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We discuss several algebraic structures that can be placed on the vertices of the multiplihedra {Mn}, a family of polytopes

defined by Stasheff in the study of higher categories and homotopy theory. The vertices may be indexed by certain “bi-

leveled” binary trees, intermediate between ordered trees and ordinary (planar binary) trees. The structures we find stem

from the relationship between these three types of trees.

The ordered trees (i.e., permutations) and ordinary trees index the vertices of two additional families of polytopes

more familiar to combinatorists: the permutahedra {Pn} and the associahedra {An}. They also arrange themselves

into Hopf algebras (after work of Malvenuto–Reutenauer and Loday–Ronco, respectively). In this talk, we give M the

structure of P-module and A-Hopf module algebra in a manner respecting the cellular maps Pn →Mn → An. We also

give a basis of coinvariants for a second A-Hopf module structure on M. (Received February 10, 2009)
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