, A) t o the class of its suspension . 
Due to the failur e o f G-transversality , bot h th e suspension homomorphism s an d 
the Pontrjagin-Tho m ma p ar e generall y no t bijective . 

We construc t a  stabilize d versio n o f thi s theor y a s follows . Le t ^  b e a n 
infinite-dimensional comple x G-module equipped with a hermitian inne r produc t 
whose underlying R-linea r structur e i s that o f a  complet e G-universe . Defin e 

MUf{X,A) =  colim y mu? (EV(X, A)), 

where V  range s ove r al l finite-dimensional  comple x G-subspace s o f ^  an d th e 
cohmit i s take n ove r al l suspensio n map s induce d b y inclusions . W e shoul d 
perhaps poin t ou t tha t MU®  i s not a  connectiv e theory unles s G  i s trivial. Th e 
advantage of this new theory over muf i s that the bad behavior of the Pontrjagin -
Thom ma p i s corrected , an d th e map s induce d b y suspensio n b y comple x G -
modules ar e isomorphism s b y construction . Thi s shoul d b e interprete d a s a 
form o f periodicity . Homolog y o r cohomolog y theorie s wit h thi s propert y ar e 
often referre d t o i n th e literatur e a s complex-stable.  Othe r example s o f suc h 
theories include equivariant comple x if-theory, it s associated Bore l construction , 
etc. Complex-stabilit y isomorphism s shoul d no t b e confuse d wit h suspensio n 
isomorphisms o f the for m 

S v :  hf(X,A) —  h^ +[v](B
v(X,A)), 
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which ar e par t o f the structur e o f al l RO(G)-graded homolog y theories . 
MU? or , mor e precisely , it s dua l cohomolog y theor y wa s first  constructe d 

by torn Diec k i n term s o f a  G-prespectru m TUQ,  bearin g th e sam e relationshi p 
to comple x Grassmanian s a s th e G-prespectru m TOQ  discusse d i n XV§2 , doe s 
to rea l ones . A n argumen t o f Brocke r an d Hoo k fo r unoriente d bordis m read -
ily adapt s t o th e comple x cas e to sho w th e equivalenc e o f th e tw o approaches . 
In wha t follows , w e shal l focu s o n th e spectrificatio n MUG  o f TUG-  A S with 
any representabl e equivarian t homolog y theory , MU^  ca n b e extende d t o a n 
JRO(G)-graded homolog y theory , bu t w e shal l concer n ourselve s onl y with inte -
ger gradings . W e poin t out , however , tha t complex-stabl e theorie s ar e alway s 
#0(G)-gradable. 

A ke y featur e o f MUG,  prove n i n XXVI§7 , i s th e fac t tha t i t i s a  spli t G -
spectrum; thi s ma y b e see n geometrically a s a  consequenc e o f the fac t tha t th e 
augmentation map MUf  — > MU*, give n on representatives by neglect of struc-
ture, ca n be spli t b y regarding non-equivariant stabl y almos t comple x manifold s 
as G-manifold s wit h trivia l action . Th e splittin g make s MUf  =  MUf?(S°)  a 
module ove r the ring MU*. 

The multiplicative structur e o f the ring G-spectrum MUG  ca n be interprete d 
geometrically a s comin g fro m th e fac t tha t th e clas s o f normall y stabl y almos t 
complex manifold s i s close d unde r finite  products . Th e complex-stabilit y iso -
morphisms ar e well-behaved wit h respec t t o th e multiplicativ e structure : i n co-
homology, w e have a  commutativ e diagra m 

MU^ {X)  ®  MV*G (Y) > - MU*G {X A  Y) 

r 

MU*G
+lVl (XVX) ®  MU*G

+m (X WY) > * MU*G+m+m (Yy® wX A  Y) 

for al l base d G-space s X  an d Y  an d comple x G-module s V  an d W.  I n general , 
for a  multiplicative cohomolog y theory , commutativit y o f a  diagra m o f the for m 
above i s assumed a s par t o f th e definitio n o f complex-stability . KQ  i s anothe r 
example o f a  multiplicativ e complex-stabl e cohomolog y theory , a s i s th e Bore l 
construction o n an y suc h theory . 

The rol e o f MUG  i n th e equivarian t worl d i s analogou s t o tha t o f MU  i n 
classical homotopy theory , fo r it s associated cohomolog y theory has a  privilege d 
position among those which are multiplicative, complex-stable , and have natura l 
Thorn classes (for complex G-vector bundles). W e record the axiomatic definitio n 
of such theories . 

DEFINITION 2.2 . A  G-equivariant multiplicative cohomology theory HQ  is said 
to hav e natura l Thor n classe s fo r comple x G-vecto r bundle s i f fo r ever y suc h 
bundle £  of complex dimensio n n  ove r a  pointe d G-spac e X  ther e exist s a  clas s 
Tf e  ft^ n(Tr(£)), wit h th e following thre e properties : 

(1) Naturality:  I f /  :Y  — • X  i s a  pointed G-map , the n T/* £ =  f*(r{). 
(2) Multiplicativity:  I f £  and r\  are complex G-vecto r bundle s ove r X,  the n 

'®<Tr 

r ^ =  r e xr f | €/ ig l + , , ' , ( r t t®f/ ) ) . 
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(3) Normalization:  I f V  i s a  comple x G-module , the n ry  =  cr v(l). 

The following result , which admit s a  quite formal proo f (give n for exampl e b y 
Okonek) explain s the universa l rol e played b y MUQ. 

PROPOSITION 2.3 . If  HQ  is  a  multiplicative,  complex-stable,  cohomology  the-
ory with  natural  Thorn  classes  for  complex  G-bundles,  then  there  is  a  unique 
natural transformation  MU£.(—)  — • ^ G ( ~ ) of  multiplicative  cohomology  theo-
ries that  takes  Thorn  classes  to  Thorn  classes. 

Returning t o homology , fo r a  comple x G-bundl e £  o f comple x dimensio n fc, 
the Thor n clas s of £ gives rise to a  Thor n isomorphis m 

r :  MU?(T(0) —  MU?_ 2k(B(0+), 

and similarl y i n cohomology . Thi s isomorphis m i s constructed i n th e sam e wa y 
as i n th e nonequivarian t cas e (se e e.g . [LMS]) , withou t usin g an y featur e o f 
MU^ othe r than the existence and formal properties of Thorn classes. However , 
in thi s specia l case , it s inverse  ha s a  rathe r pleasan t geometri c interpretation : 
if /  :  M  — • -B(£ ) represent s a n elemen t i n ?rmJ*(J 9 (£)+), th e ma p /  i n th e 
pullback diagra m 

r« e l 

M—7-^5(0 

represents a n elemen t i n m>v>n+2k(T(Q)-  Thi s procedure allow s the constructio n 
of a  homomorphis m whic h stabilize s t o th e invers e o f th e Thor n isomorphism . 
See Brocker an d Hoo k fo r th e detail s o f a  treatmen t o f the Thor n isomorphis m 
(in the unoriente d case ) tha t use s this interpretation . 

T. Brocke r an d E.G . Hook . Stabl e equivarian t bordism . Mathematiseh e Zeitschrif t 129(1972) , 
pp. 269-277 . 
T. tor n Dieck . Bordis m o f G-manifold s an d integralit y theorems . Topolog y 9(1970) , pp . 345 -
358. 
C. Okonek . De r Conner-Floyd-Isomorphismu s fu r Abelsch e Gruppen . Mathematiseh e Zeit -
schrift 179(1982) , pp . 201-212 . 

3. Tangentia l structure s 

Unfortunately, bot h mu^  an d MU^  ar e rathe r intractabl e fro m th e compu -
tational poin t o f view . I n orde r t o addres s thi s difficulty , w e shal l introduc e a 
new bordism theory , muc h mor e amenabl e t o calculation , whos e stabilizatio n i s 
also MUQ. 

Consider th e followin g varian t o f reduce d if-theory : i f X  i s a  G-space , in -
stead o f takin g th e quotien t b y th e subgrou p generate d b y al l trivia l comple x 
G-bundles, tak e the quotien t b y the subgroup generate d b y those trivia l bundle s 
of th e for m P x l , wher e G  act s triviall y o n C n. W e denot e th e grou p s o 
obtained a s KQ\  ther e i s a n analogou s constructio n i n th e rea l case , whic h w e 
denote KOQ-
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DEFINITION 3.1 . A  tangentiaUy stabl y almos t comple x manifold i s a  smoot h 
manifold equippe d wit h a  lif t o f the clas s [TM]  £  KOG(M)  t o K G{M). 

We shall refer t o the bordism theory o f these manifolds a s tangential  complex 
bordism, denoted O* ' . 

We warn th e reade r tha t nowher e in the literatur e i s the distinctio n betwee n 
the comple x bordis m theorie s £ V an d mu^  mad e clear . Thi s i s no t mer e 
pedantry o n ou r part , a s ou r nex t resul t wil l show . I t wa s pointe d ou t t o th e 
author b y Costenobl e tha t thi s resul t doe s no t hol d fo r normall y stabl y almos t 
complex G-manifolds . 

PROPOSITION 3.2 . If  M  is  a  tangentiaUy  stably  almost  complex  G-manifold 
and H C.G  is  a  closed normal subgroup,  then the  G-tubular neighborhood  around 
MH has  a  complex  structure. 

We stress the fac t tha t n o stabilization is necessary to get a  complex structur e 
on th e tubula r neighborhood ; thi s lie s a t th e hear t o f th e calculation s w e shal l 
carry ou t late r i n the chapter . 

PROOF. Th e first  thing to observe is that r(M H) =  (TM\ MH ) H a s real vector 
bundles. I f £ is the restriction to MH o f a complex G-vector bundl e over M  tha t 
represents it s tangentia l stabl y almos t comple x structure , an d th e underlyin g 
real G-vecto r bundl e o f £  i s TM\ MH 0  e r , the n (£ i*)i- i s a  comple x G-vecto r 
bundle. W e hav e 

£ = £ H® ( ^ ) x =  (TM\ MH)H 0£ Rn ®v(M H,M). 

This give s the desire d structure . Q 

We next explore the relation between mu^  an d fif' .  Ther e is a commutative 
square 

KG(X) ^KO G(X) 

Y Y 

KG(X) *KO G{X) 

that yield s a  natura l transformatio n o f homolog y theorie s <f)  :  mu^  — • ft*' . 
Just a s we did wit h mu^ , w e may stabiliz e ft*'  wit h respec t t o suspensions b y 
finite-dimensional comple x subrepresentations o f a complete G-universe , obtain -
ing a  ne w complex-stabl e homolog y theor y whic h w e shal l provisionall y denot e 
MU+ .  Th e ma p q>  stabilizes t o a  natura l transformatio n $  :  MU+ — • MU*. 
The following resul t wa s first  proved by the author an d Costenobl e by a differen t 
argument an d i s centra l t o the result s o f thi s chapter . 

THEOREM 3.3 . $  is  an  isomorphism  of  homology  theories. 

We shal l need th e followin g standar d result . 
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LEMMA 3.4 . (Chang e o f groups isomorphism ) If  H  C  G is  a  closed  subgroup 
of codimension  j , then  for  all  H-spaces X  there  is  an  isomorphism 

mu?(X+) -2+  mu%{{G x H X)+) 

induced by  application  of  the  functor  G  x H (— ) to  representatives  of  bordism 
classes of  maps,  and  similarly  for  pairs.  The  analogous  result  holds  for  fi* ' 
andMU?. 

SKETCH PROOF . I f we apply the functor G  x H (—) to a map / :  M — > X tha t 
represents an element of mt i^(X+ ) , we obtain an element of TOU** +J((GXHX)+). 

Conversely, i f g  :  AT — • G  x H X  represent s a n elemen t o f mu^+J-((G x H X)+) 
and i f T T : G X H X  — • X  i s the eviden t iJ-map , w e set M  —  (/ng)~1(eH) an d 
see that M  i s an if-manifold suc h tha t N  =  G  XJJ  M  an d the restriction o f g t o 
M represent s a n element o f mu^(Xjr). • 

P R O O F O F THEORE M 3.3 . W e sho w firs t tha t th e theore m i s tru e fo r G  = 
SU{2k +  1) and then extend the resul t t o the genera l case by a change of group s 
argument. 

We recall a  few standard fact s abou t representation s o f special unitary group s 
(e.g., from Brocke r an d tor n Dieck) . Le t M  b e the comple x SU{2k  4 - l)-module 
such tha t M  =  C 2fe+1 wit h th e actio n o f SU(2k  + 1 ) give n b y matri x multipli -
cation an d le t A 1 =  A*M . The n R(SU(2k  +  1) ) i s the polynomia l algebr a ove r 
Z o n the representations A* , 1 < %  <  2fc, al l of which are irreducible an d o f com -
plex type . Furthermore , A 2 f e _ l + 1 =  A* . Thi s implie s tha t an y irreducibl e rea l 
representation o f SU(2k  - f 1 ) i s either trivia l o r admit s a  complex structure . T o 
see this, let W  b e a non-trivial irreducible real 5f/(2A;+l)-module. Suppos e first 
that W  0 R C  i s irreducible. Sinc e the restriction to R  o f an irreducibl e comple x 
representation o f quaternioni c typ e i s irreducible , ou r assumption s impl y tha t 
W ® R C i s of real type an d o f the for m V  <&cV,  wher e V  i s a  monomia l i n th e 
A% 1 < i  <  k.  W e have 

(V ®c V) 0 R C  £* (2W) 0 R C  s 2{V  0 c V) 

as comple x representations . O n th e othe r hand , sinc e 2W  =  V  0 C V , w e hav e 
isomorphisms o f complex SU(2k  -\-  l)-modules 

(2W) ®RC*(V® CV)®RC^V 0 C (V  0 R C ) 

and 

^ « C ( F ® R C ) S ( V 8 C V ) © ( 7 8 C 7 ) 

(because F ® R C ^ y ® ? ) . S o i t follow s tha t 

2(V 0 C V)  a  ( V 0c V)  ©  (V 0 c V) , 

which i s absur d i n vie w o f th e structur e o f RSU(2k  +  1) . Thu s W  mus t b e 
reducible an d s o i t i s either ofth e for m V i 0 Vi , fo r a n irreducibl e comple x V i 
of quaternionic type , o r V i ® Vi, for a n irreducibl e comple x V\  o f complex type . 
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The first  possibilit y i s ruled ou t by the fact tha t al l self-conjugate irreducibl e 
complex representations o f SU(2k +  1) are of real type. S o we must hav e 

2W^V1eV1^2V 

as real representations, an d therefore, usin g the uniqueness of isotypical decom -
positions, we may conclude that W  =  V  a s real representations . 

Now let X b e a SU{2kJr l)-spac e and consider a  map representing an element 
in MU G(X). B y complex-stability , ther e i s no loss o f generalit y i n assumin g 
that ou r map is of the form /  :  M — • X,  wher e TM  0  ey  =  £ , V  i s a rea l 
representation, an d £ is a comple x SU(2k  - f l)-vecto r bundle . B y the remar k 
above, V  =  W  ©  Rk fo r a  comple x representatio n W.  The n Y< w(M,dM) i s a 
tangentially stably almost complex manifold an d the class of T,wf i s in the image 
of 4>.  It follow s tha t $  i s surjective. A  similar argumen t applie d t o bordism s 
shows that $  i s injective . 

To obtai n th e general case , observ e tha t an y compact Li e group embed s i n 
[7(2fc), and U{2k) embeds in SU(2k +  1) (via the map that send s A  € U(2k)  to 
(det A)~ x •  I K ®  A), an d apply Lemm a 3.4 . • 

T. Brocke r an d T. torn Dieck . representation s o f compact Li e groups. Springer . 1985 . 
C. Okonek . De r Conner-Floyd-Isomorphismu s fu r Abelsch e Gruppen . Mathematisch e Zeit -
schrift 179(1982) , pp. 201-212 . 

4. Calculationa l tool s 

For the remainder o f the chapter , al l Lie groups we consider will  be Abelian. 
There is a long list of names associated to the calculation of ft^G(S°) fo r dif-

ferent classe s of compact Lie groups: Landwebe r (cycli c groups), Stong (Abelia n 
p-groups), Ossa (finite Abelian groups), Loffler (Abelia n groups), Lazarov (group s 
of order pq for distinct primes p and g), and Rowlett (extension s of a cyclic group 
by a  cycli c grou p o f relatively prim e order) . Al l of thes e author s rel y o n the 
study o f fixed point set s by various subgroups , togethe r wit h thei r norma l bun -
dles, throug h th e use of bordism theorie s wit h suitabl e restriction s o n isotropy 
subgroups. 

The mai n calculationa l too l i s the use of families o f subgroups, whic h work s 
in exactl y th e same fashio n a s was discussed i n the real cas e i n XV§3. Recal l 
that, fo r a famil y ^ , a n ^"-space i s a G-spac e al l of whose isotrop y subgroup s 
are in & an d that w e write E&  fo r the universal ^"-space . Recal l too that, for 
a G-homolog y theor y h G an d a pair o f families (^,^"') > & 1 £  &->  ther e i s an 
associated homolog y theor y h G[P, &%  define d o n pairs o f G-spaces as 

hG [&,&'}{X,A)  =  h?(X  x  E&,{X x  &') \J  {Ax E&)). 

When &'  =  0, we use the notation h G\^\ Th e theories h?[P],  ft?^'],  an d 
hG [&,&']  fit  int o a  long exac t sequence . O f course, there i s an analogous con -
struction i n cohomology. 

In th e specia l cas e o f fi* ' (an d similarly fo r othe r bordis m theories) , i t i s 
easy t o see that Q^ G[^, &'\  ha s an alternativ e interpretation : i t i s the bor -
dism theor y o f (<&,&')-  tangentiall y almost-comple x manifolds , tha t is , com-
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pact, tangentially almos t comple x ^"-manifolds wit h boundary, whos e boundary -
is an J^'-manifold . 

DEFINITION 4.1 . A  pai r o f familie s (&,&')  o f subgroup s o f G  i s calle d a 
neighboring pair differing b y if i f there is a subgroup H  suc h that i f K € & —&', 
then H  is  a  subconjugate o f K. 

This notio n wa s first use d by Loffler , bu t th e terminology i s not standard . A 
special case is the more usual notion o f an adjacent  pai r o f families pai r differin g 
by if , whic h i s a  neighboring pai r ( ^ , &')  suc h tha t &  —  &'  consist s o f thos e 
subgroups conjugat e t o H. 

The nex t propositio n explain s th e importanc e o f neighborin g families . W e 
introduce som e terminology an d notatio n t o facilitate it s discussion . 

Given a subgroup H  o f an Abelian Lie group G, we choose a set *&G,H  o f finit e 
dimensional comple x G-modules whos e restrictions to H  for m a  non-redundant , 
complete se t o f irreducible , nontrivia l comple x iJ-modules . I f C  denote s th e 
trivial irreducible representation , w e let ^Q  H

 =  < &G,HU {C}. Fo r a  nonnegativ e 
even integer fc, we shall cal l an arra y o f nonnegative integer s P  —  {pv)v£^GtH

 a 

(G, H)-partition o f k  i f 

For such a  partition P , w e let 

BV{P,G)= J ] BU (Pv>G)> 

We let ^(fc , G, H) denot e th e se t o f al l (G , H)-partitions o f k. 

PROPOSITION 4.2 . If  {&,&')  is  a  neighboring  pair  of  families of  subgroups 
of a  compact  Abelian  Lie  group  G differing  by  a  subgroup H, then 

n%Gl&,J?'](XtA) S  0  n v
n?£\<F/H}{{XH,AH) x  BU(P,G/H)), 

0<2k<n 
P£0>(2k,G,H) 

where &/H denotes  the  family  of  subgroups  of  G/H  that  is  obtained  by  taking 
the quotient  of  each  element of  & —  &' by  H. 

SKETCH O F PROOF . Fo r simplicity , we concentrate o n the absolut e case . Le t 
/ :  M — > X represen t a n elemen t i n Sl% G[&,<Ff)(X+) an d le t T  b e a  (closed ) 
G-tubular neighborhoo d o f M H. W e ma y vie w T  a s th e tota l spac e o f th e 
unit dis c bundl e o f th e norma l bundl e t o M H. W e ma y als o vie w T  a s a n n -
dimensional ^-manifol d whos e boundary i s an ^'-manifold . Thu s T represent s 
an element o f f #G [ ^ , ^ ' ] (S° ) , an d we see that [/ ] =  [f\ T] i n Q%G[P, f]{X+). 
Furthermore, [/ ] =  0  i f an d onl y i f ther e i s a n if-trivia l G-nullbordis m o f / |r > 
equipped wit h a  comple x G-vecto r bundl e whos e uni t dis c bundle restrict s t o T 
on M H. Observ e tha t M H break s u p int o various component s o f constan t eve n 
codimension. I n other words, Q%G[&, & f](X+) ca n be identified wit h the direc t 
sum, wit h 2k  rangin g betwee n 0  an d n , o f bordis m o f if-trivia l .^-manifold s 
of dimensio n n  —  2fc equipped wit h a  comple x G-vecto r bundl e o f dimensio n fc, 
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containing n o il-trivia l summands . Not e the twofold importanc e o f Propositio n 
3.2: no t onl y ar e w e usin g tha t M H i s tangentiall y almos t complex , bu t als o 
that it s tubular neighborhoo d carrie s a  complex structure . 

Consider th e bundle-theoreti c analo g of the isotypica l decompositio n o f a  lin-
ear representation . Fo r comple x G-vecto r bundle s E  an d F  ove r a  spac e X 
we ma y construc t th e vecto r bundl e Hor n c(E,F)  whos e fiber  ove r x ^ I i s 
11omc(Ex,Fx)] G  act s o n Homc(J£,F ) b y conjugation . I f X  i s ^-trivial , the n 
Honiij (25, JF) =  (Homc(E,F)) a i s a n if-trivia l G-subbundle ; i f on e regard s X 
as a (G/i?)-space , the n Homn  {E,F)  become s a  (G/iJ)-vecto r bundl e ove r X. 

We apply thi s to F  =  T  an d E  =  ey y wher e V  i s a  complex G-modul e whos e 
restriction t o H  i s irreducible , thu s obtainin g a  (G/iJ)-vecto r bundl e whic h we 
call the V-multiplicity  o f E.  Th e evaluatio n ma p 

0 Rom H{ev,T)®cev-^T 

is a  G-vecto r bundl e isomorphism , an d thi s decompositio n int o isotypica l sum -
mands is unique. Not e that i n the special case we are considering, the multiplicit y 
associated to the trivial representation is 0, so the sum really does run over % , # • 

Therefore T  ca n b e identifie d wit h a  direc t su m o f ( G/H)-vector bundle s 
over M H , eac h correspondin g t o a n irreducibl e comple x representatio n o f if . 
and M H break s int o a  disjoin t unio n o f component s o n whic h th e dimensio n 
of eac h multiplicit y remain s constant ; eac h o f thes e component s therefor e ha s 
an associated (G , H)-partition, accountin g fo r th e summatio n ove r ^(2fc , G,H) 
in ou r formula . Clearl y th e bundl e o n th e componen t associate d t o a  (G , H)-
partition P  i s classified b y BU{P y G/H).  • 

Similar method s allo w us to prov e the followin g standar d result . 

PROPOSITION 4.3 . With  the  notation  above,  if H  is  a  subgroup of an Abelian 
Lie group  G, then 

BU(n,G)H* J J H  BU( Pv,G/H) 

as H-trivial Gspaces. 

PROOF. I t suffice s t o observe that th e right hand sid e classifies n-dimensiona l 
complex G-vecto r bundle s ove r if-trivia l G-spaces . • 

P. S . Landweber . Unitar y bordis m o f cycli c grou p actions . Proceeding s o f th e Amer , Math . 
Soc. 31(1972) , pp . 564-570 . 
C. Lazarov . Action s o f group s o f orde r pq.  Transaction s o f th e Amer . Math . Soc . 173(1972) , 
pp. 215-230 . 
P. Loffler . Bordismengruppe n unitare r Torusmannigfaltigkeiten . Manuscript a Mathematic a 
12(1974), 307-327 . 
E. Ossa , Unitar y bordis m o f Abelia n groups . Proceeding s o f th e America n Mathematica l 
Society 33(1972) , pp . 568-571 . 
R.J. Rowlett . Bordis m o f metacyclic grou p actions . Michiga n Mathematica l Journa l 27(1980) , 
pp. 223-233 . 



342 XXVHI . CALCULATION S I N COMPLE X EQUIVARIAN T BORDIS M 

R. Stong . Comple x an d oriente d equivarian t bordism . i n Topolog y o f Manifolds (J.C . Cantrel l 
and C.H . Edwards , editors) . Markham , Chicag o 1970 . 

5. Statement s o f th e mai n result s 

We com e no w t o a  serie s o f theorems , som e old , som e new , tha t ar e conse -
quences o f th e previou s results . I n al l o f them , w e conside r a  give n compac t 
Abelian Li e group G . 

THEOREM 5. 1 (LOFFLER) . If  V  is  a  complex  G-module,  and  X  is  a  disjoint 
union of  pairs of  G-spaces of  the  form 

k 

(DV,SV)x1[[BU(nl,G), 

thenQ?G{X) is  a  free MU*  -module concentrated  in  even  degrees. 

THEOREM 5.2 . With  the  same  hypotheses  on  X} the  map 

Sl^G{BU{n,G) x  X)  — • I# G(£C7(n +  1,G ) x  X) 

induced by  Whitney  sum  with  the  trivial  bundle  ec  is  a  split  monomorphism  of 
MU* -modules. 

THEOREM 5.3 . MJT p is  a  free MU*-module  concentrated  in  even  degrees. 

THEOREM 5.4 . The  stabilization  map  fi^ ' — > MUf  is  a  split  monomor-
phism of  MU*-modules. 

Theorem 5. 3 i s state d i n th e secon d pape r o f Loffle r cite d below , bu t ther e 
seems t o b e n o proo f i n th e literature . Our s i s a  refinemen t o f th e idea s i n 
the proo f o f Theore m 5.1 , whic h yield s Theore m 5. 4 a s a  by-product , an d i s 
entirely self-containe d (tha t is , i t doe s no t depen d o n result s o n finite  Abelia n 
groups), To m Diec k ha s use d a  completel y differen t metho d t o prov e a  weake r 
version o f Theore m 5.4 , fo r G  cycli c o f prim e order , bu t t o th e bes t o f ou r 
knowledge nothing of the sort ha s previously been claimed or proved a t ou r leve l 
of generality. Theore m 5.2 , which also seems to be new, is required in the cours e 
of the proo f o f Theorem 5. 3 and i s of independent interest . 

In th e ligh t o f thes e results , i t i s natura l t o conjecture , probabl y overopti -
mistically, tha t MU^  i s free  ove r MU*  an d concentrate d i n eve n degree s fo r 
any compac t Li e grou p G.  W e hav e succeede d i n verifyin g thi s fo r a  clas s o f 
non-Abelian group s tha t include s 0(2 ) an d th e dihedra l groups . Th e statemen t 
about th e injectivit y o f th e stabilizatio n ma p als o hold s fo r thes e groups . W e 
hope to exten d thes e result s t o othe r classe s o f non-Abelian groups ; detail s wil l 
appear elsewhere . 

The result s abov e shoul d b e prove n i n th e give n order , but , sinc e the proof s 
have a  large overlap , we shall dea l with al l of them simultaneously . 

We shall proceed b y induction o n the number o f "cycli c factors" o f the group , 
where, fo r th e purpose s o f thi s discussion , S 1 count s a s a  cycli c group . Th e 
argument i n each cas e i s as follows : th e resul t i s either trivia l o r well-known fo r 
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the trivia l group . Then , on e shows tha t i f the result i s true fo r a compac t Lie 
group G, it also holds for G x S1 , an d this in turn implie s the same for G x Zn . 

T. tor n Dieck . Bordis m o f G-manifolds an d integrality theorems . Topolog y 9(1970) , pp. 345-
358. 
P. Loffler . Bordismengruppe n unitare r Torusmannigfaltigkeiten . Manuscript a Mathematic a 
12(1974), 307-327 . 
P. Loffler . Equivarian t unitar y bordism and classifying spaces . Proceeding s of the Internationa l 
Symposium o n Topology an d its Applications, Budva , Yugoslavi a 1973 , pp. 158-160 . 

6. Preliminar y lemma s an d families i n G x S 1 

For brevity, the subgroups {1 } x S1 C G x S1 an d {1} x Zn C  G x Zn wil l be 
denoted 5 1 and Zn , respectively. 

We shall nee d to consider th e following familie s o f subgroups o f G x S 1: 

&% =  {HCGXS 1 |  i j f fn s 1 !^*} 
^oo =  {HCGxS 1 \H  r\S 1^S1} 

si =  {al l closed subgroups o f G x S1} 

These giv e ris e t o the neighboring pair s ( c^ i+ i , ^ ) (differin g b y Z$+i) and 
{si, &oc)  (differin g b y S1). Observe that <̂ o o is the union of its subfamilies «^ . 

LEMMA 6.1 . Let  G be  a compact Lie group and X be  a pair of  (G x S 1)-spaces. 
Then 

and 

n?GxSl{{x x  s1)/^) <*  n^x Z n(x), 
where G x S 1 acts  on  S1 and  51 / Z n through the projection G  x S 1 — • S1; the 
same statement  holds  for the  theories mu GxS and  MU GxS 

The proof s o f these isomorphism s ar e easy verification s an d will be omitted ; 
see Loffler. W e shall als o need the following resul t o f Conner an d Smith. 

LEMMA 6.2 . A  graded,  projective,  bounded  below MU+-module is  free. 

LEMMA 6.3 . Consider  a  diagram of  projective modules  with  exact  rows 

0 ^A  ^B  ^C  ^ 0 

/ i h 
Y 

0 ^A'  *B'  *C  ^ 0 . 

If fi  and  fs (resp.  / 2 and  fs) are  split  monomorphisms,  so  is f2 (resp.  f \ ). 

PROOF. Ad d a third ro w consisting o f the cokernels o f the fi,  whic h will  be 
exact b y the Snake Lemma . A n easy diagra m chas e show s tha t th e modules in 
the ne w row are projective, an d therefore th e conclusion follows . • 

Note tha t w e make no assumptions abou t compatibilit y o f the splittings . 
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REMARK 6.4 . I f X i s a pair of G-spaces of the kind appearing in the statemen t 
of Theorem 5. 1 and il is a subgroup of G, then restricting the action to H yield s 
an if-pai r o f the sam e kind . Moreover , by Proposition 4,3 , XH i s a (G/fl r)-pair 
of th e sam e type . Thi s clas s o f pairs o f spaces i s also close d unde r cartesia n 
product wit h BU(n,G)  an d with pair s o f the for m (DW,SW)  fo r a  comple x 
G-module W. 

P. E . Conner , L . Smith , On  the complex  bordism  of  finite complexes,  Publication s Mathema -
tiques d e 1'IHES, no . 37 (1969), pp. 417-521 . 
P. Loffler . Bordismengruppe n unitare r Torusmannigfaltigkeiten . Manuscript a Mathematic a 
12(1974), 307-327 . 

7. O n the families ^  i n G  x S 1 

In what follows , for a G-pair X  an d a homology theory h* , ip will designate a 
map of the form 

ifr : K{BU{n,G) x  X) — > h+{BU{n +  l,G) x  X) 

that i s induced b y taking th e Whitney su m of the universal comple x G-bundl e 
over BU(n,  G)  and the trivial G-bundl e ec. 

Suppose tha t Theorem s 5. 1 - 5. 4 have bee n prove d fo r G. W e shall deduc e 
the followin g resul t i n the case G x S 1. 

THEOREM 7.1 . The  following statements  hold  for each  i >  1 and for i  = oo. 

(1) fi*'  x  [^i](X)  is  a  free Ml)^-module  concentrated  in  odd degrees. 
(2) The  map 

il>: Sl^ GxSl\&i}{BU{nyGx S 1) x  X)  - > QF^G*sl[&i}{BU(n+l,G x  S 1) x  X) 

is a  split monomorphism  of  MU* -modules. 

(3) IfW  is  an irreducible complex  ( G x S 1)-module, then  the  map 

aw .  ft^xs^pq  _ + SlVf^l&MDWtSW)  x  X) 

is a  split monomorphism  of  MU* -modules. 
(4) The  map Q^GxS1 ^.^ X) — • Sl^GxSl (X)  is  zero. 

P R O O F . W e first prove this for i = 1 , making use of a suitable mode l for the 
space E&\. Le t (Wi)i>i b e a sequence of irreducible complex (G x 5 1)-modules 
such that S 1 act s freely on their uni t circles , and every isomorphism clas s of such 
(G x 5 1)-modules appear s infinitel y man y times . Le t Vk = ©t= i ^  a n ( i 

SVzo = colim fcSVfe; 

SVQO i s the required space . Not e als o tha t thi s spac e embed s int o the equivari-
antly contractibl e spac e 

DVoo = co\im kDVk. 

Using Lemma 6.1 and our assumptions about G, we see thatfi^,GxS (SV^X) 
is a free M[7*-modul e concentrate d i n odd degrees, and that 

aw .  nu,G*s> ( S V i x  X j _ ^ nV' G*s\(DW, SW)  x  SVi  x  X) 
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and 

n^GxS\SV1xBU(n,GxS1)xX)—^^GxS\sV1xBU(n-hl,GxS1)xX) 

are spli t monomorphism s o f MU* -modules. 

We calculate n^ GxS ((SV k+uSVk) x  X)  usin g the homotop y equivalenc e 

(SVk+i,SVk) ~  {SW k+i*SVk,DWk+1 x  SV k), 

and th e excisive inclusio n 

SWk+1 x  (DV k,SVk) —  (SW k+! *  SVk,DWk+1 x  SV k). 

The actio n o f G  x  S 1 o n SW k+i determine s an d i s determined b y a  spli t grou p 
epimorphism G  x  S 1 — > S 1 wit h kerne l #  C  G  x  S \ #  =  G . Thi s imphe s 
that SWfc+ i i s ( G x  S 1 )-homeomorphic t o ( G x  S 1)/!!. B y a  chang e o f group s 
argument an d th e inductiv e hypothesis , we see that Q* ' ((ST4 +i, SVit) x  X)  i s 
free and concentrate d i n odd degree s and tha t th e maps induced respectivel y b y 
suspension b y a n irreducibl e comple x G-modul e an d b y additio n o f the bundl e 
ec ar e spli t monomorphism s o f MU* -modules. 

The diagra m wit h exac t column s (i n which j  i s odd ) 

0 

SlfGxS\sVkxX)-

nfGxS\svk^xx)-

nfG*s\(svk+1,svk)xX)-

Y 

0 

0 

-^tff2
xSl((DW, SW)  x  SV k x  X) 

^—^Q^f2
xS\(DW,SW) x  SV k+1 x  X) 

'W-^tf£xS\(DW,SW) x  (SV k+1,SVk) x  X) "j+2 

Y 

0 

and th e result s abov e sho w by induction that , fo r al l k  >  1 , 17^ ' x  (SV k x  X) 
is free an d concentrate d i n od d degree s an d tha t a w i s a  spli t monomorphism . 
An analogou s diagra m show s the sam e i s true fo r the ma p ip  induced b y addin g 

To complet e th e proof s o f (1 ) -  (3 ) whe n i  =  1 , i t suffice s t o observ e tha t 
each ste p i n th e colimi t contribute s a  direc t summan d t o SVoo - T o prov e (4) , 
let /  :  M — > X x  SV^  represen t a n elemen t o f n^GxSl [J*i](X) . Sinc e S 1 act s 
freely o n M  an d al l action s o n a  circl e ar e linear , p  :  M — • M/S 1 i s th e uni t 
circle bundle o f a  1-dimensiona l comple x G-bundl e E  (th e comple x structur e i s 
given b y multiplicatio n b y i  € S 1). Obviously , th e circl e bundl e bound s a  dis c 
bundle, whose tota l space is a  complex ( G x 5 1)-manifold W.  An y point x  £  W 
can be written a s ty, where t  £  [0,1 ] an d y  £  M,  s o /  extend s t o a n equivarian t 
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map F  :  W — > X  x  DV^ define d a s F(ty)  =  i / (y) , wher e th e multiplicatio n 
on the righ t han d sid e is given by the linea r structur e o f DVQQ  . 

We prove the cas e i  >  1 of Theorem 7. 1 by inductio n o n i.  Observ e firs t tha t 
the cas e i  =  o o will follow directl y fro m th e cas e of finite i  sinc e 

Indeed, w e shal l se e tha t eac h stag e i n th e constructio n o f E^^  a s a  colirni t 

contributes a  free direc t summan d t o Q* ' x  [«^oo]P 0 o n whic h a w an d tp  are 

split monomorphism s o f M£/*-modules an d th e ma p to il^ Gx (X)  i s zero. 
Applying Propositio n 4. 2 with {G,H)  replace d b y (G  x  5 1 ,Z i + i ) an d notin g 

that (G  x  S^/Zi+i  =  G  x  S 1 an d that , unde r thi s isomorphism , th e famil y 
c^i+i/Zi+i correspond s t o the famil y ^ , w e find  tha t 

fi^G*s>i+1,J^(X)- e ^ G x S 1 

«n-2fc [<^i](^ Z n + 1xB?7(P,Gx51)). 
0<2fc<n 

Pe&(2k,GxS\Zn+1) 

Thus th e cas e i  =  1 , combined wit h Remar k 6.4 , show s tha t th e left-han d sid e 
is free an d concentrate d i n odd  degrees. 

One then concludes , by using the long exact sequences of the pairs [«^i+i , ^ i ], 

that fo r alH , f2* ' *  [^] (X ) i s concentrated i n odd  degrees. 
The diagram s wit h exac t column s (i n which j  i s odd ) 

0 0 

a%'G[&i]{BU{n,Gx S 1) x  X ) *ilf G[Pi]{BU(n +  l,Gx S l) x  X) 

U,GT flJ,l,I%](B%Gx S 1) x  X)—^n/'G[^i+i](B^(n +  1,G x  S1) x  X) 

I/.G r fty^+1, J^](W(n, G x  51) x  X>-ny'0[^+ 1 ,^](5C7(n +  l,G x  51) x  X) 

y 
0 0 

show that, fo r al l i, Q%' G[&i](X) i s a free M[/*-modul e an d the map induced b y 
addition o f ec  i s a spli t monomorphis m o f Mt7*-modules . 

The stud y o f the suspensio n ma p a w mus t b e broke n int o tw o cases . Sinc e 
W i s an irreducible representation o f G  x S 1, it s fixed point spac e W sl i s eithe r 
W o r {0 } and therefor e eithe r 

(1) W Zi+> =Woi 
(2) W z^ =  {0} . 
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In the first  case , the ma p 

(7.2)aw :  ftg^Vi+i,  •* ] (* ) —  ^f +f\^i+u^i]{{DW,SW) x  X) , 

can b e regarde d vi a Proposition 4. 2 a s a direct su m o f suspension map s 

n&^ViKr) —  ^tzs\^i]{{pw,sw) x  y), 
where y = X2 ^ 1 x  ££/(P, G x ^1 ) fo r some partition P of 2(; -1) an d we think 
of W as a representation o f G  x (51 /Z i + 1 ) =  G x S1. Thus it follows fro m th e 
case i = 1 that (7.2 ) i s a split monomorphis m o f MET*-modules in this case . 

For the second case consider a (G x S1, Zi+i)-partition P = {pv)ve^GxSi z . 

of an even integer k.  Le t P' = {py)ve^ GxSi denot e the ( G x 5 1,Zi+i)-partition 
of k + 2 defined b y 

, =  f  p v + 1 ifV  =  W 
\ Pv  otherwise . 

Since WZ i + 1 =  {0}, Proposition 4.2 implies that the map (7.2 ) can be interprete d 
as a direct su m o f maps o f the for m 

1>z n 2 + iX S V i ] ( * Z i + 1 x  BU{P,G))  —+  ft^+3 X5Vi](*Zi+1 x  BU(P\G)) 

induced b y additio n o f ec  t o th e multiplicit y bundl e correspondin g t o th e V  in 
the decomposition . W e know already tha t map s o f this kin d ar e spli t monomor -
phisms o f MU*-modules, an d we conclude that (7.2 ) i s always a split monomor -
phism of MK>-modules . 

Now th e followin g diagra m wit h exac t column s implie s inductivel y that , fo r 

all i, crw i s a split monomorphis m o f MU* -modules o n f2^ ' G x 5 [^ ] (X) . 

nS?ix5>*](*)-

n££xS [«*+!](*)-

•n^f'^KW^ixi) 

* G x S l " - ^ ^-^n^ sl[^i+l]((DW,sw)xX) 

n^+ixSl [*i+i,*i]{x) —^ n^ 3
xSl l^i+i, ^i]((W 5W) x x) 

Finally, to prove (4 ) o f Theorem 7.1 , let / :  M —> X represent a n element of 

ficr,GxS [ j r . ] ( x ) ) j  > i, and suppos e tha t w e have alread y prove d tha t 

ft?G**>i](X) n?GxS\x) 
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is zero fo r al l j  <  i.  W e shal l construc t a  bordis m wit h n o isotropy restriction s 
from /  t o a map / ' :  M' — • X  wher e Mf i s an ^_i-manifold . B y the inductio n 
hypothesis, this will  complet e the proof . 

Let u s paus e fo r a  momen t t o explai n informall y ho w th e bordis m wil l b e 
constructed. Th e ide a i s based o n a  standar d techniqu e i n geometri c topolog y 
known a s "attachin g handles" . An y spher e S k i s the boundar y o f a  dis c D k+1; 
if S k C  N n i s embedde d wit h trivia l norma l bundl e i n a  manifol d N  an d ha s a 
tubular neighborhoo d T , w e can obtai n a  bordis m o f N  t o a  ne w manifol d b y 
crossing N  wit h th e uni t interva l an d pastin g D fc+1 x  D n-k~1 ( a handle  wit h 
core Dk) t o N  x  I  b y identifying T  x  {1 } with S k x  D n~k~~1. Ou r constructio n 
will be basically "attachin g a  generalized handle" t o our manifold M,  Instea d of 
an embedded sphere , we shall use MZi, whic h bounds a  manifold W;  thi s will  be 
the "core " o f our "handle" . Th e "handle " itsel f wil l be the tota l spac e o f a  dis c 
bundle ove r W.  Th e tota l spac e o f it s restrictio n t o M %i wil l b e equivariantl y 
diffeomorphic t o a  tubula r neighborhoo d o f M Zi i n M , s o we may tak e M  x  I 
and glu e th e "handle " i n the obviou s way , thu s obtainin g th e desire d bordism . 
Of course, al l the required propertie s o f the bordism hav e to be checked, an d a n 
extension o f /  t o the bordis m ha s to b e constructed . W e give the detail s next . 

Consider a  tubula r neighborhoo d T  o f M Zi, regarde d a s th e tota l spac e o f a 
disc bundl e ove r M Zi. W e shall us e the notatio n ST  fo r th e correspondin g uni t 
circle bundle , an d T°  fo r T  -  ST.  W e remark tha t M  -  T ° an d ST  ar e J*i_i -
manifolds. Whe n ther e i s no dange r o f confusion , w e shal l mak e n o notationa l 
distinction betwee n a  bundle and it s total space . 

Let A  denote a  generato r o f Z ; C  S 1 C  C , an d le t V* , 0  <  k  <  i,  b e 1 -
dimensional representations of Z» such that A  acts by multiplication by Afe. Thes e 
form a complete, non-redundant se t of nontrivial irreducible representations, an d 
each of the W s obviousl y extend s t o G x S1 (a n element (g,s)  eGx  S 1 act s by 
multiplication b y s k). W e use these to obtai n a n isotypica l decompositio n o f T. 
Let Tk  denot e th e bundl e Homz^ev^T) . 

Since MXi i s (5rl/Zi)-free, ou r proof in the case i =  1  shows that f\ MZi bound s 
a ma p /  :  W  — > X, wher e W  i s th e tota l spac e o f a  Zi-trivia l 1-dimensiona l 
(G x  5 1)-disc bundl e ove r Z  =  M Zi /(S 1 /Z. ) whos e uni t circl e bundle i s M Zi. 

Passage to orbit s give s a  pull-back diagra m 

n—^rfc/(svZi) 

N—^i\r/(5VZi), 

for eac h k,  wher e the righ t vertica l arro w i s a  G-dis c bundle , which ma y als o b e 
thought o f a s a  ( G x  (5VZi))-bundl e wit h trivia l (SVZi)-action . Thi s make s 
the diagra m abov e a  pull-back o f ( G x  (S 1/Zi))-vector bundles . Sinc e the zero -
section of this bundle can be identified wit h Z  =  SW/(S 1/Zi)1 w e have a diagram 
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of ( G x  (S7Zi))-bundle s 

Tkl{SlIZi) 

N/iS^Zi). 

Clearly the bundle f =  0 f c p * {Tk/{Sl/Zi)) ®e Vk extend s T to W;  w e claim tha t 
its uni t spher e bundle i s an «^i_i-manifold . T o prove this, observ e tha t 

W -Z^M*  x [0 , l ) , 

where [0,1 ) ha s trivia l action , an d s o ST\w~-z  i s equivariantl y homeomorphi c 
to Sf\ W-z x  [0,1) . Therefore , ^-stabilizer s o f points i n ST  -  ST  no t alread y 
present i n ST  ca n only appear i n ST\z>  bu t sinc e there i s no component associ -
ated t o the trivial representation (recal l our remark i n the cours e of the proof of 
Proposition 4.2 ) al l these ar e proper  subgroup s o f Zj, so the clai m follows . 

Let 
Mf' S  ( M -  T°)  UST  Sf\ 

by construction, this is an ^_i-manifold. Sinc e TUW i s a ( G x S rl)-deformation 
retract o f T , ther e i s a  ma p /  :  W  — • X  wit h f\?  =  f\r  an d / |v r =  / • W e 
obtain a  bordis m b y crossin g M  wit h th e close d uni t interval , pastin g T  t o 
M x  {1 } along T  x  {1} , and extendin g /  i n the obviou s way t o a  ma p F  fro m 
the bordis m int o X.  Th e map s / ' =  F\M'  an d /  represen t th e sam e elemen t i n 
the bordis m o f X wit h n o isotropy restrictions , a s required. • 

8. Passin g fro m G  t o G  x  S l an d G  x  Z k 

To complet e th e proof s o f ou r theorems , i t suffice s t o prov e th e followin g 
result, i n which we again assum e that w e have proven Theorems 5. 1 - 5. 4 for G . 

THEOREM 8.1 . Let  C  —  S l or  C =  Z* . The  following statements  hold. 

(1) ft*  (X)  is  a  free MU*-module  concentrated  in  even degrees. 

(2) The  map 

$ :  n^GxC(BU(n,G x  S l) x  X)  — * n ? 'G x C ( B l 7 ( n + 1, G x  S 1) x  X ) 

is a  split monomorphism  of  MU* -modules. 
(3) If  W  is  an  irreducible  complex  ( G x  C)-module,  then 

aw .  {%&*<? (X) _  n^f 2
xC{{DW,SW) x  X) 

is a  split monomorphism  of  MU* -modules. 
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We first show that fi,+ 'GxS [sf,  &^(X) i s a free Mt/*-module concentrated in 
even degrees and that cr w an d ip  here are split monomorphisms of MJ7*-modules. 
By Propositio n 4.2 , we have 

n£OxSV.*»]P0 = 0  Cln'-2k(X Sl > < BU(P,G)). 
0<2fc<n 

P€^(2kJGxS1,S1) 

Thus, b y th e inductio n hypothesis , Sl^ GxSl\s/^QO](X) i s free over MU*  an d 
concentrated in even degrees, and the maps ty induced by addition o f e<c ar e spli t 
monomorphisms o f MC/*-modules . 

Theorem 7.1(4 ) implie s tha t th e lon g exac t sequenc e o f th e pai r (jzf , J^oo ) 
breaks int o shor t exac t sequences . I n particular , th e ma p 

n?'°xSl (x) —  i#GxSl W, ^oolW 

is a monomorphism, henc e Q%tGx (X)  is concentrated i n even degrees . 
In orde r t o stud y th e effec t o f aw o n Sl%GxS l ^ ^^{X),  i t is necessary t o 

distinguish tw o cases : 

(1) W sl =  W and 
(2) W sl =  {0}. 

The analysi s is similar t o th e on e carrie d ou t i n th e previou s sectio n an d wil l 
be omitted ; i t yields th e expecte d conclusion : a w i s a split monomorphis m o f 
Ml/.-modules o n ft^ Gx5l[<^oc](X). 

The diagra m wit h exac t column s 

ngGx5,(x)-

ng^V^oolW-

fi£? xS Voo]W-

•nS?2Sl((^w,5W)xX) 

^ ̂ 2J+2 5l K. ^oc]((i>W, SW) X  X) 

•n%c£sli<?00]((DW,sw)xX) 

y 
0 

together wit h Lemma s 6. 2 an d 6. 3 show s tha t Q^' GxS (X)  is projective, an d 
therefore free , and aw i s a split monomorphism of M?7*-modules on Q%,GxS (X). 
A simila r diagra m gives  the correspondin g conclusio n fo r ip. 

This complete s th e proof  o f Theore m 8. 1 fo r C  = 51 , an d it remains t o dea l 
with the case C = Zfc. Le t V denote the 1-dimensional comple x representation of 
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G x S1 o n which G  acts trivially and an element e 27rit € S 1 acts by multipUcatio n 
by e 27ritfe. Sinc e S 1 act s without fixed  point s o n SV  x  X , 

nfx 5 lK^oc](^xx) =  o. 
Therefore, b y the lon g exact sequenc e o f the pai r (DV,  SV), 

nu,G*s> [ ^ ^ j p Q _  a utG*s* [*^[LDV,SV)  x  X ) 

is an isomorphism , and , by the lon g exact sequenc e o f the pair (j^,^oo)t 

QU,GXSI [p^sv x i ) ^ n"> GxSl {sv x x) 

is an isomorphism . 

By Theore m 7.1 , we conclude tha t Q^ ,G><S (SV  x  X)  i s a  free Mt/.-modul e 
concentrated i n od d degrees . Thi s bein g so , the lon g exac t sequenc e o f the pai r 
(DV, SV)  break s u p into short exac t sequence s 

0 n£GxSl(x) n%GxS\(DV,sv)xX) nX£?sl (sv x  x)—> o. 

Since SV  ca n b e identified wit h S 1/Zit, w e conclude fro m Lemm a 3. 4 tha t 

n ^ G x Z f c ( X ) ^ c o k e r a . 

Now apply th e Snak e Lemma to the diagra m wit h exac t column s 

0 0 

n£oxfl lm-

MGxS1 

0%°** [^,^oo](X) -

MGxS1 

a%-i [•*»](*) • 

•n"fxS\(Dv,sv)xx) 

n£G x SV, •*»](( w,sv)xx) 

-»- ng.f rsl l̂ ooKPv, sv) x x) 

o 
y 

0. 

Since a  i s a  monomorphis m an d / 3 is a n epimorphism , w e see  tha t coke r a  = 
ker /? . Since ker (3  is a free M17*-module concentrated in odd degrees, ft*'  x  fc  (X ) 
is free an d concentrate d i n even degrees . 

To sho w tha t a w i s a  spli t monomorphism , le t Y  -  {DW,  SW)  x  X  an d 
consider th e map s 

cl :  ti$f  (Y)  —  fi^f 1 ( ( W , SV) x  Y) 

and 
MGxS1 UiGxS1t 

/? ' : ^ r 6 [^oc](F ) —  G%£.r  [PooMDV,SV)  x  Y) 



352 XXVII L CALCULATION S I N COMPLE X EQUIVARIAN T BORDIS M 

that fit  into the diagram obtained from the previous one by raising all degrees by 
two an d replacin g X  by  Y.  The n a w induce s a  ma p fro m th e origina l diagra m 
to the ne w diagram , an d ther e result s a  commutativ e squar e 

coker a  ^  coker a ( 

Y Y 

ker/3 ^ k e r / ? ' . 

By Lemm a 6.2 , th e botto m arro w i s a  spli t monomorphis m o f M£/*-modules , 
hence s o is the top arrow . Th e proof tha t ^  i s a spli t monomorphis m i s similar . 
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